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Ilpeoucnosue

BuuManuo unrtareseit xxypHaia «MHpopmaTrKa 1 €€ MprMeHEeHUsI» MpeIaraeTcs o4epeIHON TeMaTuIeCKui
BBIMYCK «BeposITHOCTHO-CTaTUCTUYECKUE METOIbI U 3a1a4l MHMDOPMATUKU U MH(POPMALIMOHHBIX TEXHOJIOTHIA».
[Ipenpimymye TeMaTHIeCcKHe BBITYCKH XKypHajia Mo JaHHOMY HalrpaBieHuto Bemum B 2008 (T. 2, BeI. 2), 2009
(1. 3, BBIM. 3), 2010 (1. 4, BRITI. 2) m 2011 IT. (T. 5, BB 3).

Cratbu, coOpaHHBIC B JAHHOM XypHalle, TTOCBSIIEHBI pa3paboTKe M COBEPIIICHCTBOBAHWIO BEPOSITHOCTHO-
CTaTUCTUYECKUX M CMEXHBIX C HUMU METOJ0B, OPUEHTUPOBAHHBIX Ha MPUMEHEHUE K PEIIeHUI0 KOHKPETHBIX
3a1a4 MHGOOPMATUKU U MH(POPMAIIMOHHBIX TEXHOJIOTUI, a TakKxKe — B Psiie CydaeB — U APYTUX MPUKIIATHBIX
3amay. IIpobGiemaTuka, oxBaTbiBaeMasi MyOJUKYyeMbIMU pabOTaMu, B 3HAUUTEJIbHOU CTENeHU pa3BUBaeTCs B
paMKax HayJYHOTO COTpyaHHMYecTBa Mexny MHctutyTOoM TIpobiiem mHpopMaTukn Poccuiickoil akageMun HaykK
(MUTIN PAH) u dakyabTeTOM BbIYMCIUTEIbHON MaTeMaTUKU U KUOEpHETUKU MOCKOBCKOTO TOCYyIapCTBEHHOTO
yHuBepcuteTa uM. M. B. JlomoHOCOBa B X0me pabOT Hall COBMECTHBIMM HAyYHBIMM ITPOCKTAMH (B TOM YHCIIe
B paMkax (yHKIMoHUpoBaHUs HayuHo-00pa3oBaTebHOIO 1IeHTpa «BeposiTHOCTHO-CTAaTUCTUYECKUE METOIbI
aHaJIu3a pUCKOB»). MHOrue n3 aBTOPOB CTaTeil, BKIIIOUEHHBIX B JAHHBIN HOMED XXypHasa, SIBJSIOTCS aKTUBHbI-
MM yYaCTHUKAMHU TPATUIIMOHHOTO MEXIYHAPOIHOTO CeMUHApa I10 TTpodjieMaM YCTOMIMBOCTH CTOXaCTUIECKIX
Mozeneii, pykoBoaumoro B. M. 3omorapeBbsiM u B. FO. KoposieBeIM; perysspHBbIE CECCUM 3TOTO CEMHHApa IIPOBO-
naresa o srugoii MI'Y m MTTM PAH (B 2012 1. yka3aHHBIN ceMUHaAp TPOBOAMIICS B CEHTIOpeE B I. CBeTIIOropcKe
Kanununrpanckoii odbnactu P®D).

Hapsny c mpencraButensimu UTT PAH u MI'Y B umcio aBTOpOB 1aHHOTO BBIITYCKA XKypHasia BXOJST YUeHbIE U3
BoruncnaurensHoro ueHTpa uM. A. A. loponHuiibiHa Poccuiickoit akagemMuun HayK, MHCTUTYTa OKeaHOJOTUY UM.
I1. I1. Iupimosa Poccuiickoit akagemun HayK, MOCKOBCKOT0O (pM3MKO-TEeXHUUECKOTro MHCTUTYTa, Bojiorogckoro
TOCYIApCTBEHHOTO TIeIarOTMYecKOro YHMBEPCUTETa, OTIe]Ia MOICIMPOBAHMUS M MaTeMaTUICCKON CTaTUCTUKHU
Aunbda-6aHka, a Takxe DenepanbHoro yHusepcurera mrara baus (bpaswius), Yauepcurera um. ben-Iypuo-
Ha B Herese (M3pawib), YHuBepcuteta Pemxaitnbl (Kanama), YHusepcuteta Ilait Yaii (Pecnybnuka Kopes),
Yuusepcurera Tammacat (Taunann).

Tematmka craTeif JTaHHOTO BBIITYCKA BKJIIOYAET BOIPOCH MAaTeMaTUIECKOTO MOICIMPOBAHUS 1 aHaN3a pe-
aJTbHBIX TIPOIIECCOB, B TOM YHCJIE MOICTMPOBAHME CTOXaCTUICCKIX CUCTEM C aBTOKOPPEIMPOBAHHBIMY IITyMaMU,
aHaJIM3 KaTacTpo(MIeCKN HaKaITUBAIOIINXCS 3P (MEKTOB IMpH MPOTHO3MPOBAHUH PUCKA SKCTPEMaTbHBIX COOBI-
TUI; IOCTPOEHUE U UCCIEAOBAaHNE MOJIEIeil HEKOTOPBIX CIIELIMaTbHbBIX CUCTEM U CceTelt Iepenauyn uHgopmauu;
BBIBOJ], OLIEHOK TOYHOCTHU aIllMpOKCUMAaLMi pacrpeesieHuii, ONMUCHIBAIOIIUX pealbHble MPOLIECChl; MOCTPOSHUE
aTaTnTUBHBIX CTPATETHI ONITUMAJIEHOTO YIIPaBICHNUS Ha OCHOBE HAOIONCHWI, TOCTYITHBIX B IIPOIIECCE YITpaBIIe-
HUSI; MAaTeMaTUIECKIe METOIBI M aJITOPUTMBI PacIiO3HABaHUS 00pa30B.

PenmakiimonHast KOJIET s XKypHaJla BeIpakaeT HaIeKIy, YTO JaHHBIN TeMaTUISCKUI BBITTYCK OYIeT MHTEpeCeH
crieMaJucTaM B 00JIaCTU TEOPUHU BEPOSITHOCTEM U MaTeMaTUUYECKO CTAaTUCTUKU U UX IPUMEHEHUS K PEIICHUIO
3a1a4 MHGOOPMATUKU U UH(POPMALIMOHHBIX TEXHOJIOT U,

3aMecTUTelb IJIaBHOTO pefakTopa XypHaia «MHbopMmaTrka u e€ IpuMeHeHUs »,
nupektop MUITN PAH, akanemuk HU. A. Cokonos

Penakrop-cocTaBUTeh TEMaTUIECKOTO BBITTYCKA,

npodeccop kadenapbl MaTeMaTUYECKON CTaTUCTUKY (DaKyJIbTeTa

BBIYMCIUTEbHOU MaTeMaTuK U KubepHeTuku MI'Y um. M. B. JlomoHocoBa,

Benyuuii HaydHbiit corpynHuk MU PAH,

JIOKTOP (PM3MKO-MaTeMaTUUYECKUX HayK B. I0. Kopones
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AHAJIUTUYECKOE MOJEJINPOBAHUE PACIIPEJEJIEHUN
C UHBAPUAHTHOM MEPOU B CTOXACTUYECKUX CUCTEMAX
C ABTOKOPPEIIMPOBAHHBIMU LIYMAMW*

U. H. Cunuibia?

AHHOTAIMS:

JIJIsT MHOTOMEPHBIX HEJTMHEHHBIX T'ayCCOBCKMX (HOPMabHBIX) MUddEepeHIIMaTbHbIX CUCTEM C

HEKOPPEJIMPOBAaHHBIMU M aBTOKOPPEIMPOBAHHBIMU TTOMeXaM1 Ha 0a3e MeToJga HOPMaJIbHOM armpoKCUMaIuu
pa3paboTaHbl KOPPEISIIMOHHBIC aJITOPUTMbBI aHATUTUYECKOTO MOIEIMPOBAHUS CTOXaCTUUYECKUX PEKUMOB C
WHBapuaHTHOI Mepoii. Ha TecToBbIX mMpuMepax ¢ MOMOIIbI0 MHCTPYMEHTAJIbHOI'O MPOrpaMMHOT0 00ecTieueHUsI
B cpene MATLAB nokasana noctaTouHast 1yisi MHOTHX MPUIOXEHU TOYHOCTb AJITOPUTMOB.

KiioueBbie clioBa: aBTOKOPPEIMPOBAHHAs MMOMEXa; aHATUTUIECKOE MOJIETMPOBAHUE; KOPPEISLIMOHHBIN ajro-
PUTM; METOJ HOPMAJILHOIA alIpoKCUMALIMK; MHOIOMepHAas HeluHeiiHasa nuddepeHaabHas CToOXacTuIecKast

CUCTeMa; pacripeiesieHre C UHBAPUAHTHON Mepoi

1 Bsenenue

bynem paccmaTpuBaTh B OOIEM ciydyae HecTa-
LIMOHAPHBII CTOXaCTUYECKUT pexuM Z = Z(t),
SIBJITIONITUICST CHUTBHBIM PEIICHUEM CJICIYIOIIETO HOp-
MaJIbHOTO (TayCCOBCKOTO) CTOXacTHMIecKoro mudde-
peHuuanbHoro ypaBHenus Mto [1, 2]:

Z=aZ )+ b(Z OV, Z(te)=Zy. (1)

3necb Z — k-MepHBII BEKTOp COCTOSIHUS Z € A
(A — mHOroo6pasue cocrosiuuit), a = a(Z,t) u b =
= b(Z,t) — nerepmunupoBanHbie (k x 1)- u (k x m)-
(byHKIIMM OTMEYeHHBIX aprymeHroB, V = V(t) —
m-MEpHBII BEKTOp HOPMaJbHO paclpeaeeHHBIX
OeJIbIX ITYMOB C HYJIEBBIMM MaTeMaTUYECKUMU OXUIa-
HUSIMU U (m X m)-MaTpuLieil UHTEeHCUBHOCTE v = (1)
W TIPEACTABISIONINI CO0OIl CpemqHEeKBaIPATUIHYIO
MPOM3BOHYI0 BUHEPOBCcKoro mpoiecca W = W(t),
V = W. HauanbHoe cocTosiHMe Zo OyIeM CUMTATh
HOPMaJIbHOU (rayccoBOI1) cayJyailHOU BEJIMYMHON, HE
3aBUCSAIIEH OT MpUPAIEHUIT BUHEPOBCKOTO TIpoliecca
W (t) st t > to.

Ecnu cyiecTBYIOT Bce MHOTOMEPHBIE TJIOTHOCTH
BEKTOpa COCTOSIHUSI Z, TO, ONpEAEIMB CHavajga Of-
HOMEPHYIO TUIOTHOCTh f1 = f1(z;t) U MEpexomaHylo
wiotHocTh f = f(z;t|§;7) TyTeM WMHTErpUpOBaHUS
ypaBHeHU Pokkepa—ITnanka—Kommoroposa (PIIK)
C COOTBETCTBYIOIIMMI HadaJTbHBIMU yCIOBUSIMU [1, 2]:

0 ot
% =% (af1) + %tr [& Ee (Uf1)] ;

o=bwbr, filzto) = fo(2); (2)

of ot 1 [0 0T
E——a(af)+§tr{&$(fff)],

f(zt§m)=0(2=&), ()

MOXHO HaWTH BcCe MHOI'OMEPHBLIE ITJIOTHOCTH fn =

= fu(z1,...,2n;t1,...,ty) TO peKyppeHTHOI1 op-
MyJIe:

= fi(zi;t) f(22st2|z15t) - - - f(Znitnlzn—1:tn—1),
31 §t2§§tn7 n:2137"'

JIjist HaXOXAEHUSI CTAIIMOHAPHBIX B Y3KOM CMBICTIE
OITHO- WU MHOTOMEPHBIX pacIpeie/ieHUil CToXacTh4e-
CKMX pexumoB B croxacTuuyeckux cucrtemax (CrtC),
ornpenessieMbix (2), B (3) ciemyeT MoNokuTh J f1/0t =
=0.

B [1—12] paccMoTpeHBI TOYHbIE METOAbI aHaIU-
TUYECKOTO MOJIEJIMPOBAHUSI OMHO- U MHOTOMEPHBIX
TJIOTHOCTE! CTOXaCTUYECKUX CTAllMOHAPHBIX U HECTa-
LIMOHAPHBIX PEKMMOB, OCHOBAaHHBIE HA TIOCTPOCHUU
WHTErpajbHbIX MHBAPUAHTOB CHEIMaIbHO MOJI00paH-
HBIX OOBIKHOBEHHBIX AU (Db epeHIINaTbHBIX ypaBHEHUI.
B [13] Ha ocHOBe Teopuu MOTEHLIMATA MPEITOKEHbI
METO/IbI PacueTa CTAllMOHAPHBIX PACTIPENETCHUI C MH-
BapuMaHTHOW Mepoi 115t TaMuIbToHOBEIX CTC B cTOXa-
CTUYECKOM cpejie.

CToxacTuiecKkre CHUCTEMbI C aBTOKOPPEIMPOBAH-
HBIMU TTIOMEXaMU OOBIYHO OIKCHIBAIOT CIIEAYIOIINMU
ypaBHeHusimu Uto [1, 2]:

Z=a(Z,t)+by(z,t)U. 4)

*Pabora nonaepxana PO®U (nmpoekt Ne 10-07-00021) u [Tporpammoii « MHTeUIeKTYaIbHBIE MHGOPMAaLIMOHHBIE TEXHOJIOTUM, CHCTEMHBII

aHaJIM3 ¥ aBTomMaTtu3auust» (mpoekt 1.7).

'Mncturyt npo6aem madopMatkn PoccuiicKoil akazeMuy Hayk, sinitsin@dol.ru
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3nech BeKTopHasi momexa U ynoBIeTBOPSIET CAeayIoIIe-
MY CTOXaCTUUYECKOMY JIMHEMHOMY quddepeHInaibHO-
MY ypaBHeHUI0 QUabTpa, hopmupytoiero U U3 raycco-
BOTO (HOpMaJbHOTO) 6eIoro IyMa V' MHTEHCUBHOCTH
v=u(t):

1 !
Z%U(i) — Zgjv(j) (h <), (3)
i=0 j=0

rae a; U 3; — KoaphuumueHTs (GOPMUPYIOLIETO PUIILT-
pa (OD), B 061IEM CiTydae 3aBUCIIINAE OT BpEMEHU.
[MocraBuM 3amauy pa3pabOTKM Ha OCHOBE MeTona
HopmMmasibHOM anmpokcumatu (MHA) [1, 2] koppensi-
IIMOHHBIX AJITOPUTMOB aHAJIUTHIECKOTO MOIETNPOBA-
HUSI OTHO- U IBYMEPHBIX HOPMAJIBHBIX (TAyCCOBCKUX)
TUIOTHOCTE! CTOXacTUYECKHX PEXUMOB Z = Z(t) B
CtC (1) u (4) c ”HBapMaHTHOU MepPOI, T. €. yIOBIETBO-
PSTFOIIMX YCIIOBHIO:
Ofi(z;t)  OF

AL 1 5 lale ) =0,

(6")
rae f1 = fi(z;t) — omHOMepHas! MJIOTHOCTh PaCIpe-
neneHus. Jig cTalMOHAapHBIX PEXUMOB yciaoBue (67)
MPUHUMAET BUJI

8T

() =0, @)

PaccMmoTpuM ciiyday HEKOPPEIMPOBAHHOM MOMe-
xu (pasi. 2) ¥ aBTOKOPPEIUPOBAHHON MOMEXHU, SIBJISI-
fouielicst MeHee (0oJiee) rIaaKoil, YeM CToXacTUYeCKUit
pexumM (pas. 3).

2 AHanIuTHUUYECKOE MOJEINpPOBaHNE
pU HEKOPPEIUPOBAHHBIX
rnomMexax

[lycts HenuHeitHas CtC (1) pomyckaeT mpume-
Henue MHA [1, 2]. Torma omHoMepHasi HOpMasb-
Hast mioTHOcTh f{Y(z;t), BEKTOp MaTeMaTMYECKOTO
oxunanust m; = MZ(t), KoBapuallMOHHAsl MaTpulia
K; = MXT(+)Z%(t) u marpuna KoBapualMOHHBIX
(GyHKUMI K(tl, t2) = MZOT(tl)ZO(tQ) (tl < tz) OoIIpe-
JENSI0TCS CISAYIOIUMI YpaBHEHUsIMH [ 1, 2]:

le(z;t,mt,Kt) = [(277)k|Kt|]71/2 X
X exp {—% (7 —my) K (2~ mt)} (D)

my = a1 (me, Ky, t) =

o0

- / a(o ) FN (2 tome, K dzs (8)

— 00

o0

Ky = as(my, Ky, t) = / [a(z,t)(zT—m;r)—k

+ (z =my)aT(z,t) + o(z,0)] ¥ (2, t,my, K;) dz, (9)

rae
o(2,1) = bz O (B)b(z, )
OK (t1,t
OBULL) — gy, K (1, 12) =
= e Rel) ™ [ [ 1= muatenta) x
T _T] _ —T\F 1
xexp{—([zl zz} —mz)K2 X
X ([ziF ZQT]T - m2) } dz1dze, (10)
e

21 = 21(t1); 22 = 22(t2) ; M2 = [mtTl,m;Z] ;
o [ K
K(ta,t1) Kl(ta,t2)|

Hast ctauimoHapHOU cucTeMbl (1) ypaBHEHMS IS
mg = m* = const, Ky = K* = const nonyyaiorcst u3
(8)—(10) mpu ycnoBusix rmy = 0, Ky = 0:

aj(m*, K*) =0; a3(m*,K*)=0; (1)
dk(T)
dr
k(r) = k(-7)T; k(0) = K.

— b (m" K )R(7) )

3neck kY = k§(my, K¢) npencrasisiet coboit koabdu-
LMEHT CTaTMCTUYECKON IaycCOBCKOHM JIMHEapu3aluu
HeJIMHEeHO! QYHKIIMU

CL(Z, t) = al(mt, Kt) + kf(mt, Kt)(Z — mt) y

npuyeMm npu m; = m*, K, = K* oH omnpeaensieTcs
GdopMyIoii:

-1
k‘f = a21(mt7Kt)Kt )
raoe

as = agi(my, Ky) =

oo

— [ OGO Gt K s = |

— 00

— Q
3mt !

B T]T

Ipu 3TOM ycoBus (6') u (6”) MpUMYT CleayIOIIMiA
BUI:
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HU. H. Cunuybin

Off (zt,me, Ky) 0T
ot + &{[al(tamt,Ktat)'i'

+ Rty Koy t) (2 — ma)] fY (238, me, Ky) = 0,(13))

T
9z
+ ES(m* KT)(z

{la1(m™, K7) +

—m*)] N (zm* K} =0. (13")

Takum o6pa3om, UMEET MECTO YTBEPKIECHUE.

Teopema 1. Ecau mampuya k§ = ki (my, K;) acumn-
Momu4ecKy ycmouuuea, mo KoppeasyUuoHHblil aneopumm
aHaAAUMU1ecK020 Mo0eaupo8aHusi HeCMayUoOHAPHbIX pe-
acumoe MHA 6 CmC (1) onpedensiemes ypasnerusmu (7)—
(11), (13'), a 025 cmayuoHapHbix pexucumos — ypasHeHu -

amu (7)—(9), (12), (13”).

3 AHaIuUTUYECKOe MOJEIMPOBAHUE
MpU aBTOKOPPEJIMPOBAHHBIX
rnomexax

Cnavana paccMotrpum CtC (4) u (5) npu ycioBu-

ax (6”) u (6”) B IPeANIONIOXKEHUH, YTO CTOXaCTUUECKU I

pexum Z(t) siBisieTcs: Gojiee TaIKUM, 4eM MoMexa

(MMeeT MpOU3BOAHBIE 0OJice BHICOKOTO IOPSAKA, YeEM

momexa). [Ipeobpasyem ypaBHeHUe (4), 3aIIMCaHHOE B
BUIIE:

D(Z,Ut) =% =a(Z,t) +byU, (14)

cucremoit, ooparHoii @D (5). Kak usBecrno [1, 2],
cructema, oopatHas K DD (5), mpeacrasisieT coOOI ma-
paJUieIbHOe COeIMHEHUE CUCTEMbI, OCYIIIECTBIISIOIIEH
JIMHEVHYI0 IU(depeHINATBHYIO ONIEPALIUIO

I—h d

L:Z/WCDku Dzaa
k=0

W CUCTEMBI, OITIChIBacMOIt mruddepeHITNaTBEHBIM YPaB-

HEHUEM .
j{:z3y(z ==§E:
1=0

7=0

15)

31ech BBEACHbI cjaeayronme 0003HaYeHUs:

—1
M—n = B, ou;
h—1 h—r

ik — Z Z Crr+jﬁr+ﬂf(ﬁk—r

r=max(0,k—I+2h) j=0
(k —0,1,...

ap = af — Z Z Cr.;.Jﬁr-i-J'Yk r

r=max(0,k—I+2h) j=0
(k=0,1,...,

i =B

J—h—1);

I—h—1).

Mponyctus curnan (7, t), onpenessieMblil ypaB-
HeHueM (14), yepe3 CUCTEMY, COCTOSILILYIO U3 YCUTUTEIS
¢ KoadhduiIMeHTOM b,}l U cucTeMbl, oopatHoit D (5),
TTOJIyYMM Ha BBIXOJIE CUTHAI

O1=L[b;'a(Z, ) +21+V,

rme Z; — BBIXOOHOW curHan cuctembl (15) mpwm
D(Z,t) = b, a(Z,1):

(16)

h h—1 )
S 620 =3 ay (bpta(z. )"
i=0 j=0

Ilpusens ypaBHeHue (16) K cucreMe ypaBHEHUI
MepBoro mopsiaka coriacHo [1, 2], moayuyum auc-
(epeHLIMaNTbHOE YpaBHEHME, OMpPEessoliee BEKTOp

vk
Z'=¢(2,7").
HaxkoHell, BBe/isl pacIIMPEHHBIil BEKTOP COCTOSHUS
Z=[zv 2" T nonyunw ypassenue suna (1):
Z=a(Z,t)+V, (17)
rae

] B

Takmm oOpa3oM, MMeeM CIeTYIONINIA Pe3yIbTar.

(18)

Teopema 2. Ecau mampuya k$ acumnmomuuecku ycmoii-
uuea, a cmoxacmuueckuil peycum 6 (4) seasemcs bonee
2Na0KUM, YeM nomexa, mo KOoppeasiyUOHHbLI aneopumm
anarumuyeckoeo modeauposanus MHA onpedensemcs
meopemoii 1 dns ypaenenus (17) npu ycaosuu (18).

B ciyyae, korma cToXacTUYECKUIl peXXUM HE Me-
Hee TIanKuii, yeM nomexa U, 10CTaTOIHO TTIPUMEHUTh
MPOLIEAYPY PACLIMPEHUsI BEKTOpa COCTOSIHUS IyTEM
muddepeHmpoBanus (14) n ucKitoueHUs moMexu U
U ee MPOU3BOAHBIX, HE colepxXallux oenoro nyma vV,
u3 ypaBHeHnit @D (5) ¢ momonibio ypaBHeHus (14) u
ypaBHEHUI, MOJYYEHHBIX U3 Hero nuddepeHIpoBa-
HHUEM.

C oroii 1enbio npoauddepeHIupyeM ypaBHe-
Hue (14), yMHOXEHHOE ceBa Ha b,}l, IO TIOSIBJIEHUSI B
HeM Oesoro mryma. Toraa mojryamm:

di
o b 0Pz U] =
;l; by Yt)a(Z, ] + U1 (i=0,1,...,5), (19)
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€CJIn
45
dt*

COIEPXKUT OCNbIi IIIyM, U

[bg'(t)a(Z,t)] npus <l—h

d .
-7 b 02(2,U,0)] =
d .
T by (H)a(Z, )] + Uiga
(i=0.1,...,0—=h—1); \ (20

dl*h L
dtlfl [bl; (t)S(Zv U7 t)] =

dl—h
= dtl_h [bljl(t)a(za t)} + Ul—h+1 + Ql_hV,

ecli HU MOpu KakoM s < [ — h mnpousBogHas
d* [b;' (t)a(Z,t)] /dt* ue conepxur Genoro wyma V.

B mepBom cityuae, eciau cornacHo [1, 2] mpuBec-
TH (5) K cucTeMe YpaBHEHUI IIEPBOTO MOPSIIKA:

U1:U;
Uz:Ul-'rl (Z:].,..,l_h/_l);

U=Uii+¢V (i=1—h,....1—1); (21)

-1
U, = —04;1 ZaiUi-i-l +qV,
=1

Ime ¢; U g ompemedaeHbl B [1, 2] m 3aBUCAT OT «;
n 3;, MOXHO UCKIIOYUTL momexu Uy,...,Us ¢ mo-
Molbio (14) U ypaBHEeHU, MOJYYeHHBIX (s — 1)-KpaT-
HBIM quddepeHIMPOBaHUEM.

Bo BTOpOM cirygae ciemyeT m3 (21) UCKITIOYUTH T10-
mexu Uy, ..., U;_p_1 mO6enpiii mym V' ¢ momorisio (14)
¥ BCeX ypaBHEHMH, MOJNyYCHHBIX M3 Hero auddepeH-
LIMPOBAaHUEM.

B o6oux ciyyasix moayyum ypaBHeHUsI Ug 1, . . ., U;
(s <1 —h). I1pu 3TOM MOXHO PaCWICHUTD KaXKIYIO U3
9THX TMIEPEeMEHHBIX Ha IBE, OOHA M3 KOTOPHIX 3aBUCUT
oT Z, a apyrast 3aBUcUT OT O (Z, t) 1 ero mpOu3BOIHbIX,
U TorAa OyaeM UMeThb

Ustk = Zj, — Y, (22)
rne Z1,...,Z]_, onpenenstorcs: muddepeHInaIbHbl-
MU ypaBHeHUIMU (17):

7 =d, =2, 2 =2, 7], 23)
aY/,...Y/ . — ypaBHeHUsIMHI
Y/ —d = (9 9 9(l—s)) .
(24)

Y = [Y/,....Y]

’ l—s} '

Ipasbie yactu ¢’ u ¢” onpeaensiiorest cornacHo (21)
u (22).

PacuiupuB BeKTOp COCTOSIHUA 2 1 7 =
= [Z7 Z{T---Z{TS]T, NPUIEM K OKOHYATENHHBIM
ypasuenusm (17), (18) mpu ¢ = ¢'.

TakuM 06pa3oM, MOJNYYeH CIIEAYIOIINIA PE3yIbTaT.

Teopema 3. Ecau mampuya k$ acumnmomuyecku ycmoti-
uuea, a cmoxacmuueckuil pexcum 6 (4) He menee enadxuil,
Yem nomexa, mo KOppeasyUOHHbLI A120pUmMm aHalumute-
ck020 modeauposanusi MHA onpedeasiemces ypasnenusmu
meopemvt 1 dns cucmemot (17) npu yeaosusx (19)—(24).

4 TecrtoBbI€ IIPUMEPLI
1. Croxactuueckoe ypaBHeHue Jdydodunra [1, 2]
X+w?X —puX3=—6X+Us+V (25

npu Uy = 0 JoIycKaeT peXuM CTallMOHApPHBIX CTO-
XaCTUUECKUX KOJIeOAaHU, ompeneasseMbIx (Qopmymoit
[66ca

fi(z, i) = Cexp {_275 H(x,x’)] :

e H(z,7) = #%/2 + w?2? /2 — pa* /4. B ocHoBe Kop-
PEISIIIMOHHOTO aJITOPUTMa aHATUTUICCKOTO MOICIIH-
POBAHMSI CTAIIMOHAPHBIX M HECTAIIMOHAPHBIX PEKITMOB
Jiexar cieaytolme ypapaenus [ 1, 2]:

X? ~mx(m% +3Dx) +3(m% + Dx)X° =
=komx + k1 X° (X° =X —mx);

. . 2 .
mx =my, mx =Uy—wymx —dmy ;

Dx =2Ky4, Dx =v—2w}, Ky +0Dy);

KXX =Dy — W%SDX —0Kyx,

rae
p(m% +3Dx)
(26)
2+D
wi, = w? {1 — —B,u(m);;— X)} (Ws > w1s) -

Ilpu Uy = 0 B craumoHapHoMm ciy4yae my = 0,
ko * _ ko *
my =0,K%, =0,D% = v/(24), a D% onpenensior-
¢l IyTeM peleHust ypapHenust v/ (26) = wi, (D% )D.
Takum ob6pazom, MHA nnsa D} JlaeT pelleHune,
COBIAJAIoIIEe C TOYHBIM, a Jid DY — NpuOIMKeH-
HOE, TOYHOCTh KOTOPOTO 3aBUCHUT OT KO3(M(PUITEHTA /1.
IIpouecc ycTaHOBJIEHUS CTAllMOHAPHBIX KOJEOaHUN
MPOUCXOIUT B JIBa dTama: CHayaja yCTaHaBJIMBAETCS
* *
D7, asarem D.
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HU. H. Cunuybin

Ycnosue (6”) TpeOyeT KOHcepBaTUM3Ma CTATHUCTH-
YeCcKHU JIMHEeapu30BaHHOW CHUCTEeMBbI JIeBOil yactu (25).
J11s1 3HaYEHU (1, OTBEUYAIOLINX KOJIEOAHUSIM, TOUHOCTh
cocrasiser 10%.

2. 11T CUCTEMBI

X4w?X —pX3 = —6X+Ug+U, U = —yU+V (27)

. 4T
ypaBHeHuss MHA mnsa 7 = [X XU } nMeIoT B (8)
u (9) mpn

my 0 1 0
a1 = |—wimx —omy +Up|; a= |-wi, =6 0 |;
—my 0 0 —v
000
B=1000]|; as = aK; + Ko™ + gv3",

001

rae ¥ — MHTEHCUBHOCTH Oenoro myma V; w,, wis
onpenensiorcs (26). OTcrona aHAIMTUYECKUM MOJIe-
JIMPOBAaHKMEM OMNPEAEISIOTCS CTallMOHAPHBIE PEKUMBI
CTOXaCTUYECKUX KOJeOaHMil, a TakKKe PeKMMBI ycTa-
HOBJIEHMS. YcinoBue (6”) BBITIOTHSIETCS B CHITY KOHCEP-
BaTU3Ma JieBoii yacTu (27).

CpaBHuBas oba TpuMepa, 3akKjiodaeM, 4TO TOY-
HOCTb METOJIA 3a CUYET «IIPOMWIBTPOBAHHOCTH» ITOMEX
3HAYUTEJBHO MOBbIIIAeTCs U gocTuraet 2%—4%.

3. B mHCTpyMEHTAIBHOM TIPOTPAMMHOM OOCCITCUCHNH
CStS-Analysis TecToBbIe TIpUMePBI ONcaHbI B [ 14, 15].

5 3axiiroueHue

st MHOTOMEpPHBIX HEJIMHENHBIX auddepeHin-
aJTbHBIX HOPMAJIBHBIX (TayCCOBCKMX) CHUCTEM C He-
KOPpEeIMPOBAHHBIMH 1 aBTOKOPPEINPOBAHHBIMHI TayC-
COBCKMMHU MOMeXaMM Ha 0a3e MeToia HOpMabHOU
anmpoKcUMalluy pa3padoTaHbl KOPPEJISILMOHHbIE ajl-
TOPUTMbI AaHATUTUYECKOTO MOACTUPOBAHNUS CTOXaCTU-
YeCKUX PeXXMMOB C MHBapMaHTHOI Mepoii. Pe3ymbra-
THI JOITYCKAIOT 0000IIIeHNe Ha Cclydaif HerayCCOBCKMX
oMmex, a Takxke HenubbepeHIIMPYeMbIX GYHKIUN a =
= a(Z,t) B ypaBHeHusx (1) u (4).

C nmomouibio pazpadboraHHoro B cpene MATLAB
MHCTPYMEHTAJIBHOTO ITPOTrPaMMHOTO OOCCITeUCHMST Ha
TECTOBBIX IpUMepax IToKa3aHa JOCTaTOYHAsS IJIST MHO-
TUX TIPWIOXKEHWI TOYHOCTh KOPPEISIIIMOHHBIX ajro-
PUTMOB.
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O TOYHOCTU HEKOTOPBIX MATEMATUYECKKWX MOAEIEN
KATACTPOOPHUYECKHN HAKAIUVIMBAIOLINXCA SDOPEKTOB I1PU
[TPOTHO3MPOBAHUU PUCKA DKCTPEMAJIbHbBIX COBBITUI*

. A. Jyunuxuii', B. FO. Kopones?, 1. A. Cokonos®

AHHOTal.II/Iﬂ! HOCTpOCHbI OLCHKU TOYHOCTHU l'[pI/I6J'[I/DKCHI/I${ paCHpCHCJ’[eHI/Iﬁ OKCTPEMYMOB CII€LIMAIbHBIX cnyqaﬁ—
HbIX CYMM MacIITaOHBIMU CMECSIMU IIOJIYHOPMAaAJIbHBIX 3aKOHOB U 06CY}K,Z[3.€TCH BO3MOXHOCTb MCIIOJIb30OBaHUSA
OTUX PE3YyJbTaTOB IIPW IMPOIrHO3UMPOBAHUUM PUCKA ISKCTPEMaJIbHbIX CO6BITI/II71, BbI3BaHHbIX KaTaCTpO(l)I/I‘ICCKI/I

HaKaIllJIMBalOIIMMMUCA He6ﬂar0HpI/IHTHLIMI/I Bq)(l)CKTaMI/I.

Kiouesble cioBa: HCOAHOPOIHLIC ITOTOKN C06I>ITI/II71; IBAXbI CTOXaCTUYECKUA HyaCCOHOBCKI/IfI Ipouecc,; OTpu-
LaTeJibHOe OMHOMMATbLHOE pacnpeacacHue, raMMa-pacrpeacacHne, OIeHKa CKOPOCTU CXOANUMOCTHU

1 Bsenenue

ITo Mepe Bo3pacTaHMSI TEXHWYECKON M WHMOp-
MAaIlMOHHOM OCHAIIEHHOCTH YeJIOBEUECTBA BOIIPOCHI
OLICHUBAHUS ¥ TIPOTHO3MPOBAHMS HAICXKHOCTH TEXHM -
YeCKUX M MHMDOPMAITMOHHBIX CUCTEM, a CTaJIO OBITh, 1
PHCKOB, CBSI3aHHBIX C MX OTKa3aMHM, IPUOOPETAIOT BCE
Oosiee BaxkHOe 3HauyeHMe. lIuBUIM3aLUsa CTaHOBUTCS
Bce Oojiee M OoJyiee 3aBUCHMOIT OT BO3MOXKHOCTEH,
MPEIOCTABISIEMBIX COBPEMEHHBIMU  TEXHUICCKUMU
(TpaHCIIOPTHBIMM, SHEPTETUICCKUMH, OOOPOHHBIMM)
1 WHOOPMAIIMOHHBIMU (TeJIEKOMMYHUKALIMOHHBIMU,
BBIYMCIIUTEIbHBIMU ) cicTeMaMu. OTHOBPEMEHHO BO3-
pacTaeTt ¥ 3aBUCUMOCTD YeJIOBEUECTBA OT HAOEHCHOCIU
u 6esonacHocmu TEXHUYECKUX W WHGOPMAIIMOHHBIX
cucteM. B cuiy 3THX 0OCTOSITENIBCTB, €CTECTBEHHO,
BO3pacTaloT TpeOOBaHMSI K aJeKBaTHOCTH MaTeMaTH-
YECKUX MOJEJICH, NCITOIb3YeMbIX TSl BEIYMCIICHUS CO-
OTBETCTBYIOIINX ITOKa3aTeseii HaJeXKHOCTH U BO3MOXK-
HBIX PUCKOB.

MHorue KjlacCHYeCKHe METOIBI OLIEHKN PUCKa WUITN
MoKasaTeJIell HallesKHOCTH, pa3paboTaHHbIE, KaK Ipa-
BWJIO, B cepemnmHe XX B., OCHOBaHBI Ha MIEaTbEHBIX
MIPEIITOIOKEHUSIX O TOM, YTO TapaMeTpHhl, XapaKTe-
puU3ylollure, CKaXeM, BO3IECHMCTBUE BHEUIHEW Cpelbl,
MMEIOT HOpMaJbHOE paclpelnesieHue, a mapameTphl,
XapaKTepu3ylolle HaJeKHOCTh COCTAaBHBIX YacTeu
M3y4yaeMOM CHCTEMBI, HallpuMep BpeMs XW3HU (Ha-
pabOTKM Ha OTKa3), WMCIOT IToKa3aTeldbHoe (3IKC-
MMOHEHIIMAJBLHOE) pacIpeneicHne W 0Ooyiee oOImee
pacnipeaenenue Beiidynna—IHenenko. OmHako, K co-

KAJICHUIO, 3a4acTyl0 MMPUMEHEHUE KIACCUYECKUX Me-
TOAOB MPUBOAUT K HENOOLIEHKE PUCKA KaTacTpod Wi
oTka3oB. [IpuuuHBI MHOTAA UMEIOLIE MECTO Heco-
CTOSITEJIBHOCTU KJIACCUYECKUX MOAeJield MOTYT ObITh
pazHeiMu. K mpumepy, eciu nmokasaTesin HaaeXHOCTU
BBIYUCIISIOTCS HA OCHOBE CTATUCTUYECKUX TaHHBIX, Ha-
KOIUJIEHHBIX 3a OIMpeAeIEHHOE BpeMs, TO, KaK MoKa3a-
HO, HampuMep, B [1], cylllecTBEHHYIO POJIb UTPAET O~
HOPOAHOCTb MOTOKa COOBITHIA, B pe3ybTaTe KOTOPBIX
HaKaIJIMBalOTCSl CTAaTUCTUYECKE TaHHbIE.

Jpyrumu cioBamMu, KPpUTUYHBIM JUIS1 aI€KBATHOCTHU
KJIaCCUYECKUX MOJENEN SBJISETCI aCUMIITOTUYECKOE
TMOCTOSTHCTBO OTHOLLIEHUS KOJIMYECTBA 3apPETUCTPUPO-
BaHHBIX B T€UEHUE OIpEJCeJIEHHOrOo MHTepBaja Bpe-
MEHU 3KCTPEeMaJIbHbIX COOBITUM K IJIMHE 3TOr0 WH-
TepBajia BpEMEHU MPU HEOrPaHWYEHHOM YBEIUYEHUU
TocjaeaHe .

Ecnu acuMnToTrYecKoe MOCTOSTHCTBO YKa3aHHOTO
OTHOLIEHMUS, T.€. €ro COMMXKEHUE C HEKOTOPBIM YKC-
JIOM, MUMEeT MeCTO, TO KJIaCCUYeCKUEe MOIEIU MOTYT
JaBaTh aJlcKBaTHbIe pe3yabTaThl. OIHAKO €CIU TaKOTO
CONMMXKEeHUs He HaOIIofaeTcsl U yKa3aHHOE OTHOIIe-
HUE CUJIBHO KOJIEOJIEeTCS, OCTaBasiCh CAy4YailHbIM (T. €.
HeMpencKa3yeMbIM), TO KJIACCUYECKUE MOJENIN Heae-
KBaTHbI 1 MOTYT MPUBOIUTH K BECbMa CYIIIECTBEHHOM
HeloolleHKe pucKa. B yacTHOCTH, BMECTO 0XKMIaeMOTO
B COOTBETCTBUU C KIIACCUYECKOW TEOPUEN HOPMaAJIbHO-
TO 3aKOHA B TOMOOHBIX CUTyalusxX (HarpuMep, eciu
YIIOMSIHYTOE BBIILIE OTHOILIEHUE BENeT ce0s Kak ram-
Ma-pacrpeiesieHHasl CirydaiiHasi BeJIMYMHA) MOTYT BO3-
HUKaTbh, CKaxeM, (DYHKIMU pachpeneseHus yiiepoa

*Pabora mommepxkaHa Poccuitickum ¢oHIOM (yHIaMEHTATbHBIX MccienoBanuii (mpoektsl 11-01-00515a, 11-01-12026-odbu-m, 12-07-
00109a, 12-07-00115a) 1 MuHKMCTepCTBOM 00pa3oBaHMsI U HayKK (TOCKOHTpakT 16.740.11.0133).
! ®akyIETeT BEIYMCTUTETLHOM MaTEMaTUKK M KHOepHETHKI MOCKOBCKOTO TOCyIapcTBeHHOTo yHuBepcuteTa M. M. B. JloMoHOCOBa;
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U. A. Jlywuukuii, B. 1O. Kopones, U. A. Coxonos

tuna pacnpeaeieHuss CTbIOAEHTa ¢ TPOM3BOJIBHO Ma-
JIBIM YUCJIOM CTeTIeHel CBOOOIbI MM TaK Ha3bIBaeMbIe
JIMCIIEPCUOHHBIE TAMMa-pacipeaeeHNs, B YaCTHOCTH
pacnpenenenue Jlarraca [2—4].

HeratuBHbiii a(d@dekT HexkenaTelbHbIX BO3ICH-
CTBUIT MOXET TPOSIBUTHCS MTHOBEHHO, a MOXKET Ha-
KaIlJIMBaThCSI TTOCTENIEHHO. DTO MPUBOAUT K HEOOXO-
JUMOCTHU Hapsily C CaMMM TOTOKOM 3KCTpeMabHBIX
COOBITHIT pacCMaTPUBATh TAKKe M TIPOIIECC, OMMCHIBA-
oI «HAKOTIJICHHBIC», HETaTMBHBIC BO3ICHCTBUS.

IMon kamacmpoghoit (KaTacTpoUIESCKUM COOBITH-
€M) pa3yMHO IOpa3yMeBaTh IPEBBIIICHUE MOJETb-
HBIM MPOIIECCOM HEKOTOPOTO KPUTUYECKOTO YPOBHS,
KOTOPHIIA, HATIpUMEpP, MOXKET OBITh OITpeaeSIeH KaK MH-
HUMAaJIBHBIN YPOBEHD, TIPEBBIIICHIE KOTOPOTO HAKOTI-
JICHHBIM HETaTWUBHBIM BO3IECTBHEM Ha paccMaTph-
BaeMyo cucteMmy (MHMOPMAIlMOHHYIO, TEXHUUYECKYIO,
9KOJIOTUYECKYIO, COLIMAIbHYI0) BeeT K He0OpaTUMbIM
€€ U3MEHEHUsIM, B YaCTHOCTH K HEBO3MOXHOCTHU BbI-
TTOJTHITh CUCTEMOI CBOM (PYHKIIMU B TIpEXKHEM pe-
KHME.

Kak nmoka3zaHo B [5], €cii UHTEHCUBHOCTb MOTOKA
MHOOPMATUBHBIX COOBITMI CllydailHa MU MMEeT, CKa-
KeM, CTaHAapTHOE 3KCIIOHEHLMAJIbHOE pacrpenese-
HHE, TO BeIMUMHA MaKCMMyMa HaKOIUIEHHBIX 3 deK-
TOB TaKKe MMEET 9KCITOHECHIINAIBHOE pacIipeneicHIe
(HO ¢ TapaMeTpoM V/2), a He OXHIaeMoe B COOT-
BETCTBUU C KJIACCUYECKON Teopuel pacrpeneieHue
G(z) = 2®(max{0,2}) — 1 MaKkcuMyMa BUHEPOBCKO-
To TIporiecca Ha eMMHUYHOM OTpe3Ke, XBOCT KOTOPOTO
yOBIBaCT TpH = — 0o Kak +/2/7zte~*"/2. Xpocr
K€ YITOMSIHYTOM BEIIIIE SKCITOHCHIINAIBHON (DYHKITUM
pacrpeneieHusi, eCTeCTBEHHO, YObIBaeT CYIIECTBEHHO
MeIeHHee — Kak e~ V2%, D1o MPUBOIUT K CYILIECTBEH-
HOMY pa3jIM4MIO B OLIEHKAX BEPOSITHOCTEN KaTacTpo-
GUUIeCKMX BO3ICHCTBUI M pa3MepOB caMUX KaTacTpo-
(UIeCKUX BO3IECUCTBUIA, ITOTyIaeMbIX HA OCHOBE 3THX
nBYX (yHKIMI pacripeneieHus. K mpumepy, KBaHTUIIb
nopsinka 0,99 dbynkuuu pacrnpeneineHus G(x) paBHa
2,576. B TO Xe BpeMsT KBAHTHJIb TOTO K€ TTOPSIIKa 9KC-
MMOHEHIIMATEHOM (DPYHKITUM pacTIpeeIeHUS C TapaMeT-
poM /2 IIprMepHO paBHa 3,256. BeposiITHOCTB TIPeBhI-
LIeHus rmopora 2,576, «<KpUTUIECKOTo» NPy (PYHKIIUN
pacnipenenenuss G(x), MaKCUMaTbHBIM CyMMapHBIM
BO3IEHCTBUEM, UMEIOIIIMM YKa3aHHYIO TOKa3aTeIbHYIO
dbyukumio pacnpeneneHus, npesbiinaer 0,026, T. €. oka-
3BIBACTCS OOJIee YeM B IBa C ITOJOBMHOM pa3a BHIIIE,
yeM TIperoaracMast Mo KIIacCUIeCKO MOIEH.

DTOT TIpuMep SIBJISIETCS €Ille OJHOM HarJISIIHOK
WITIOCTpalMell TOro, HAacKOJIbKO MOXHO HeIoolle-
HUTh PUCK KaTacTpod, BHI3BAHHBIX HaKaIlIMBAOIIIM-
mucsg 3¢@dekramu HeOJIaronpUsSITHBIX BO3ICHCTBUI,
eCJI He TIPUHUMATh BO BHUMaHME CTOXaCTUISCKUIM Xa-
pakTep MHTEHCUBHOCTU MTOTOKA MH(OPMATUBHBIX CO-
OBITHIA.

EcTtecTBeHHO MpeanonoXuTh, YTO HEraTUBHbIE -
(hbeKThI HAKATIMBAIOTCS KaK Pe3yJbTaT HEKUX COOBITHUI,
XaOTUYECKU PACCPEIOTOUYECHHBIX O BPEMEHHOM OCH,
T. €. 00pa3yIolIMX TaK Ha3bIBAEMbI XaOTUUECKUIA MO-
TOK coObITuii. Kak m3BecTHO (cM., Hampumep, [5]),
HauIydlllel MOJeNbl0 OIHOPOAHOIO XaOTUYECKOIo
MOTOKa COOBITUIA SIBJISIETCSI IMyaCCOHOBCKMUIA Tpoliecce,
XapaKTepu3yeMblil TeM OOCTOSITEIbCTBOM, UTO MHTEP-
BaJIbl BDEMEHU MEXAY COOBITUSIMU MOTOKA HE3aBUCH-
MbI ¥ UMEIOT OIMHAKOBOE TTOKa3aTeIbHOE pacrnpeesie-
Hue. [lpuBnekaTenbHOCTh MyaCCOHOBCKOTO Tpoliecca
B KaueCTBE MOJEIU OJHOPOJHOIO AUCKPETHOTO Xaoca
00yc/I0BJIeHa KaK MUHUMYM JIBYMSI OOCTOSITEIbCTBAMU.

Bo-niepBbIX, MokasarejbHOE pachpenesieHue WH-
TEpBAJIOB BPEMEHU MEXTY COOBITUSIMU MTyaCCOHOBCKO-
ro mMoToKa 00J1agaeT MaKCuMaabHOU auddepeHnaib-
HOM HTponuel cpenu Bcex abCOMIOTHO HEMPEPbIBHBIX
pacripeieIEeHU BEPOSITHOCTEN, COCPENOTOYEHHBIX Ha
BCEil MOJOXUTEIBHOM MOJYyOCH Y UMEIOIINX KOHEYHOe
MaTeMaTU4YeCKOe OXXUIAHUE, a SHTPOIMSI, KaK U3BECT-
HO, SIBJISIETCSI OYeHb YAOOHOI YMCIEHHOM XapaKTepu-
CTUKOW HEONPeneeHHOCTHU.

Bo-BTOpBIX, TOUKM (COOBITHS ) TyaCCOHOBCKOTO IMO-
TOKa PaBHOMEPHO pachpeneieHbl Ha OCU BPEMEHU B
TOM CMBbICJIE€, YTO [JIsI JIIOOOr0 KOHEYHOTO MHTEpBaia
BPEMEHH [t1, t2] YCTIOBHOE COBMECTHOE pacipeeieHue
TOYEK MYaCCOHOBCKOTO TMOTOKA, MOMAaBIIMX B MHTEP-
Bas [t1,t2], IPU YCJIOBUU, YTO B 9TOT MHTEPBAJ ITOMAJIO0
(hbuKCcHpOBaHHOE YUCJIO, CKaXKeM 7, TOUEK, COBMANAET C
COBMECTHBIM pacrpeiesieHueM BapMallMOHHOTO psija,
IMOCTPOEHHOTO MO HE3aBUCHMOI OJJHOPOIHOU BBIOOP-
Ke 00beMa n U3 PAaBHOMEPHOro Ha [t1,ts] pacmpene-
JieHust. PaBHOMepHoOe Xe pachpeneneHue obsanaer
MaKcuMasbHOI nuddepeHIIMaabHOi SHTpoIel cpe-
1 BceX aOCOJIIOTHO HEMPEephIBHBIX paclpeneaeHuit
BEPOSITHOCTEM, COCPEIOTOUYEHHBIX Ha KOHEUYHBIX MH-
TepBajiaX, 1 OY€Hb XOPOIIO COOTBETCTBYET OOIIETIPU-
HSITOMY MpeACTaBIeHUI0 00 aOCOTIOTHO HeMpeacKasy-
€MOW OrpaHUYEHHON CITyYallHOM BEJTMYMHE.

OmHako B peaibHbIX «XaOTUYECKUX» CUCTeMax Xa-
OC TMPaKTUYECKU HUKOTAA HE ObIBAaET OJMHOPOIHBIM B
MPOCTPAHCTBE WM BpeMeHU. HeomHopoaHbI U na-
K€ CTOXaCTUUYECKMIA XapaKTep MHTEHCUBHOCTH MOTOKA
MH(OPMATUBHBIX COOBITUI MOXET OBITh OOYCIOBJICH
CJIy4ailHO BO3HUKAIOIIMMM (HE MOJaI0IIMMUCS a0Co-
JIIOTHO HAJIEeXKHOMY ITPOTHO3MPOBAHUIO) TPUIMHAMMU.
Kaxk n3BectHo, HanboJjee pa3yMHbIMU CTOXaCTUYECKM -
MU MOZAEJISIMU HEOTHOPOIHBIX XaOTUUECKUX TOUEUHBIX
MPOLIECCOB SBIISIIOTCST 08axicObl cmoxacmu4ecKue nyac-
COHOBCKUE npoyeccyl, NHaUe Ha3bIBaeMble npouyeccamu
Kokca (cMm., Hanpumep, [6]).

Hns apdekTuBHON peannzauuny Mep, HampaBJieH-
HbIX Ha MOBBILIEHNE HAEXKHOCTU U KaTacTpo(OoycTo -
YUBOCTU TEXHUYECKUX U MH(POPMAIIMOHHBIX CUCTEM,
HEOO0XOAMMO YMETb BBIUMCIISTH BEPOSITHOCTHBIE XapaK-
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TEPUCTUKN BO3MOXHBIX 9KCTpEeMaJIbHbIX BO3JEUCTBUI
Ha paccMmaTpuBaeMylo cuctemy. Kak yxe oTmedanoch
BBIIIE, TIPY HEMOCTOSTHHOM (M TeM OoJjiee Mpu CcToXa-
CTMYECKOI) MHTEHCUBHOCTU MOTOKA 3KCTPEMAaJIbHBIX
COOBITUI CTAaTUCTUYECKHE 3aKOHOMEPHOCTU HexXesla-
TEJIbHBIX BO3JIEUCTBUIA CYILIECTBEHHO OTJIMYHBI OT TO-
ro, KakuMy OHU ObLIM Obl B OAHOPOAHOM CUTYalLlUMU,
OMNUCHIBAEMOUN KJIACCUUYECKOW TeOpUer 3KCTpeMasib-
HBIX 3HaUYeHUil. s BBIYMCIEHUS TaKUX MEp pUCKa,
KaK KBaHTWJIbHBIC (TUTIA TToKa3aTeneil VaR — «Value at
Risk»), HEOOXOMMMO MMETH OoJIee MIN MeHEe TOUHBIC
anMnpOKCUMALIMU IS BEPOSITHOCTHBIX paclpeaeaeHU
BEJIMYMH 3KCTPEMaTbHBIX BO3IEUCTBUM.

2 IlpenenpHoe moBeneHUE
BKCTPEMYMOB 000011IEHHBIX
JBaXKJIbl CTOXaCTUYECKHUX
IMyaCCOHOBCKMX MPOLIECCOB

B kauecTBe 6a30B0It MOEIN «HAKATLIMBAIOLIETOCS
BO3ICUCTBUSA» B JAHHOW CTaTbe paccMaTpuBalOTCH
9KCTPEMYMBbI OOOOIIEHHBIX ABAXIbl CTOXaCTUYECKUX
IMyaCCOHOBCKMX MPOLECCOB, MPEACTABISIOMINX COOOM
CYMMBI CJIYYaHOTIO 4YMCJIa HE3aBUCUMBIX OLMHAKO-
BO PACIIPENEIEHHBIX CIIYYalHBIX BEJIUYUH, B KOTOPBIX
YUCJIO CJIaraeMbIX OMPENEAETCHd 3HAYEHUEM IBaXKIbI
CTOXaCTUYECKOTO ITyaCCOHOBCKOTO Tmpouecca. [lpu
3TOM O[T KATACTPODUIECKUM HEOIATONTPUSTHBIM BO3-
eicTBUEM OyneT MOHMMAThCS MPEBBILIEHUE CITydyali-
HBIM OJIy>kKImaHueM, TOPOXAEHHBIM 0a30BOI Moce-
JIOBATEJIbHOCTHIO HE3ABUCUMBIX CIIYYalHBIX BEJIUYUH,
HEKOTOpOro 3aigaHHoro yposHs. [Ipocreiimeit 3a-
a4l OLEHMBAHUS WM IPOTHO3MPOBAHUSI PUCKOB,
CBSI3aHHBIX C TAaKMMU COOBITUSIMM, SIBJISIETCS 3agada
BBIYMCIIEHUS BEPOSATHOCTHU MPEBBILIEHU BO3MOXHBIM
3HaYeHUEM MaKCUMyMa HaKariuBaromuxcs 3¢ GeKToB
KPUTHUUYECKOTO YPOBHSI B TeUeHUE HEKOTOPOTO (hUKCU-
pPOBaHHOTO MHTEepBaia BpeMeHU. LlemecoobpasHOCTh
paccMOTpeHHUsI MOJOOHBIX MOAENENH TPU MPOTHO3U-
pPOBaHUU PUCKOB KaTaCTPO(d OUKTYETCS CIEAYIOLIAMU
npuMepaMHu.

ITpumep 1. DBoto1MsI DMHAHCOBBIX MHAEKCOB XOPOILIO
OMUCHIBAETCS (HEOAHOPOAHBIM) CIyYaliHBIM OJTyXIa-
HueM. [1pu 3ToM, Kak U3BECTHO, €CITM N3MEHEHUE 3TO-
ro MHIEKCA B TeUeHUE OMPKEBOTO THS OYIET CIIUIITKOM
OOJIBIIIMM, TO, YTOOBI M30€XKaTh CIAMIIKOM OOJIBIINX
notepb (T.e. (pUHAHCOBBLIX KaTacTpod), TOPrU aBTO-
MaTHUYeCKM TpeKkpaluaioTces. Jdpyrumu cioBamu, ec-
JIM 9KCTPEMYM IIpOliecca, OMUChIBAIOIIETO TMHAMUKY
(GUHAHCOBOTO MHIEKCA, TOCTUTACT KPUTUIECKOTO 3HAa-
yeHusl, TO TOpPru Tpekpaimiaiorcsd. B Takoii 3amaue
BPEMEHHBIM FOPU30HTOM, Ha KOTOPBII CTPOUTCS ITPO-

THO3, paBeH OIEpPallMOHHOMY JHIO, a dJeMEHTapHbIe
cjlaraeMble B CyMMe — 3TO MpUpallleHus Mpoliecca 3a
eIVMHULIBI BpeMeHU (Hampumep, MUHYTHI). Ha cero-
TMHSIITHUAKN NeHb BECbMa aKTyaJlbHBIM TPUMEPOM TO-
OOHOIT 3amaun sIByIsieTcsl Borpoc nmpuHsaTust bankom
Poccuu (LleHTpoGaHKOM) pelieHUs O IPOBEACHUM Ba-
JIIOTHO# (I01apOBOIt) MHTEPBEHLIMM, UTOOBI OCTAHO-
BUTh MpoliecC MaJeHUs Kypca pyOJisi OTHOCUTEIbHO
noJiapa Mpy OMacHOM TMPUOIMXEeHUN Kypca K Bepx-
Heil rpaHulle OOBSIBIEHHOTO JOIYCTUMOTO KOPUIOpA.
3/ech MpencTaBisieT MHTEPEC BO3MOXKHOCTD TTPUOIH-
KEHUsI Kypca K TpaHMIIe He B KaKOI-TO OINpeieIeHHbII
MOMEHT BPEMEHH, a B TeYCHUE ONEPALIMOHHOTO JTHS,
TPA 3TOM PUCK, CBSI3aHHBIN C TaKUM TPUOIVKEHU-
€M, OIleHMBAeTCs 3apaHee (HANPUMEp, TMOCTE TOJy-
yeHus “HhOpMAUKM 00 BOJIOLNM Kypca B TEUCHUE
MPEIbITYIIEro ONepalMOHHOIO THS).

IIpumep 2. JIns cHaOXeHUsST HEKOTOPOW OTpacTH He-
KOTOPOTO pervoHa B TeyeHUe (DUKCUPOBAHHOTO Tie-
puona BpeMeHU (HampuMmep, KBapTaja WJIM 3UMHETO
nepuozaa), Ha ckjaj (XpaHUJIUILE) BbIACISETCS OIpe-
IeJICHHOE KOJIMYIECTBO HEKOTOPOTO pecypca (CKaxkeM,
ToruiuBa). Ecnu cymmapmvie, naxonaenHvlie pacxombl
9TOrO pecypca B Te€UEHME YKa3aHHOTO BPEMEHU Tpe-
BBICST BBIIEIEHHbBIN JUMUT, TO B JAHHOW OTpacTu B
MaHHOM pPEeTHOHE HACTYIHUT KaTacTpo(PUUIeCKUA KOJI-
marc. Ilpm 3TOM eCcTeCTBEHHO MPEOIIOJIOXHUTh, UTO
pecypc OTITyCKaeTCsT TIOTPEOUTEISIM TTapTUSIMU, BOOO-
11Ie TOBOPSI, CIyyailHOro oobeMa COrJIacHO 3arpocam,
BO3HHUKAIOLIMM, BOOOILIE TOBOPSI, B CAydailiHble MO-
MeHTbl BpeMeHU. [Ipu 3TOM ropu3oHTOM TMPOTHO3M-
pPOBaHMSI, €CTECTBEHHO, CUNTAETCS MHTepBaJl BpeMEHU
MEXIy TToCTaBKaMU (HaIIpuMep, KBapTa).

IIpumep 3. Ilpm mpoekTMpoBaHWU mHaMO M BOIOXpa-
HUJIMIL HEOOXOAMMO YYMUTHIBATh TO OOCTOSITENIbCTBO,
YTO KOJIMYECTBO BOIBI B pPAaCCMATPUBAEMOM pPE3EpPBY-
ape (BomoxpaHuIuIle, O0acceiiHe peku, o3epe U T.T11.)
M3MEHSIETCS CIIyIaifHBIM 00pa30M: OHO YBEJIMUMBACTCST
3a CUET BHITIAJICHMST OCAIKOB (B CIyJaifHbIe MOMEHTBI
BpEMEHHU) M YMEHBIIIAeTCs 3a cueT McIapeHus. Ecmum
9KCTPEMYM YPOBHS MPEBBICUT KPUTUUECKUI YPOBEHb,
TO MPOUCXOISAT COOBITHSI KaTaCTPOo(UUECKOro xapak-
Tepa. M30BITOK BOIBI BRI3BIBACT HABOTHEHMS, e¢ He-
IIOCTATOK — 3acyxy. SICHO, 4TO B CHIIy €CTECTBEHHBIX
IUKINICCKUX TPUINH B Ka9eCTBE TOPM30HTA ITPOTHO-
3UPOBAHUSI PA3yMHO B3SITh TOMl WM COJHEUHbBIN LIMKII
(11 net). Ilpu 3TOM YypoBeHb BOAbI B KaXIblii MO-
MEHT BPEMEHU SIBJISIETCSI CYMMOU MpUupalieHuit 3Toro
YPOBHS 3a KaXKIbI U3 TIPSABIAYIINX THEH.

Onpenenenne 1. Coyuaiinbiii npouecc A(t), t > 0, ¢
HeyObIBAIOLIMMK HETTPEPBIBHBIMHU CITPABa TPACKTOPHSI-
MU, ynosieTBopsitoruiil yeirosusim A(0) = 0, P(A(t) <
< 00) =1(0 <t < o0), HA3BIBACTCS CAYUHALUHOU MEPOLL.

WHOOPMATUKA U EE TPUMEHEHUWS Tom 6 Bbimyck 4 2012 11



U. A. Jlywuukuii, B. 1O. Kopones, U. A. Coxonos

Onpenenenue 2. [Tycts N1 (¢) — cTaHOAPTHBIN ITyacco-
HOBCKUH Tiporiecc, A(t) — cirydaitHast Mepa, He3aBUCH -
Mast oT N (t). CaywaitHeiii pouece N () = Ny (A(t))
Ha3bIBACTCS 08aAMNCObl CMOXACMUYECKUM NYACCOHOBCKUM
npoueccom (Mnu npoueccom Kokca). B TakoMm ciydae
roBopsT, uto npoiecc Kokca N (t) ympasisieTcst po-
neccoM A(t) (wmm uto mporecc A(t) KOHTPONUPYET
nportecc Kokca N (t)).

B yactHOCTH, eciu nporiecc A(t) momycKaeT mnpej-
CTaBJIcHHUE

A(t)z//\(T)dT, 150,
0

B KOTOPOM A(f) — TIOJIOKUTEIBbHBIN CITyJaiiHBIN TIPO-
Liecc C MHTETPUPYEMBIMU TPAeKTOPUSIMU, TO A(t) MOX-
HO WHTEPIIPETUPOBATH KaK MIHOBEHHYIO CTOXacTH-
YecKylo MHTEHCHMBHOCTb mpouecca N(t). Iloatomy
nHorna npouecc A(t), ynpasisioiuii npoueccom Kok-
ca N(t), Oymer Ha3bIBATbCS HAKONACHHOU UHMEHCUG-
Hocmoio Tiporiecca N (t).

Hecnoxno ybenutsest, yro mng mpouecca Kokca
N(t), ynpasisiemoro mpoueccoM A(t), cripaBemTNBbI
COOTHOLLUEHUS

EN(t) = EA(t), DN(t) = EA(t) + DA(?).

Omnpenenenne 3. Ilycte X3, X5,... — OIMHAKOBO
pacripeiefieHHbIC CITydaiiHble BeMMInHBL. [Ipemmomno-
KUM, 4TO TIpU Kaxnom ¢ > 0 ciaydaifHble BeJIMYUHBI
N(t), X1, Xs, ... He3aBucuMBI. [Iporiecc

t=0, )]

Ha3zoBeM 00001IeHHbIM TipolieccoM Kokca (mpu aTom
0

JUTSI OTIPEICSICHHOCTH CUUTaeM, uto » . = 0).
j=1

ITpomuecce Buma (1) UrparoT 4pe3BBIYaifHO BasKHYIO
pOJIb BO MHOTHX TPUKIAIHBIX 3amadax. JlocTarodyHo
cKazatb, uTo mipu A(t) = At ¢ A > 0 npouecc S(t)
MpeBpalaeTcs B KJIIaCCUIeCKNil 0000IEeHHBI ITyacco-
HOBCKUI1 TIpoliecc, MIMPOKO MCIIONBb3YeMblid TIPU MO-
NEeTMPOBAHUY MHOTUX SIBJIEHUH B (pr3nKe, TeOpnuu Ha-
nexXHocT, (GPUHAHCOBOUM U aKTyapHOU NEesTeTbHOCTH,
Ouosoruu U T. A. bosbliioe yncio pa3HOOOPa3HBIX TPU-
KJIaHBIX 3a7a4, MPUBOISIINX K 0000IIEHHBIM ITyacco-
HOBCKUM ITpolieccaM, ONMcaHo B KHUTax |3, 6—8].

JIJIst BBIYMCIIEHUST pUCKa KaTacTpopUIecKux Impe-
BBIIIIEHUI KPUTUIECKOTO YPOBHS CITyJYaliHBIM OJTyX1a-
HHUEM B T€UEHUE PacCMaTpUBAEMOTO WHTEpBajia Bpe-
MeHM (TOpPM30HTA IJIAaHUPOBAHMS) HEOOXOIMMO 3HATh
pacripenieJieHue BEpPOSITHOCTE MaKCUMyMa CYMMBI

npupailieHuit oayxnanus. K coxaneHuto, mpakTu-
YeCcKM HUKOTAA pacrpeiesieHue 3JeMEeHTapHbIX Mpu-
pallleHuld HEe M3BECTHO, MOITOMY TOYHOE BBbIUMCIIE-
HHE 3TOTO pacIipeneicHsT HeBO3MOXHO. Jlaxe Korma
€CTh OCHOBaHMSI TIPUHSITDH OMPEIeICHHYIO MOMIEb Ta-
KOTO pacmpelneseHusl, BbIYMCICHUE MCKIIOUUTETbHO
TpynoeMmko. [loaToMy Ha mpakTuUKe TOYHOE paclipe-
JleJIeHUE 3aMEHSIIOT ero anmpoKcuMaliueid, B KayecTBe
KOTOpPOIt paccCMaTpMBaeTCs aCUMIITOTHYECKasI aIlIIPOK-
cuMalusi, OCHOBaHHas Ha ((pyHKIMOHAJIbHOM) IIE€H-
TpaJbHOU TIpeAesIbHON TeopeMe, — TaK Ha3bIBacMOE
MOJYHOPMaJIbHOE pacmpeleieHue — pacrpeaeieHue
MOIYJII HOPMAJIBHO PACIIPEIEIEHHOW CIIy4aiiHOU Be-
JIMYWHEBI, COBMAMAOIIEE C pacIipee/iecHueM MaKCUMY-
Ma CTaHIapTHOTO BUHEPOBCKOTO TTPOoIlecca Ha eMMHIY -
HOM OTpe3Ke.

Hrak, paccmoTpum 00001IeHHBbIN mpoliecc Kok-
ca, ompeaensieMblii cootHoweHuem (1) ¢ EX; = 0,
0 < 0?2 =DX; < 0o. O603HAYNM

5(t) = max 5(r); 5(t) = min 5(r).
ITpuBeneM HEOOXOIUMBIE U JOCTATOUHBIE YCJIOBHSI CJia-
00l CXOAMMOCTH OJHOMEPHBIX PAaCHpeneNeHu Ciy-
YaiHBIX TTpoLIeccoB S(t) 1 S(t), CKa4Ku KOTOPBIX 00.1a-
NIAI0T YKA3aHHBIMU BbIIIIE CBOMCTBAMH.

CraHzapTHYI0 HOPMaJIbHYIO (DYHKIIMIO pacripere-
JIEHUSI U ee TUIOTHOCTD Oynem 06o3Havath P (x) u ¢(x)
COOTBETCTBEHHO:

1 —a?)2
V2T ’

(DyHKLH/HO pacnpeaciacHuda MakKCMMyMa CTaHIapTHOTO
BIUHEPOBCKOTO Tpotiecca Ha oTpeske [0, 1] 0603HaIMM
G()s

B(x) = / o(2)dz, plx) =

G(z) = 2®(max{0,2}) — 1, =z € R.

HecnoxHo BuaeTh, uro eciiu X — ciydaitHast BeIMYM-
Ha CO CTaHAAPTHBIM HOPMaJbHBIM pacIipeleIeHUeM,
to G(2) = P(|X| < ). CumBOI = OyzieT 0603HaYaTh
CXOIMMOCTB TTI0 pacIIpeaeIeHIIO.

PaccMoTpuM 11T Havaja He3aBHUCHMEBIE HeoOsI3a-
TEJIbHO OMMHAKOBO pacIipelie/IeHHbIe CIydaiiHble Be-
JnuuHbl Y1, Y, ... ¢ EY; =0u 0 < 02 = DY; < oo,
i > 1. dnga k > 1 o6o3HaYNM

Sp=Y1+...+Yy, Bi=0?+... 40},
Sr = max S;, S, = min ;.
1<i<k 1<i<k
[Ipennonoxum, 4yTo ciydaitHble BEIMUYMHBI Y7, Ys, ...
YIOBIETBOPSIOT yciaoBuio JImHaeOepra: sl J11000ro
a>0

lim
k—oco

k
1
B—I%Z / 2> dP(Y; < z) =0.

ZZl\w\}aBk
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XOpO]_HO MN3BECTHO, YTO IIPU TaKMX IMPCAITOJIO0XKE-
HUSAX

Sk
Pl=—<2)= G),
By,

Sy,

Pl=<a2)=1-G(-2), k—

By,
(3TO OIHO U3 MPOSIBJICHUI TaK HA3BIBAEMOTO TIPUHIIN-
rma uHBapuaHTHOCTH). [lpuBenem aHasor 3TOTO pe-
3yjbTaTa Ijisi 00OOLIEHHBIX ABAXKIbl CTOXaCTUYECKUX
MMyacCOHOBCKMX MPOLIECCOB C HYJIEBBIM CPETHUM.

IMycth d(t) — monoxuTenbHass GYHKITUS, Heorpa-

HUYEHHO BO3pacTatoniasi mpu t — oo.

Teopema 1. [Ipednonoxcum, umo A(t) — oo no ee-
posmuocmu npu t — oo. Oo0HomepHble pacnpedeneHus
HOPMUPOBAHHO20 NPOUecca 3KCMPeMymos 0000ueHH020
npouecca Kokca crabo cxoosmes kK HeKomopomy pacnpe-
denenuro, m. e.

S(t) - S

— = 7 = Z (t — ),
o/ d(t) o~/ d(t)

moeda u moavko moeda, Koeoa cyuecmayem Heompuya-
menvHas cayuaiinas éeauuuna U makas, ymo

A(?)
IIpu smom
P(Z < z) = EG % ,
P(Z<z)=1-EG —% zeR.

JJoKka3aTelbCTBO TeOpeMbl | TIPUBEIEHO B KHU-
re [5].
Cnenctsue 1. B ycrosusx meopemot 1

S(t)
u
& = 1-G(—x)

Um<x

nput — oo moeda u moavbko moeoa, K02oa

A(t)

— 1 (t = o0).
DTO yTBEep:KIEHUE SIBIIICTCS HEIOCPeICTBEHHBIM
CIICICTBUEM TEOpeMBl | C ydeToM WACHTUPUIUPY-
€MOCTU ceMelicTBa MacHITaOHBIX cMmeceit (DYHKIIUA
pacnipenenenus G (4, ciemnoBaresibHo, 1 — G(—x)).

3 OLEeHKU CKOPOCTU CXOOAUMOCTU
DKCTPEMYMOB 0000I1LIEHHBIX
JIBaX]Ibl CTOXaCTUYECKUX
IIyaCCOHOBCKMX MPOLIECCOB

B HecTanMoHapHbBIX MOTOKAaX SKCTPEMaIbHBIX CO-
OBbITUIA, OMUCBHIBAEMbBIX OOOOIIEHHBIMU JBaXKAbl CTO-
XaCTUYECKUMHU TIPOLIECCAMM, COMJIACHO Teopeme |
noJiyHOpMasibHOe pacrpesenenue G(z) Tpanchopmu-
pYyeTCsl B ero MacITabHYI0 CMeCh, B KOTOPOI cMelllBa-
[olllee pacrpeie/ieHUe OTpaXkaeT CTAaTUCTUIECKIUE 3aK0-
HOMEPHOCTHU TOBEACHUS CIydyailHOW MHTEHCUBHOCTU
motoka cobbituit. [lpu 3aMeHe TOYHOTO pacmpene-
JIEHWST YKa3aHHOU aCUMTITOTUYECKON armpoKCUMaIv-
elf, eCTeCTBEHHO, BOZHUKAET TOTPEITHOCTh, 0e3 To4-
HOTO 3HaHUsI KOTOPOl HEBO3MOXHO eapaHmupo8aHHo
OLIEHUTb PUCKHU, KOTOpPhIE, KaK MPaBUJIO, XapaKTepu-
3yI0TCs eTo keanmuavHou mepoii VaR (Value at risk).
[Tpu 5TOM TapaHTUPOBAHHBIE PUCKU BHIYUCIISIOTCS KaK
KBAaHTUJIM YTOUHEHHOTO TOPSIAKA, PAaBHOTO 0a30BOM
JOMTYCTUMOM BEPOSTHOCTU HEXKeNIaTebHOTO 3KCTpe-
MaJIbHOTO COOBITHS TUTIOC MTOTPEITHOCTD alMmpoKCUMa-
LIMM «ACTUHHOTO» pacnpeaesieHusl MakcuMyMa 0600-
IIEHHOTO MIBAaXIbl CTOXaCTUYECKOTO ITyaCCOHOBCKOTO
TpoIIecca ero mpeaebHBIM BApUAHTOM.

[Mepeiinem K yTOUHEHUIO MPOCTEUIIMX W HanbO-
Jiee TIOTYJISIPHBIX MOMEHTHBIX OIIEHOK TOTPEITHOCTH,
WCTIONB3YIOMNX WH(OPMAIIMIO O TEPBBIX MOMEHTax
9JIEMEHTapHBIX CJIaraéMbIX, KOTOPbIe MOXKHO IPOCTO
BBIYMCIUTD (OLIEHUTh) Ha OCHOBE CTAaTUCTUYECKOMN NH-
dopmanuu. Ilpu 3TOM OCHOBHBIM OOBEKTOM HCCIE-
IOBaHUST OYIYyT MOJENIN HEOTHOPOTHBIX XaOTUYECKUX
TPOIIECCOB, B KOTOPBIX MHTEHCUBHOCTH MOTOKA WH-
¢dopMaTUBHBIX COOBITUI UMEET raMMa-pacrpeaeacHue
¢ nmapameTpoM (OpMbI, MEHBIIUM eAUHULIbI. MMeH-
HO TaKue MOTOKH, K MIPUMEpY, XapaKTepU3yIOT MOTOKU
COOBITUIT Ha KPYMHBIX OMpKax W B UTOTE TPUBOIST
K IMCTIEPCUOHHBIM ramMMa-pacrpeneneHusiM (Variance
Gamma distributions) mpupanieHnii 6a30BbIX (DMHAH-
COBBIX MHIIEKCOB [4].

Kak ormeueHo B pabote [9], TOTOKM OTKa30B aBUa-
IIMOHHOM TEXHWKM TaKXKe XapaKTePU3YIOTCS MMEHHO
TaKMM pacrpeaeieHueM MHTEPBAJIOB BPEMEHHN MEXIY
oTkazamu. bosee Toro, B aTOI Xe paboTe MoKa3aHo,
YTO TIPOIIECC BOCCTAHOBJICHMS C TaMMa-pacIpeneacH-
HBIMU MHTEpBaJIaMU BPEMEHH MEXIY BOCCTAHOBJICHM -
SIMH SIBJISIETCSI CMEIIAaHHBIM ITyaCCOHOBCKHMM TOTIA M
TOJIBKO TOTIa, KOTaa mapaMeTp popMbl TaMMa-pacrpe-
JIeJIEHUS He TTPEBOCXOINUT IMHUIIE.

Jlemma 1. Ilycmo 33 = E|X | < oo u Ny — cayuaii-
HAA eAUMUHA, UMEIOWAs NYACCOHOBCKOe pacnpedeneHue
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c napamempom A > 0 u He3agucumas om nocaedosamens-
nocmu {X;};>1. Toeda cywjecmeyem KoHeuHas noaoicu-
menvras nocmosuuas C > 0 maxas, umo oas écex A > 1
Cnpageono HepaseHcmeo

. CBs
. — < .
oV 155 =0 Hse G Vag®

sup |P
xr

HoxkaszatenbcTBO. B pabore [10] nokazaHo yrBep-
XICHWE, YaCTHBIM CIIydaeM KOTOPOTO SIBJIIETCS Clie-
nytoias oueHka. Ilycts X, Xo,... — He3aBUCHMBIE
OIMHAKOBO pachpeeieHHbIe cTyJaliHble BETUYUHBI C
EX;, =0,0< DX1:O'2<OOI/IE|X1|3:63<OO.
Ilycte N — uenouyucieHHast HeoTpuuarejbHas Cy-
yaifHas BeIMUYMHA, He3aBHCHMMasl OT ITOCJIeIOBaTEelIb-
Hocth X1, Xo, ... dna k > 1 nonoxum

S = max X1+ -+ X,,.
1<n<k

Torna CyIIeCTBYIOT KOHEUHBIE TTOJIOXKMUTEIbLHbBIE a0C0-
JmotHble octosHHbie C 1 C” Takue, 4To

SN
sup|P| ——= <z | —G(2)| <
P~ (x)
o' B N
< =4 C"E|l = —1].
~ VEN o EN
B ciiyuae N = N, 1o HepaBeHCTBY MapKoBa uMeeM
o AL I VAL N
ENy» |~ ENx Vi

OTclozia ¢ y4eToM BCeT/ia MUMEIOIIEro MeCTO HepaBeH-
cTBa 33/0> > 1 BbITEKAET KeIaeMblil Pe3yJIbTaT.

MeTon oOlleHMBaHMSI TOYHOCTHU amMpoKCUMAalUu
pacnpeneseHruii 9KCTpeMyMOB OOOOIIEHHbBIX MPOLIEC-
coB Kokca macmrTabHbIMU cMecsiMU (DYHKLIMU pac-
npeaesieHust G(x), UCTIONB3YeMBbIi 1ajiee, OCHOBAaH Ha
gemMe | U crienyoolieM TMpeacTaBleHUN pacrpeaese-
HUSI 9KCTPEMYMOB 0000I11IEHHOTO IBAXKIbl CTOXaCTUYE-
CKOTO ITyaCCOHOBCKOTO Mpoliecca ?(t), YIIPaBJISIEMOTO
ciyyaiiHoit Mepoii A(t), CipaBeIJIMBOM B CHITY CTOXA-
CTUUYECKOI HE3aBUCUMOCTM BCEX CIIyYaliHbIX BEJIUYUH
U TIPOLIECCOB, BOBJICUEHHBIX B OIpeie/ieHrue 000011IeH-
Horo nporiecca Kokca:

P(S(t) < z) =
:/P lggﬁ(k);){j <z | dP(A(t) < N),

0
reR.

Bcrony manee Oyaem mpennojarath, ytro EX; = 0,
EX? = 1, E|X1]® = 3 < co. Tlpeanonoxum, 4ro

dbyHkIMS d(t) MONTOXUTETbHA U HEOTPAHMIEHHO BO3-
pactaeT npu t — oo. O603HAUUM

5(1) e
0] <z O/G Y

P<%<x)—P(A<x)

Teopema 2. [lycmb evinoanerno yciogue E| X
Toeoa 0as 06020t > 0

pt = sup |P dP(A < N)|;

Ay = sup
x

I? < oo

_ 1
pr < CBEA®)] Y2 + 5O

20e C' — abconromunas nocmosiHHas us a1emmoi 1.

Jloka3aTelbCTBO TEOPEMBI 2 MPUBENEHO B KHMU-
re [5].

B KauecTBe IpUMepa MPUMEHEHUS TEOPEMBI 2 pac-
CMOTPUM CHTYaINIO, KOTIA TIPW KaxkmoM ¢ > 0 ciry-
yaiiHast BemurHa N (1) MMeEeT OTpUIATEbHOE OUHO-
MUAJIbHOE pacrpesiesieHre ¢ mnapamerpamu r > 0 u
p € (0,1):

P(N(t)=n)=
=C, i p"(1—-p)", n=0,1,2,... (3)

3necbr > 0up € (0,1) — mapaMeTpsl 1 TSI HELIENTbIX
r BemmanHa C' | ONpeleNnseTcs KaK

n _I(r+n)
rn-1 7 n!L(r)

B wactHOCTH, TIpM = 1 cooTHOmIeHNMe (3) 3amaeT reo-
MeTpuuecKoe pacrpeneieHne. OTpuiareTbHOe OMHO-
MHAaJIbHOE pacmpeeIieHre ¢ HaTypaJIbHBIM 1 JOTTyCKaeT
HarJISIAHYI0 UHTEPIPEeTalunio B TEPMUHAX UCTIbITAHUI
bepuynniu. A uMeHHO ciydyaliHas BeJIW4YMHA, UMe-
IoIlIast OTpUIaTeIbHOe OMHOMMAIBLHOE pacIpeaeieHIe
¢ napamerpamu r > 0 U p, — ATO YUCJIO UCIIbITAHUM
BepHymumm, TIpoBeAeHHBIX IO OCYIIECTBICHUS 7-i TI0
CUYETy HeyJauM, €CIM BepOsITHOCTHb ycIieXxa B OJHOM
UCTIBITAHUM paBHa 1 — p.

[InoTHOCTH raMMa-pacrpeiesieHus ¢ apaMeTpoM
dopMbl 7 > 0 U mapameTpoM MaciiTaba s > 0, Kak
W3BECTHO, MMEET BUI:

grs(x) = ) e T,
Kak m3BecTHO, OTpUIIaTeIbHOE OMHOMHUAIBHOE pPac-
npeneieHue ¢ mapamerpamMud r > 0 m p € (0,1)
MPEICTABIISIET COOOI CMEIIaHHOE MTyaCCOHOBCKOE Pac-
npejiesieHne, B KOTOPOM TapaMeTp MMeeT raMMa-pac-
npenesieHre ¢ mapaMeTpoM mMaciuTada s = p/(1 — p) u
nmapameTpoM GopMBlI 7.
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DyHKIMIO TaMMa-paclpeieieHust ¢ mapaMeTpoM
MaciTaba s U mnapamMeTpoM ¢GopMbl T 0003HAYUM
Gr,s(x)s

x

Grs(z) = /gns(z) dz.
0
HecnoxHo ydoenuTbcs, 4To

Grs(x) = Gra(sz). 4)

CnyvaiiHyto BenmnurHy ¢ GyHKIMe pacrpeaeaeHust
Gy, s(x) ob6o3naunm U (r, s). XOpOILIO U3BECTHO, YTO

EU(’I’,S):E.

Bynem cuutath, 4TO MapameTp r GUKCUPOBaH, 1 B
KavyecTBe CIydailHOW BeTMYMHBI A(t) BO3bMEM BeEJU-
unny U (r, s), cuuras, uto t = s~ 1

At) =U(r,t™1).
B kauectBe dbyHKUMY d(1) BO3bMEM
d(t) = EA(t) = EU(r,t ™).

HecnoxHo BUIETD, YTO B TepPMUHAX HOBOI IapaMeTpu-
3allun
EU(r,t ) =1rt.

Torna ¢ yuetom (4)
A(t)

" (% <

=P(U(r,

x) =PU(r,t™) < art) =

1) <ar)=PU(r,r) <z)=Gp.(x).

OOpatM BHUMaHWE, 4TO (YHKIMST pacTpeneneHus,
cTosIasl B IPaBoOil YaCTU TIOCJIEHETO COOTHOIIEHUS,
He 3aBUCHUT OT t. [loaToMy Tpm ykazaHHOM BbIOOpE
dbyukuu d(t) ycrmoBue (2) BBIMONHSIETCS TPUBUATb-
HBIM 00pa3oM, MpuyeM Wis Bcex t > 0

A =0.

Boruncium E[A(t)]~1/2, npeanonaras, 4To BbITION-
HeHO yciioBue r > 1/2. meeM

ELA)] Y = B0 1) /2 =
76—1/15 L1 1/2d CTr-1/2)
0 o tl/zr(r) .

Takmm 06pa3oM, IIPUXOIUM K CIICAYIOIIEMY YTBEPXKIE-
HUIO, SIBJISTIOIIEMYCST YJaCTHBIM CJIy4aeM TEOPEMBI 2.

Caencreue 2. [lycmo cayuainas eeauuuna N (t) umeem
ompuyamenbHoe OUHOMUAAbHOE pacnpedeienue ¢ napa-
mempamu v > 0 up = (1+1t)71, edet > 0. Ilpeono-
noxeum, ymo E| X3 = 3 < oco. Toeda 0aa kaxncdozo
t>0:

1°. Mpur >1/2

%) dG, . (y)| <
I(r—1/2) g*
L(r) Vi’

sup P(S(t) < zVrt) — 7(
0

IN

C

20e C' — abcontomuas nocmosiHHast u3 aemmoi 1.
2°. Mpur <1/2

sup | P(S(1) < a/rt) - /OO (%) G, (y)| <

O2r667‘ 1 1 1
<F+ <1/2—r>> 7

I'(r)
20e C' — abconromuas nocmosihHast us remmoi 1.
3°. Mpur =1/2

I
0\8
Q
~
Sl
~——
.
K
©
5
S
AN

20e C' — abcontomuas nocCmosiHHast u3 a1emmoi 1.

HoxaszarenbcTBO. [IyHKT 1°, IO CYyTH, YyXE JOKa-
3aH. Jlokaxewm myHKT 2°. [1ycTb, Kak 1 paHee, g, »(A) —
TUTOTHOCTb FaMMa-pacipeneseHUs ¢ mapaMmeTpaMmu r, r;
C' — KoHCTaHTa U3 JJeMMbI 1. VI3 IprBeneHHbIX BbILIE
pacCyKIeHUN CIIeIyeT, 9TO

o0 Nxrt
1
g/sup Pl— > X;<z|—G@)|gr (N)dA
) = Vart =

rae Ny, — IIyaCCOHOBCKAasl CiydaiiHasl BeJMYMHA C
mapaMeTpoM Art. 3aMeTHM, YTO OLIEHKA paBHOMEpP-
HOTO PacCTOSTHUST MeXKIY (DYHKIIUSIMU pacIipeIeIecHNSI,
JaBaeMasi JeMMoit 1, mpu MajbIx A 3aBeIOMO OOJIblIe
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€JIMHULIBI, YTO TPMBUAIIBHO JIJIs PABHOMEPHOTO PACcCTO-
STHUSI MeXXITy DYHKIMSIMU pacripeneieHus. Vcrmonb3yst
9TOT (haKT, MmoaydyaemM

r 1
/supP —ZXj<:v
s @ Vart =

OlLieHUM MepBbIi MHTErpaJ:
C?p%/(rt)

/ grr(N)dA =

0

I =

c?p3%/(rt)
1

o r_—rAyr—1 o
= ) / re "N T dA =

0
Cc?8%/t

-5 |

c?p8 /¢

e Uy du <

02T66T

1 1
< Ty =
=T / S O
0

OtuieHum Bropoit unterpait. [pu r < 1/2 umeem:

3 - r_o—rAyr—1
L= e TN T =
T(r)Vrt VA
C2p5/(rt)
3
= CB e 32 gy <
L(r)Vt
C2p6/t
3 00
< cp e~ B/t w32 qy <
T D)Vt B
Cc2p6/t
3 -1 U=00
< CB (T o 1) urfl/Q _
B F(T)\/Z 2 u=C236/t
053 1 C2T_166T_3
F(T‘)\/E 1/2—T tT71/2
027"667“ 1

- T(r)(1/2—7) e

Takum ob6pazom,

o0

sup [P(S(1) < av/7T) - / <%) 4G, (y)| <
0

: Orf) <1 * <1/21— r)) v

4yTo 1 TpeﬁOBEU'[OCB J0Ka3aTb.

Hoxaxem myHKT 3°. HecltoxxHO BUAETH, UTO B 3TOM
ciyJae

3 < r_—rAyr—1
I = i wd)\:
T(r)Vrt VA
C2p3%/(rt)
—Ug T 3/2du—
o |
C236/t
—u 71/2du_
1/2\f /
Cc2p36/t
3 2 06 3
SO0 (CF) SO (1 LY.
Vit t Vit Cc2p

rine Fy(-) — uHTerpajibHas mokasareibHasi (QyHKIIMSI.
Torna

sup P(S(1) < v/ - 7(;( )dGTT()S
feon(io)

HecnoxxHo BumeTh, uTo Tipu r = 1 TpemeiabHast
byHKIIMS pactipenesieHus IpeAcTaBisieT co0oii moKa-
3aTesIbHOE pacIipesieieHe ¢ TapaMeTpoM v/2.

<

s

TeopeMa JOoKa3aHa.

C MOMOIIIBIO TeOpeMBI 3 U CAEACTBUST 2 MOXKHO MO-
JIYUUTh CIEIYIOUIYIO OLIEHKY TOUHOCTU TPUOIMKEHUS
pacrpeneieHrus] 3KCTPEMYMOB T€OMETPUUYCCKUX CITy-
YaHBIX CYMM ITOKa3aTeJIbHBIM pacIIpecICHIEM.

Cnenctsue 3. [Tycmb cayuaiinas éeaununa N (t) umeem
eeomempuueckoe pacnpedenenue ¢ napamempomp = (1+
+t)71, ede t > 0. Ilpeonosoxcum, umo E| X, > = 32 <
< 00. Toeda dasa kaxncdoeo t > 0

su S T (1= eV 71'6—3
z;glp(s(t)< Vi) - (1 NSC\/_\/E’

20e C' — abcontomuas nOCMosiHHAA U3 1emMmbl 1.
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4 OO0cyxaeHue

Kak moka3spIBaeT cleacTBue 2, Ipu t — oo

oo

sup P (?(t) < x\/ﬁ) - /G (%) dGr(y)| =

0
O<%), ecm/lr>%;
= O(%)’ ecm/lr:%;
O<tir), ecm/lr<%.

Bpab6ore [11] mokazaHo, YTO MMEHHO TaKasi 3aBUCH -
MOCTb OT ITapaMeTpa r Mpucylla CKOpoCTU CXOAUMOCTH
pacripefieieHUil «aCUMMOTOTUYECKU HOPMaJbHbIX» B
KJIaCCUYECKOM CMBICJIe CTaTUCTUK K paclpeaesieHUIo
CThIofCHTA C 27 CTETICHSIMU CBOOOIBI TP 3aMeHE 00b-
emMa BBIOOPKHU CIydallHOW BEJIUYMHON C OTpULIATE]Ib-
HBbIM OMHOMUAJbHBIM pactnipeneneHuem (3) cp = (1 +
+t)~! mpu t — oco. Pacnpenenenue CrbioneHTa ¢ 2r
CTEIEeHsSIMU CBOOOJBI SIBJISIETCSI MacIITAaOHOI CMeChIo
HOpMAaJIbHBIX 3aKOHOB C HYJEBBIM CPEIHUM, B KOTO-
poOli CMEIMBAIOLIMM SIBJISIETCSI TaMMa-paciipeaeieHue
G, . B paborte [12] Ha mpumMepe cymMM CllydaifHOro
Yucaa He3aBUCUMBIX CIyJaltHbIX BEIMYUH C UHAEKCOM,
HMMEIOIIUM YKa3aHHOE OTpUllaTeIbHOe OMHOMUAIBHOE
pacrpeneieHre, Moka3aHo, YTO TaKOW MOpsIIoK CKO-
POCTH CXOAMMOCTHU SIBJSIETCS MpPaBWIbHBIM. Takum
o0pa3om, pe3yabTaThl JAHHOW CTaTbM BIIOJHE COTIJia-
CYIOTCSI ¢ YIIOMSIHYTBIMU pabOTaMM 1 pacIipoCTpaHsi-
0T YKa3aHHYIO 3aKOHOMEPHOCTb Ha «aCUMIITOTUYECKU
MOJIyHOPMaJIbHbI€» CTaTUCTUKU, KAKOBBIMU SIBJISIIOTCS
MaKCHUMaJIbHbIE CYMMBI.
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ckuii 6. HayuyHbIX Tp. — [lepmb: TITY, 2006. C. 118—134.

. Heghedosa IO. C. OLieHKU CKOPOCTU CXOAMMOCTHU B TIpe-

NeJTbHOI TeopeMe IS OTPUIIATETbHBIX OMHOMUATBHBIX
ciydailHbIX cyMM // CTaTUCTUYECKHE METO/IbI OLIEHUBA-
HUS U POBEPKU TUIOTE3: MEXKBY30BCKMIA CO. HayUHBIX
tp. — [epmb: IITY, 2011. C. 46—61.
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Ob AJAIITUBHbBIX CTPATEI'MAX

N YCIOBUAX UX CYLLHECTBOBAHUNA*

M. T. KoHoBajos!

Annoramus: PaccMaTtpuBaeTcs 3amaua ONTUMAIBHOTO YIIPABIEHUS B OTCYTCTBUE allpuoOpHOi nHbopMauuu oo
yrpaBisieMoM o0bekTe. PelleHreM 3amadyu siBIsIeTCST TTOCTPOSHKME alalTUBHBIX CTPATernii Ha OCHOBE HabJII0-
NEHWI, DOCTYITHBIX B Tpoliecce yrpaBieHus. W3ydaloTcsi HEKOTOpbIE YCTIOBUSI afallTUBHON YIPaBIIsIEMOCTH
obObexTa. B kauecTBe MaTeMaTHUECKOU MOJIENIN UCTIONbB3YIOTCS YIIPaBJIsieMble CITyJdaliHble TTOCIeI0BATETbHOCTH.

Kiouesble ciioBa: YHpaBJIsi€MBIC cnyqaleLIe MOCJCA0BATCIBbHOCTU ,; aJalITUBHBIC CTPATECTUM; YCIIOBUS CYIIECTBO-

BaHUsA

1 Bsenenue

Tema cTaTbl OTHOCHUTCS K OOJACTH amallTHBHBIX
METOIO0B 00pabOoTKM MHMOPMAIIUU C LIEbIO TPUHSTUS
ONTUMAaTbHBIX pelieHnit. [1oTpeOHOCTh B afalTUBHOM
MOJX0Me BO3HMKAET B 3amayax ¢ OoJbllIoil MHGbOP-
MAaIIMOHHOM HEOIpeneIcHHOCThIO, YTO Hamboiee Xa-
pPaKTepHO 11 TEJIEKOMMYHUKALIMOHHBIX CUCTEM, aB-
TOMaTU3UPOBAHHBIX MPOU3BOACTBEHHBIX IPOIECCOB,
POOOTOTEXHUKU W APYrux cdep, HepaspbIBHO CBS-
3aHHBIX C KOMITbIOTEPHOI 00pabOoTKOI MHGpOPMALIUN.
[NoHsaTHE HEOMpPEneIeHHOCT MHOTO3HAYHO 1 CBSI3aHO
C OTCYTCTBHEM aIlPUOPHBIX CBEACHUM, HeACTCPMIUHM -
POBAaHHOCTBIO, a TAKKE C HEITOJTHOTON HAOIIONECHUIA.
K nepeuncneHHbIM (hakTOpaM B HapacTalolleil cTerne-
HU 100aBsIeTCsl «M30BITOYHOCTh>» UH(OPMalIMU, KO-
TOpast TIOPOXKIAETCS YPE3MEPHO TTPOTPECCUPYIOITUMI
ob0beMaMU TIepelaBaeMoOil W XpaHUMOU MHOOpMaITn
1 O0YCJIOBJIEHA SKCTIOHEHIMAIbHBIM POCTOM IPOITYCK-
HOU CITOCOOHOCTU TEJIEKOMMYHUKALIMOHHBIX CETei, a
TakKe eMKOCTeil HocuTeneit uHgopmaiuu.

Wnes anantauuu (Mpucnoco0dJieHus1, caMOOpraHu-
3allMK), 3aMMCTBOBAaHHAsS M3 OMOJOTMYECKOTO MUpa,
Havajla aKTUBHO 3KCIUTyaTHUPOBAaThCS B HayKe IIPH-
MEpHO C cepeduHbl Mpoluioro Beka. Kparko, oHa
3aKJII0YaeTCsl B TOM, YTOOBI, 1IeJIeHalpaBJeHHO B3au-
MOJIEICTBYSI ¢ OKpYyxXKalolleil cpeaoii, oToMpath U UC-
ITOJTB30BaTh TTOCTYMAIOIIYI0O MH(MOPMAIINIO, HEOOXOIH -
MYIO IJIST TIPUHSTHUS ONTUMAIBHBIX PEIIeHUN ¢ TOUKU
3pEeHUSI TOCTABICHHOM eI,

JaHHasi cTaThsl TOCBSIIIIEHA TEOPETUYECKUM acIeK-
TaM ajantauuu. B KauyecTBe MCXOMHOTO MpeaCTaB-
JICHUsI WCITOJTh30BaHA CXeMa, KOTopasl onMipaeTcs Ha
MpeACTaBICHNE O Tape «00BEKT—CYOBEKT», B3aMMO-
MEUCTBYIOMEH B AUCKPETHOM BPEMEHH ITyTEM ITOIIe-
peMeHHoro obmeHa curHajamu. [Ipu 3TOoM CyOBEeKT
BO3MIECTBYET Ha OOBEKT C TOMOIIBIO YITPaBIECHU, TTO-

Jlydast B OTBET CUTHAJIbl, Ha3bIBa€Mble HAOTIOACHUSIMU.
HeiicTBus cyObeKkTa MpeCaeayloT Leb, BbIPAXKEHHYIO
B HAIMYMU ONPEAETIEHHBIX CBOWCTB y TPAEKTOPUU Ha-
OJIIOIeHUIA.

OcHOBHas OTJIMYUTETbHAsI OCOOEHHOCTh 3aKJItoya-
eTCsl B TIPEATOJI0XKEHUHN, YTO JIEMCTBUS CyObeKTa Mpo-
UCXOIST MpPU HEIOCTaTOYHOI MHGopMalum o0 o0b-
ekre. B kayecTBe MaTeMaTM4ecKoil MOMAEIM OOBEKTa
B35ITa KOHCTPYKILMS YIPABISIeMON CIIydalfHOI mociie-
JIoBaTeIbHOCTU. B TepMmuHax aToro ammapata Jier-
KO OYepUYMBaAIOTCS YeThIpe acnekTa MH(pOpMallMOHHOI
HEOoINpeaeeHHOCTHU

(1) HemeTepMMHUPOBAHHOCTbh MOHMMAETCS KaK CTO-
XaCTUYHOCTb;

(2) HemocTaTOK MH(MOPMAINN 00 00BEKTE TPAKTYeTCsI
KakK HEeIOJIHOE 3HAHKME BEPOSITHOCTHOIO pacIipe-
JIeJIEHUST, 3a1al01IETO MPOIIECC;

3

HEMoJIHOTa HaOJIoaeHNt O3Ha4yacT, 4YTO COCTOA-
HHMA npouecca HaOJII0AAI0TCS JIUIb YaCTU4YHO,

(4) HemocTaTOK 3HAHUM BbIpaxkaeTcsl B HEYMEHUM
HalTH WIM paccuuTaTh Ty WIM WHYIO XapakTe-
PUCTHKY, CBSI3aHHYIO CO CJyYaifHOW IocJienoBa-
TEJILHOCTBIO, TaXKe MPY HAJTMYUU aliPUOPHON MH-
bopmainu o pacnpeneneHu mpolecca v MoJHON

€ro HabII0JaeMOCTH.

CyOBeKT acCOMUPYETCS C aITOPUTMOM, COTJIACHO
KOTOPOMY BBIOMPAIOTCS YIIPaBJIEHUS, PETYIMPYIOLINe
TPaeKTOPUIO CIydyaliHOI MocjaenoBaTeIbHOCTU. Takoii
JITOPUTM NPUHSITO HA3bIBAaTh CTPATETUEN YITPABJICHMS.
3amava 3aKJTIOYaeTCSI B TOM, YTOOBI BHIOpATh CTpaTe-
TMI0, TOCTUTAIONIYIO 1I€JIM B CUTyallM1, KOraa UHMOp-
Malusl cyobekra o6 o0bekTe orpaHuueHa. Ilo-mpy-
TOMy MOXHO CKa3aTb, YTO pe€uYb MAET O MOCTPOCHUM
cTpaTeruu, JOCTUTalolIel 1eau (B JTaHHOM ciiyyae —

*Pabora BbITIoTHeHa TIpy oiepkke PODU, rpant Ne 11-07-00112.
"Uncturyt npo6aem mHdopMaTiku Poccuiickoit akagemny Hayk, mkonovalov@ipiran.ru
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MaKCUMMU3ALUU MPeaeIbHOrO CpeaHero Aoxonaa) s
JII000ro Tpoliecca U3 HEKOTOPOro 3aJaHHOIo Kjacca
00beKkTOB. Takue cTpaTeruy Ha3bIBalOT aJalTUBHBIMU
0 OTHOIIEHUIO K 3aJaHHOMY KJIacCcy 00ObeKTOB [1].

B pazn. 2 narotcst hopmanbHbie onpeaeaeHust 00b-
eKTa, LIeJW U afalTUBHOM CTpaTeruu yrpaBJIeHUsI.

B pasz. 3 ananu3upyoTcs YCIOBUS CYIIeCTBOBAHUS
aJanTUBHON cTpareruu. B KauecTBe HEOOXOAUMBIX
YCJIOBUIA 00CYKAAIOTCS IBa TPEOOBAaHUST, KOTOPhIE, KaK
TIPENCTABISETCS, JOJDKHBI BBITTOTHATHCS U3 MHTYUTUB-
HBIX COOOpaKeHU.

IlepBoe 13 HeOOXOAMMBIX YCJIOBUIA CBS3aHO C TPUH-
LIUMUABHONW 0COOEHHOCTBIO aJdalTUBHBIX CTPATEruii,
KOTOpBIE, TpeXae YeM BBIUTH Ha <«ONTUMAJIbHBIN
peXX1M», JOJDKHBI 3aTpaTUTh HEKOTOpOe BpeMsl Ha
«0byuyeHue». (Ha camom nmene B paccmaTpuBaeMoit mo-
CTaHOBKE MPOoLecC 00YYeHMS A1l aAalTUBHBIX CTpaTe-
TU IJTATCS Jaxke HeorpaHWYeHHO J0aro.) EctecTBeH-
HO TIPEIITOJIOXKUTh, UTO MOJOOHBIE CTPATETMU MOTYT
peaan30BaThCs, TOJIBKO €CJIM B IIpoliecce OOydeHNsT He
OyIyT COBEpPIIEHBI «HEIOMpaBUMbIe OIIMOKW». OTO
cooOpakeHue pacKpbIBaeTCs Ha MpUMepax 1 MoJjydaer
¢dopMasibHOE ONUCcaHue.

Bropoe HeoOxomumoe YCIoBUE SBISIETCS MeHee
oueBUAHBIM. OHO CB$I3aHO C TUIMOTE30i O TOM, UTO
aJanTUBHAs CTpaTerusl yrpaBieHUs KJIacCOM Caydaii-
HBIX TTOCJeA0BaTEeIbHOCTEN CYIIECTBYET JIUIIbL TOTAA,
KOTJIa JUTSl JTAaHHOTO KJIacca BO3MOXKHO IMOCTPOEHUE TaK
Ha3bIBaeMOI afaliTUBHOM CTpaTeruu Iiepedbopa. IDTo
BBIpaXKaeTcsl B TOM, YTO CYILIECTBYET M 3apaHee U3BECT-
HO HEKOTOpPOE CUYETHOE MHOXKECTBO BapHaHTOB MOBE-
JeHUsI, cCpeaIr KOTOpOro AJisi JaHHOTO Kjacca o0si3a-
TEeJILHO HAWIETCs ONTUMAaJbHbBIN WIN OJIM3KUI K HEMY
BapuaHT. JlaHHOe cooOpakeHne TaKKe MIUTIOCTPUPO-
BaHO TIpUMepaMM M TIpMBeJeHa TeopeMa O KpUTEepHUU
CYLIECTBOBAHUS aJalTUBHOM CTpaTeruu IJisl omnpene-
JIEHHOTO KJ1acca 0ObEKTOB.

IMonxoa, MCTONL30BaHHBIN B CTaThe, a TAKXKe ITO-
JIy4eHHBbIE Pe3yabTaThl SIBJSIIOTCS MPOJOKEHUEM Ha-
npaBJieHus, IPeaCTaBIeHHOro B padoTe [2].

2 IlocranoBKa 3agauyu afariTUBHOTO
yIIpaBJICHUS

IIycts Bpems t mpoOeraetr 3HauyeHus 0, 1,
U TYCTh 3a/laHbl U3MepuMble mpoctpaHcTBa (X, X),
(Y)Y), (Z,Z) (cooTBEeTCTBEHHO MPOCTPAHCTBA COCMO-
AHULL, ynpasaeHuil 1 Ha0A0eHUL).

OOmiass  TpaekTopusl IMpolecca  YIopsigode-
Ha B BHUAE IIOCIENOBATEIBHOCTU Xq, Y1, 21, L1, - -
ey Ti—1, Yty 2t Ty, - - - [IpEABICTOPHUS TIPOLIECCA IO MO-
MEHTa ¢ BKITIOUMTEILHO 0003HAYaeTCs KaK

at :x(t) = (20,...,7-1); ¥ :yf = (y1,..
t

=2t = (21, ., 2m1).

. 7yt*1);

Tpaekropuu mpolecca OnpeaessiFoTcst Mocaea0Ba-
TEJBHOCTAMM YCJIOBHBIX BEPOATHOCTHBIX pacIipeelie-
HUW (4, VA O.

TocienoBaTebHOCTD [t = (fig, f41, - - - 5 [ty - - -) 38-
JIaeT MEXaHW3M CMEHBI COCTOSIHUIA. B aToil mocneno-
BaTEJIbHOCTH [ig — BEPOSITHOCTHOE pacrpeseieHre Ha
(X, X); pe = ue(Alzt=1 "), t > 0 — ycnosHas (ne-
pEXOIHAsI) BEPOATHOCTD, KOTOPAas IIPH JIIOOBIX HaGopax
(x'=1,y!) aBnserca BepossTHOCTHOM Mepoii Ha (X, X)
u nipu Jiio6oM A € X gBiisieTcst u3MepuMoi GyHKIIMEi
oTHocHUTENbHO 2! 1, 3t

MocnenoBarensHocTh v = (v1,...,V4,...) 3a0aeT
MEXaHM3M IOABICHMs HabaofaeHuii. B 210l mocie-
JOBATENBHOCTH KaXIblil 21eMeHT vy = v (Clat~1, yt),
t > 0, mpeacrapisieT CO00I YCIOBHOE pacrpe/eieH e,
KOTOPOE TPH JIIOOOM YCIIOBUU SIBJISIETCSI BEPOSTHOCT-
HoIi Mepoii Ha (Z,Z) u s moboro C' € Z sBasietcst
M3MEPUMOil (DYHKILIMEN OTHOCHUTENBLHO IEPEMEHHBIX,
croammx B ycrnosuw. Ilapa o = (u,r) Ha3bIBaeTcs
00BEKTOM.

MocnenosarensHocts 0 = (01,...,0....) Hasbl-
BaeTcst (IOMYCTUMOM) cmpameaueii U ONIpeaessieT Bbi-
Gop yrpasiaeHUi. B 9Toil mOCIEqOBATEIBHOCTH: 01 =
= 01(-) — BepositHocTHast Mepa Ha (Y,Y); o411 =
= ou41(Blyt, 2%), t > 0, — yclOoBHas BEPOATHOCTb,
KOTOpast TIpH JIIOOBIX 4°, 2! ABIsgeTCS BEPOATHOCTHON
Mepoit Ha (Y,Y) u npu 1r060M B € Y sBisieTcst u3-
MepUMOit (yHKIME OTHOCUTENBHO ¥, 2t DieMeHThI
[IOCJIENOBATEILHOCTU 0 HA3bIBAIOTCS (IOIMYCTHUMBIMU)
npasusamu.

BBenem 0603HaYeHUE IS IPSIMBIX TIPOM3BENCHMIA
MHOXECTB:

Q=X; Q=X"TxYxZ t>0,

a TakKXKe IJId HAMMCHBIINX 0’-8.]'[1"66]), TTOPOKACHHBIX
COOTBETCTBYIOLIUMH cr—anre6paMI/I:

Fo=X; Fi=XQYQRZIX®---Y®Z®X

(X moBTopstercsit + 1 pa3, Y uZ — t pas, ¢t > 0).

[Tonoxum

Q=][%; F= o F,.
o t>0

CornacHo o6uieii Teopuu [3] mociaemoBaTeabHO-
ctu 0 = (u, v) ¥ o MopoxaatoT Ha ripoctpancTse ({2, F)
BepoATHOCTHYIO Mepy P = P, , = P, , -, KOTOpas co-
IJIacoBaHa C 3JIEMEHTaMHU 3THX ITOCIeIOBAaTEIbHOCTEI
caenyonM obpasoMm. CryyaifHble TOcaenoBaTesb-
HOCTH

=2 (W) Yer1 = Yep1(w) 5
241 = 21 (w), we N, >0,

YOOBJICTBOPAIOT COOTHOIUCHUAM!
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P(zo(w) € Ag) = [ po(dwo);
/
P(ZCQ(LA}) S Ao, yl(u}) S Bl, zl(w) S Ol,.. .

S yt(w) € By, zi(w) € Cp, my(w) € Ay) =

:/NO(CLTO)/UI(CZ?JI)/V1(d21|x0,y1),”

A() Bl Cl
"/Ut (dytlyt_l,zt_l) /Vt (dzt|:vt_1,yt) %
Bt Cy
X /Mt (dzy]2' 1, y")
At

st moowbix Ay € X, Byy1 €Y, Ciyp1 € Z,t > 0.

Ilo ompeneneHuo cTpaTteruu, ee NpaBuia 3aBUCST
OT TMpPeAbIAYIIUX YIPaBJIeHU U HAOJIONEHUI, HO HE
OT MPEABIAYIINUX COCTOSTHUIA. DTO COOTBETCTBYET Mpe/I-
MOJIOXKEHUIO O TOM, YTO COCTOSIHUSI OOBbEKTa HE Ha-
OiromaeMel B X0[€ Mpoliecca ynpasieHus. B yacTHbIx
ciyyasix 00beKT 0 = (i, V) MOXET, KOHEYHO, OIMHCHI-
BaTh MOJIHOCTBIO HaOIogaemMblil mpouecc. Hampumep,
€CJIM BCE MHOXKECTBA X ¢ COIEPKAT OJIMH U TOT XK€ eIMH-
CTBEHHBII 371eMeHT. [Ipyroii mpocToii mpumep — Koraa
HAOTIONEHUST TOXIECTBEHHBI cOCTOSTHUSIM. OTHAKO Ha
caMoOM JeJie, KaK MOKa3blBaeT Jiemma 1, ¢ dhopmaib-
HOM TOYKU 3PEHUS] PACCMOTPEHHE OOBEKTa C «HEHa-
Oro1aeMoil» KOMITOHEHTOU Bcerma MOXHO 3aMEHUTh
MU3Yy4EHUEM MOJTHOCThIO HAOII0IaeMOTO Mpoliecca.

Jlemma 1. J[ns 4106020 06sexma o = (ju, V) ycaoeHas éepo-
amuocme P (dz|y*, z'~1) ne sasucum om cmpameeuu o
npu a0odwvix t > 0.

Jdoxa3zatenbcTBO. COrTacHO OTMEUCHHOI BHITIIE
COTJIACOBAHHOCTH YCJIOBHBIX pacIIpefesIeHUu i, v, 0 U
MOpOXKIaeMOil MU Mepbl P MeeM COOTHOIIICHNST:

I :P(yl(u}) S Bl, zl(w) S Cl) =
=P (zo(w) € Xo, y1(w) € By, z1(w) € C1) =

///Ho (dxo) o1 (dy1) v1 (dz1|zo,y1) =

Xo By Cy
= //01 (dyl)/uo (dxo) vy (dz1|wo,y1)
B1 Cy Xo

crpaBenavBbie Mpu 0obix By € Y u C; € Z. Kpome
TOTO, TIO OTIPE/ICIEHUIO YCJIOBHOM BEPOSITHOCTH

L = //01 (dyr) P (dz1]y1) -

B Cy

CpaBHuBas 00a BeIpaskeHUS IS 11, TIOJTydaeM, 9TO

P (dzfy1) = / o (do) 1 (d=afo, 1) |
Xo

T.€. YTBEpXACHUE JIEMMbI CIIpaBeUIMBO mjis ¢ = 1.
ITyctb oHo BepHO Wwiisi n = 1,2, ..., ¢t — 1. JIs 1100bIX
BieY CieZ,...,Bi_1€Y,C; € ZumeeM:

I, =P (y1(w) € By, z1(w) € C1, ...
Syt(w) € By, zi(w) € Cy) =
=P (xo(w) € X, y1(w) € By, z1(w) € C1,
Sr—1(w) € X, yi(w) € By, zi(w) € Cy) =

/]

X B C

..///Mo (dzo) o1 (dyr) v1 (dz1|zo,v1) - - -

X By Cy

t—2 tfl)

e (dzgg |72y ) oy (dyely' ™t 2 x

X Uy (dzt|xt_1,yt) =

:/0'1 (dy1) //0'2 (dy2|z1) - -

C1 B2

/ /O’t dyt|yt 1 gt-1 ) X

Ci—1 By

X /No (dzo) v1 (dz1|zo, Y1) - -
X

- / pre—1 (dze—1 |2y ) vy (dzfa ™1 yt) =

Xi1
:/0'1 (dy1) //0'2 (dyz|z1) - -

C1 By

/ /at dyt|yt 1,zt71)/P(dz1|y1)...

Ci—1 By Cy
P (dzt,1|yt_1, zt_2) P (dzt|yt, zt_l) .

Otcrona moirygaeM, 9To

P (dzi|y1) - P (dzaly' ™", 2% P
= /Ho
X

../utfl (dmt,1|xt_2yt_1)

X

(dzt|yt7 Zt_l) =

(dﬂ?o) 151 (dZ1|I07y1) T

vy (dzt |a:t_1, yt) .

CremoBaTeIbHO, IO TIPEATIONOXKCHUIO WHIYKIINT
P (dzy', 2'~!) He 3aBucur ot 0.

Takum oOpa3zom, He yMeHbIIast OOITHOCTU, MOKHO
OrpaHUYUTHCS (YTO U OyIeT clIejaHO B ocTaBllelcs
YacTU TEKCTa) pacCCMOTPEHUEM MOJHOCThIO HabJI01a-
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€MBIX 00BEKTOB 0 = L, YIIPABISIEMbIX (IOMTYCTUMbIMU)
CTpaTerusiMU o C MpaBuIaMy BUIa

o1 =01(); o1 =01 (g 2') , t>0.

(MHOXecTBO BCeX TaKMX CTpaTeruii Ipu 3aJaHHbIX
MPOCTPAHCTBAX COCTOSIHUIL U yIpaBJeHUIl najee 060-
3HavaeTcs yepe3 ..) B 2ToM ciydae BepOsITHOCTHAsI
mepa P = P, , onpezneneHa Ha npoctpaHctse (2, F),
BkotopoM Q = [[ X! x V!, F @ Fy, tne Fo = X;
t>0 >0

F, =XY®X®---®Y ® X U coriacoBaHa ¢
nocjeaoBateabHOCTSIMU 14 U 0. Yepe3 F; o6o3HaueHa
o-anrebpa, MopoxiaeHHas npeasicropueit (zf,yt) mo
MOMEHTA ¢ BKJIIOUUTEIBHO.

B 10 ke BpeMsi HEOOXOOUMO 3aMETUTh, YTO IIpPe/-
MOJIOKEHUE O HAJTMYUU «IBYXCTYIIEHYATON» CTPYKTYPbI
Yy 00BEKTOB (COCTOSIHME—HAOII0IeHE) MOXKET MpUHe-
CTH ITOJTB3Y IPH UX N3ydeHNU. TakK IMpOVNCXOIUT, HATIPH -
Mep, B TEOPUU YaCTUYHO HAOJIOAaEMbIX YIIPABISIEMBIX
MapKOBCKHUX ITPOLIECCOB.

[MpennosnoxuMm gajee, 4To Ha HaOIIOIAEMOI YaCTH
TpaeKTOpMU TIpoliecca 3aJaH OJHOIIATOBBIN M0Xox (B
MOMEHT t), ¥ OyaeM CYMTaTh, YTO ITOT AOXOI MMEET
Bun g, = g(xy), tne g = X — (0, 1) C R — usmepu-
Masl yrcioBast QyHKIMsI CO 3HAaYEHUSIMU 13 UHTEpBaia
(0, 1).

S
OO0o3HauuM uyepe3 vy s = s 1 > gian CpedHee
n=1

apudmMeTrUecKoe I0XOIOB Ha IPOMEXYTKEe OT t + 1
not+s(t>0,s>1).

Ecau 06beKT 1 yrpaBisieTcsi COrIacHO CTpaTeruu o,
TO YUCJIO

wi(p, o) = sup{c: P,. ( lim v s > c) = 1}

XapaKTepU3yeT MOIyIaeMBblIil IIPA 3TOM TapaHTUPOBAH-
HBIM MPEAEIbHBIA CPEIHUN TOXOA HAaYMHAs C MOMEH-
ta t = 1. Ilockonpky lim v, ¢ He 3aBUCHUT OT ¢, TO

§—00
wo(p,0) = wi(p,0) = we(p,0) = ---. BenmnunHa
w(p,0) = wo(u, o) Urpaet B AaNbHEWIEM POJib Lie-
JIEBOM (DYHKILIMU M Ha3BIBaeTCS TIPOCTO doxodom (TIpr
YIpaBJIeHUU OOBEKTOM i C IIOMOILIBIO CTPATErUH T ).
W3 onpeneneHust 1oxona ClaemyeT, 4To IIsl JII000ro
t > 0 BBITTOJIHSIETCS YCIIOBUE

P,o ( lim v s > w(,u,a)|Ft,1) =1

mouTtu HaBepHoe. CToJIb 00IIee ompeaeacHIe T0X0/Ia,
0e3 MpeArnoJoXeHU 00 IProAUUYHOCTH, OKa3bIBaeTCs
MOJIE3HBIM B TEOPETUYECKUX PACCMOTPEHUSIX, OIHAKO
Ha TpaKTHKe BCe e cpenHee apuMeTHIecKoe BeaeT
ce0s1 0oJ1ee MIM MeHee peryIsipHbIM o0pa3oM. [1oaTomy
BBEIIEM CJICYIOIIee ONpeaeIeHIe.

Crparerus o Ha3bIBaeTCs 9peoduteckoii o OTHOIIIe-
HMIO K KJaccy M, eciu aJist moboro oobvekTa 1 € M u

)
1100010 € > (0 BBIMOJHSIETCS YCJI0BUE Z ag < 00, TOE
s=1

as = QS(%U’ 5) = SUPP,u,U (|Ut-,s - w(#vgﬂ > 6|Ft)-
>0

O0603HaYNM elle

W =W(u)=supw(p, o),

o€ TOYHadA BEPXHAA I'paHb 6epeTcyl 10 BCEM OOIMYCTU-
MBIM CTpPaTCIrusM. CTpaTel"I/Iﬂ 0 Ha3bIBACTCA £-onmu-
MaﬂbHOI/Vl, €CJIN BBINTOJHACTCA HEPABCHCTBO

w(p,0) >W —e, €>0.

[anee 00BbEKTHI OYAYT OOBEAUHSITHCS B MHOXECTBA
00BEKTOB (Kiacchl 00bekTOB). [Ipm 3TOM 6€3 mMOIoJI-
HUTEIbHBIX OTOBOPOK BCIOMY TIpeNrnojaraercs, 4ro

— BCe 00BEKTHI U3 KJIacca UMEIOT OMIMHAKOBBIE TIPO-
CTPaHCTBA COCTOSTHWI, yIpaBiaeHuit (1 Habmoae-
HU1);

— BKauyecTBe MHOXECTBA IOMYCTUMBIX CTpaTeruii 6e-
peTcs orpee/IeHHOE BhIIIe MHOXECTBO 3

— (YHKIIMS OIHOIIATOBBIX JOXOMOB ¢ OIHA M Ta XXe
IIJISL BCEX OOBEKTOB.

Ilycts M — xnacc 06bekToB. CTpaTerust o SBJseT-
Csl PABHOMEPHO £-ONTUMAaJIbHON OTHOCUTEIBLHO 3TOTO
KJacca, eClIM ToCJIeqHee HEepaBEHCTBO BBITIOTHSIETCS
st Beex pu € M. Takyro crparervio OyaeM Ha3blBaTh
TaKKe c-adanmueHoli TI0 OTHOIIEHUIO K Kiaccy M.
Krnacc 00beKTOB, A1 KOTOPOTO CYHIIECTBYET £-aaar-
TUBHA$l CTpaTerusi, Ha3bIBACTCs £-A0AnmMueHo Ynpag-
asgemvim. (Ecimm ¢ = 0, TO MpuUCTaBKa «E-» B 3THUX
OITpeIeNICHUSIX OITyCKAEeTCSI. )

OcHOBHasg 3amadya amalTHUBHOTO YIIPaBICHUS 3a-
KJII0YaeTcsl B MOCTPOCHUU afalTUBHBIX CTPATErUil s
Pa3IMYHBIX KJIACCOB OOBEKTOB.

K HacTosiiieMy BpeMeHM IMOJIy4eHO MHOTO pellle-
HUU IS MHOTOYMCIICHHBIX BapMaHTOB 3TOW 3amadm.
IlonoGHBIE pe3ynabTaThl SIBISIIOTCS (PAaKTUYeCKU H0-
CTaTOYHBIMU YCIOBUSIMHU aJaIITUBHON YIIPaBISIEMOCTH.
Huxe, ogHako, OyaeT yaesieHO BHUMaHUE TakxKe He-
00XOJIMMBIM YCJIOBUSIM CYIIIECTBOBAaHMST alalTUBHBIX
crpaternii. IlomuepkHeM, YTO paccMaTpuBaeMasi T10-
CTAHOBKA 3aJaud TIPEIIiojaraeT, 10 CYTH, HaJmdue
JINIT, MUHUMAJIBHON aIllpropHOU WH(OpManm 00
00beKTe YIpaBleHUs — HEOOXOAMMO 3HAThb MHOXE-
CTBO yIpaBjeHUit Y.

3 Hexotopsie yclioBUS aganTUBHOMU
yIIpaBIsIeMOCTU

Ilyctb p € M — (bUKCUPOBAHHBIN OOBEKT, a 0 €
€ ¥ — duKkcupoBaHHas CTpaTerusi U3 HEKOTOPOii cpe-
ael. HaGop, cocrosiimii U3 mepBbIX ¢ MpaBUJI CTpa-
Teruu o, OyneM obo3Hayath Yyepes of = (oq,...,04).
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Takum o6pasoM, o = (o, 0411, 0049, .

o) =

.). Monoxum

wy (p, 0) = wy (1, sup  wi(p,0),

Ot41,0¢42,.--
IIe BEPXHSISI TpaHb OepeTcst MO BCeM JOITYCTUMBIM TTpa-
BWJIaM HauYMHasi ¢ MOMeHTa t+ 1. B aTx 0603HaueHUSIX
wi(p,0) = W(p). Heno, uto W(p) = wi(p, o) =
=z wy(p,0) =2

CTpaTeruio o Ha30BeM e-noapexcoaroujeli niist 00b-
eKTa fi, ECIIN

inf {t: wf(1,0) < W) =€} < o0, > 0.

IIpumep 1 mokasbIBaeT, YTO CYILIECTBYIOT OOBEKTHI,
IIJIST KOTOPBIX KaXKmasi CTPaTeTusT — &-TTOBPEXKIAtoast
(C pa3HBIMU 3HAYEHUSIMU €).

IIpumep 1. MHoOX)ecTBO X COCTOSIHUIT OOBEKTa 1 00pa-
30BaHO TOYKAMHU C HEOTPUIIATETbHBIMU IIETOUNCIICH-
HBIMU KOOpiMHaTamMu Ha Tuockoctv, X = {(i,7),7 >
>0, j > 0}. MuoxecrBo ynpasieHuit Y = {1;2}.
HauanbHoe cocrosiiue xo = (0, 0). JeTepMUHMPO-
BaHHbBIE MEPEXOIbl MEXIY COCTOSIHUSMU 3aaHbl Clie-
aytoimuM obpasom (¢t > 0,7 > 0):

pe (zp = (1 +1,0)|zi-1 = (4,0),y: = 1) = 1;
pe (e = (4,5 + )]sy = (4,5),y: =1) =1, j > 0;
1253 (:Et — (l,]'i‘ 1)|.Tt_1 = (ivj)7yt = 2) = 17] Z 0.

OmHomaroBbie TOXOIbI OMpenesieHbl Kak g(i,0) =
=0,9(i,j)=1—2""mai > 0,5 > 0.

Crpaterus, cocrosimasi U3 OECKOHEYHOTO IMOBTO-
penust ynpasineHust 1, mpuHocut noxon 0. Crparerus,
B KOTOpPOU YIpaBjieHWe 2 TIepBbIil pa3 MPUMEHSIET-
cs (IeTepMUHUPOBAHO) B MOMEHT ¢, TIPUHOCUT [O-
xon 1 — 2171, 4yTo MeHblIIe MAKCMMAaIbHO BO3MOXKHOTO
Ha 2!~1. PangoMusanus npaBuil U UX 3aBUCUMOCTD OT
TIPEBICTOPUY HE BHOCUT TIPUHITUTTUATIBHBIX U3MEHE-
HUI — KaXXaasi CTpaTeTust OCTAETCs £-TIOBPEXIAIOIeH
OTHOCUTEJLHO TIPEeNeTbHO HAUOOIBIIETO, HO HEOCTH -
KMMOTO 3HaUeHus 1.

B npumepe 2 onTuManbHas cTpaterus sl Jr000-
ro 00BEeKTa M3 Kjlacca SIBJISIETCS] TTOBPEXKAAIONIeH st
OCTaJTbHBIX OOBEKTOB.

Ipumep 2. Tlycte X = {0,1,2,...} U {a,b}; Y =

= {0; 1}; g(a) = 1; g(b) = g(i) = 0, ¢ > 0. 3ama-
MM CUETHOE MHOXecTBO o6bektoB M = {uF) &k =

=0,1,...}. [lycts m1s Beex k:
/'L(k)( 0_0) 17
()(xt+1*z+l|:17t—z yy=0)=1, i>0;
(@41 = alwy = kyyp = 1) = 1;
()(xt+1—b|:17t—z ypu=1)=1, i£k;
) =

p®) (2 = alzy = a,y, = j

=Nz =bley =by,=4)=1, j=0V1.

Takum 00pa3oM, COCTOSHMUS a U b — TIOIJIOIIA-
folMe, MpuYeM B COCTOSIHUE a, MPUHOCSIIEe MaKCU-
MaJIbHBI 1oxol, 06bekT £ (F) MOXeT momacTb, TONIBKO
eCIM TIPUMEHUTH yIpaBJcHHe 1, HaxXomsICh B COCTO-
sgHuM k. TlepBble (CylleCTBEHHbIE) TpaBWia OINTU-
MaJIbHO#I cTpaTernu 11st 0obekTa 1%) TpebytoT mpume-
HeHus ynpaBieHus 0 10 JOCTUXEHUST COCTOSTHUS k, a
3aTeM MPUMEHEHMST B 9TOM COCTOSTHUU yIpaBieHus 1.
OmHako Takasl CTpaTeTHs SIBIISICTCST TTOBpEKIAroIeit
IIJIST BCEX OCTAJbHBIX 00BeKTOB. ClemoBaTeIbHO, IS
Kimacca M He CYIIECTBYeT paBHOMEPHO ONTHMAIbHOMU
CcTpaTeruu.

IMycte M — xjacc oobekToB. OO0O03HAUMM yepe3
Y. (i) MHOXECTBO €-MOBPEXIAIOIINX CTPATETHd st

o0beKTa f1, 1 € M. Tonoxkum X (M) () (Z\Z-(w)).
pneM

Jlemma 2. J[ns moeo umobut cyuecmeosana c-adanmue-
Has cmpameaust, Heo0xodumo, umobst %o (M) # (.

HoxkasarenbcTBOo. Ecmm ¥, # (), To mobas mo-
IyCTAMasT CTPATerus XOTsI OBl I OTHOTO M3 O0BeK-
TOB SIBIISICTCSI £-TIOBPEXKIAIOIIEH 1, CJIeIOBAaTeIbHO, HE
SIBJIIETCS £-ONTHUMAaJbHOM, a MOTOMY HE MOXKET OBbITh
PaBHOMEPHO £-ONTUMATbHON MO OTHOILIEHMIO K KJac-
cy M.

B mpumepe 3, HecMOTpsT Ha HajaW4Me ITOBpEXIa-
IOINX CTpATeTWif, afanTUBHAsI CTPATETHSI CYIIIECTBYET.

Ipumep 3. TTycte X =Y = {1,..., K} u nycTb 3a1aHa
netepMuHupoBaHHas dyHkus f : X — X, Koropas
MPEACTaBIsIET CO0O0M LMKIMUECKYIO TMOACTAHOBKY Ha
MHOxXectBe X, T.e. f(i) # f(j), ecmu i # j; 4, =
=1,..., K. PaccMOTpUM CJIEAYIOIINIT HEOTHOPOIHBIH
BO BPEMEHU JeTePMUHUPOBAHHBIA 00beKT. [1o10K1M

po(ro = 1) = 1;
pe(ze = f(k)|2t =1y = Iiy—ry, 0<k, t < K;
Mt(‘rt = f(k)|xt_17yt) = I{yK+1:k7

0<k<K, t>K
(I, — vHOUKaTOpP COOBITUST A).

OnHomaroBbie TOXOAbI ONpeneTuM Kak ¢(i) = 4,
1€ X.

Tak omnpeneeHHbII 00BEKT 0003HAUNM depe3 /.
ScHo, 4TO AJ1s1 ATOro 00bEKTa TPAEKTOPUST YIpPaBs-
€MOTo Mpoliecca, HauMHasi ¢ MoMeHTa K + 1, u, cieno-
BaTebHO, JOXOJ 3aBUCST UCKIIOUUTEJBHO OT yIpaB-
JIeHusl, TpUMeHeHHoro B MoMeHT K + 1. Jloxon Oynet
MakcuMajeH (1 paBeH K) TOrIa M TOJIBKO TOTa, KOTma

Yr+1 = k' = k*(f) = argmax f (k).
1<k<K

IMycts M = {u/} — coBokymHOCTb Beex 00beK-
TOB [JAHHOTO BUIA (KOTOpast ConepKUT K ! 21eMEHTOB).
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00 aganTUBHBIX CTpaTerudax 1 yCJIO0BUAX UX CYLHICCTBOBAHUSA

OueBugHoO, IS Kiacca M CyliecTBYeT paBHOMEPHO
ONTUMaJIbHas CTpaTerusl, 1OCTaBJsIONIast JOXOd, PaB-
Helii K. Hanmpumep, 1oCTaTOYHO BHavyajae B MOMEHTHI
t =1,...,K no omHOMY pa3y IPUMEHUTH KaxX/I0e U3
yrpaBieHuil, a 3ateM B MOMeHT K + 1 TIpUMEHUTH
yrnpasieHue k¥, KoTopoe OyIeT BBISIBICHO IyTeM Ha-
OtoIeHMs 32 TTOIyYeHHBIMM OJJHOLIATOBBIMU JOXO/a-
Mu. Takum oOpa3oM, Ha MEPBBIX TaKTax HEOOXOIUMO
COBEPIINUTH «O0yICHNE» — BBISIBUTD YIIPaBJICHUE, TIPH -
HOCsIIIIee HaMOOBIINI OTHOIIATOBBIN moxon. B To
K€ BPEeMsI CYIIECTBYIOT U TIOBPEXIAIONINE CTPATETUM.
Hanpumep, ctpaterusi, B KOTopoit nepBble K TpaBuI
3aKJII0YalOTCSl B MpUMeHeHuu ympasieHus 1. Ilpa-
BWIO O 41 TaKOW CTPATETUU MOXET OBITh TTOCTPOEHO
TOJIBKO B BUIIE 3aBUCUMOCTH OT yIpaBieHus | u ot
3naueHus f(1), MO3TOMY Mpu JIIOGOM €ro omnpenese-
HUM Haiinercss o6bekT uf, M KOTOpOro B MOMEHT
K + 1 Oyzmet ¢ MoJIOXUTEIbHON BEPOSITHOCTHIO MpeI-
MUCAHO MPUMEHEHNWE HEONTUMAJbHOTO YIpaBICHUS,
", CJIeN0OBATEILHO, TOXOM OyIeT MeHblie K .

B mmpumMepe 3 «00ydeHMe» 0Ka3aaoch BO3MOXHBIM
TOJIBKO OJ1aroiapst 3HaHUIO CTPYKTYPHI ipotieccoB. Ec-
JI OBl 3apaHee He ObLIO M3BECTHO, YTO HEOOXOAMMO
Ha TepBbIX TaKTax M0 pa3y «UCIpoOOBaTh» BCe yIpaB-
JIEHUsI, TO JIETKO MOXHO ObUIO TMPOIYCTUTH MEPUO,
KOT/Ia BO3MOXKHO 00y4YeHUE, U COBEPIIUTH TEM CaMbIM
«HETIOTIPaBUMYIO OIOKY». CliemoBaTebHO, IS TOTO
YTOOBI KOHCTPYKTUBHO IMOCTPOUTH PABHOMEPHO OMNTH-
MaJIbHYIO CTpaTeruio, HeoOXoauMa JOIOJHUTEIbHAs
nHdopManusi. DTo MPOTUBOPEUNUT U30PAHHOMY TTPUH-
LTy TTOCTAHOBKM 33aud — MWHUMAJIBLHOCTH arpu-
OopHoOM nH(popMaLu 00 OOBEKTE.

BBenem Oosee sxecTKoe OmnpeesieHne afanTuBHON
CcTpaTeruu, KOTopoe, B YaCTHOCTH, YCTpaHSIET YKa3aH-
HO€ HECOOTBETCTBHUE.

[Iyctb M — HeKOTOpBI KiaacCc 0ObEKTOB. IDpro-
J4YecKasl cTpaTerus o (ee onpeaeaeHue 1aHO B KOHIIE
pasna. 2) Ha3bIBACTCS YCMOUMUBOIH TIO OTHOIICHUWIO K
knaccy M, ecnu s aoboro oobekTa pu € M crpa-
Terust &, TOJy4YeHHas U3 CTpaTeruu ¢ IyTeM Mpo-
M3BOJILHOU (HOMYCTMMOI) 3aMeHbl KOHEYHOIO Yucia
npasui, (1) UMeeT OJMHAKOBBIN CO cTpaTeTueil 1oxon
w(p, o) = w(p, &) n (2) sIBASIETCS] SPrOAUIECKOI M0
OTHOIIIEHUIO K KJtaccy M.

AnantuBHas ctparerust Uit Kiacca M Ha3bIBaeTcs
cmpoeo adanmusHoll, eCiu OHa YCTOWYMBasi MO OTHO-
LIEHUIO K 3TOMY KJIaccy.

IIpumep 4. Jlerko mokasaTh, 9TO CTPOTO aTaNTUBHBIMU
SIBJISTEOTCST MHOTOYMCJICHHBIE aJIalTUBHBIC CTpPaTernu
IUISL KJlacca YIpaBiIsieMbIX KOHEYHBIX CBSI3HBIX Map-
KOBCKUX 1ereit [1, 2].

PaccMmoTpuM elie OJMH MOTUB, BbIABUTaeMblii B
Ka4yecTBe HEOOXOIMMOTO YCIIOBHST adalTUBHOM yIIpaB-
JISIEMOCTH.

IIpumep 5. TlycTh Kiacc 0OBEKTOB COCTOUT U3 (PYyHK-
LM BeIIeCTBEHHOTO apryMeHTa u Buaa pu¥ = p¥(u) =
= Ity—y), y € [0,1]. (B TepMuHax ympaBIseMBbIX
ciyyaiiHbIx mocienoBatensHocteit: X = {0;1]}, Y =
= [0, 1); e (el ™, y) = we Ly, —yy + (L= 20) Ly, —yy;
g(z) =z, x € X.) UHTYUTUBHO NIPENCTABIISIETCS OYe-
BUIHBIM, YTO HEBO3MOXHO HAWTU MaKCUMyM TaKOi
(byHKIIMM 32 CUETHOE YUCIIO 11Ar0B, €CJIU He 3HATh 3HA-
YeHue, B KOTOPOM OHa obpaliaercsl B eNMHMILY. B To
ke BpeMst (hOpMaIbHO JUTST KaskIoTo 00beKTa (¥ cylile-
CTBYeT OINTHMMAaJIbHAsI cTpatervs. Hampumep, MOXHO
MOCTOSIHHO MOBTOPSITh yrpasieHue y. OfaHaKo He Cy-
IIECTBYET CTpaTeTMH, PABHOMEPHO ONMTUMAJIbHOM IO
OTHoOLIEHUIO K kKiaccy M = {u¥}. B takoit crpateruu
JUtst Kaxxnoro y € [0, 1] HeoBX0AUMO HOIKHO ObLIO GbI
BBITIOJTHSITBCS clieaytoliee yenosue: oy (y, = y|-) > 0
XOTsI ObI 17151 OMHOTO 3HaYeHust . Ho 3T0 HeBO3MOXKHO,
MOCKOJIbKY JIJIS1 PUKCUPOBAHHOTO 3HAYEHMS ¢ TaHHOE
HEPaBEHCTBO MOXKET OBbITh BBITIOJTHEHO JIUIIb IS CUET-
HOTO MHOXeCTBa 3HAYeHWH ¥y, a ¢t Takke Mpoberaer
CUEeTHOEe MHOXeCTBO 3HaueHUit. CueTHoe OOBbearHE-
HME CUETHBIX MHOXECTB CaMO CUETHO, MTO3TOMY HEO0-
XOIMMOE HEPaBEHCTBO HE MOXKET ObITh BHITTOJTHEHO JIJIsT
Bcex Touek Ha otpeske [0, 1].

AHAJIOTUYHBIE PACCyKICHUST TTOKA3bIBAIOT, YTO B
TMAHHOM TIpUMepe He CYIIECTBYET CUETHOTO MHOXECTBA
CTpaTeruit, 00JIaIaoIIeTo TeM CBOMCTBOM, UTO JUISI JIIO-
0oro oobekTa HalAeTCsl e-ONTUMaJIbHasI CTpaTerus u3
3TOr0 MHOXKECTBA.

KoHeuHoe 1 cueTHOE MHOXKECTBO CTpaTeTnii 3 =
={o(1),0(2),...} Ha30BeM 6a306bLM 110 OTHOLLIEHUIO K
KJaccy o0bekToB M € M, ecnu:

(1) nns mo6oro oobekTa U3 M u nobdoro € > 0 cymie-
CTBYET ONTUMAaJIbHAsI CTPATErHsl U3 MHOXKeCTBa X;

(2) n1obast crparerust o (i) SIBISIETCSI YCTOWIMBOIA 1O
OTHOILIEHUIO K KJ1accy M .

Teopema. Cmpoco adanmuenas cmpameeus 015 Kaacca
00sexmog M cyuecmeyem moeda u moavko moeoa, Ko-
eda 015 3moeo kaacca cyuwecmeayem 6a3060e MHOICECHBO
cmpameeuti ..

JoKa3aTelbCTBO TEOPEMBI.

Heo0xoamMocTh YCITOBHI B JAHHOM CIIyJae siBJIsIeT-
Cs TPUBHAJIBHOI, TOCKOJIBKY CTPOTO aIaliTUBHAST CTpa-
TErusl, €CJIM OHa CYIIECTBYeT, oOpa3yeT 6a30BOe MHO-
JKECTBO CTpaTeruii Y, COCTOSIIIEE U3 OMHOTO 3JIEMEHTA.

JokaxeM J0CTaTOYHOCTE. OIIpene MM C ITOMOIIBIO
CTpaTernii M3 X HOBYIO CTPATETUIO @ CJIEAYIOIINM 00pa-
30M. O003HaYMUM

01, = Int ((1 — Ut,n)_n) ,

rae Int (¢) o3HayaeT Lesylo YacTh Yncia a, ¥ 3a1aauM
OC/IeIOBaTeIbHOCTh MAPKOBCKMUX MOMEHTOB T = {7, }
C TTOMOIIIBIO PEKYPPEHTHBIX COOTHOLIEHU
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70 :Oa Tn = Tn—1 +n+9na
rae 0, = 0, , n. COOTBETCTBYIOLLNE 0 -aNredpel 000-
sHaunM F )y = F. .

Byznem cuutath, uto Ha ipoctpaHcTse (2, F) 3anana
TOCJIeIOBATEIbHOCTh CIIyJaliHbIX BemavnH 3 = {f,},
HE3aBUCUMBbIX OTHOCUTENBHO F (). Kaxnast ciyyaiitast
BEJIMYMHA UMEET OJHO U TO € HEeBBIPOXIEHHOE pac-
npenenexue {b;} Ha MHOXECTBE HOMEPOB CTpaTeruit
u3 X.

Omnpenenum npaBuia crpateruu a = a(X, 3) dop-

MYJIOM
o0

at = Z Ut(ﬁn)l{‘rn,1<t§7n} )
n=1
e o4 (3,) — npaBuiIo cTpaTeruu o (i) € ¥ B MOMEHT ¢,
eclu 3, = i.

HarnsgHo paborta cTpaTernmu a BBITJSIUT CleIy-
omuM obpa3oM. Ilpoiecc ynpasieHUsT pa3oUBaeTCs
Ha 3Tambl. DTall ¢ HOMEPOM 7. HAUMHAETCSI B MOMEHT
Tn—1 + 1 1 OKaHYMBAeTCI B MOMEHT T,,; 79 = 0. B Mo-
MEHT, MPEeIIIeCTBYIOIIMI Hayaay OYepeIHOro 3Tarma,
OMnpeaesaeTcss HoMep CTpaTeruu B MHOXKECTBE Y, U3
KOTOpOI OyAyT B3SIThl TMpaBuja AJsi TPUMEHEHUs Ha
TAHHOM 3Tare. DTOT HOMep paBeH 3HAYCHUIO CIIydaii-
HO# BeMIWHBL ;. [IpomoIsKUTeIbHOCTD n-TO 3Tama
paBHa n + 6, U 3aBUCHUT, CJIeI0BaTEJIbHO, OT HOMEpa
aTara M OT OLIEHKM KauecTBa MPUMEHSEMOI cTpaTe-
MU, TIOJYYEHHOM B TeUeHHUe MepPBbIX 1 TAKTOB 3Tara.
CrpaTerust a Ha3bIBaeTCs cTparerueil mepedopa [2].
Takum 00pa3oM, MOCIEAOBATEIBHOCTD (3 OIpeIesisaeT
Ha KaXXIIOM 3Tarle BBIOOpP CTpaTeruy M3 MHOXKECTBA X,
MpaBujia U3 KOTOPOIl MPUMEHSIIOTCSI Ha TOM JTare.

MycTb 3anan 00bekT 1 € M nmyete W = W(u) —
TOYHAs BEPXHSISI TpaHb JOXOMIOB JJisl 3TOro OO0bEeKTa,
B3sTasI 110 BCEM JIOITYCTUMBIM CTPaTeTHUSIM, U ITyCTh

Wi =w(p,o(i); v =vr s

2 . _ —
UT(l ) = UTnfthl‘en ) An =Tn = Tp-1=T1N + 9”

Jns mpou3BOJIBLHOTO £ > () onpeAe UM MHOXKeECTBa

AP(E) = {uP =W -},

06o3Hauas ux goronHerus A (e),k=1,2.

O003HaYUM

E AD ()nA® (26) A
n

(2) — A
Sn” = Z IAgl)mAfz)(%)Al ’

n

5513) = IA(I)( )A )
=1

TAKUTO Ty, = »_ A} = (1) + s%) + 5(3)

=1

C momouibio BBEIEHHBIX 0003HAYEHUI 3amuIIeM
OLCHKY IJId YCPEAHCHHOTO 10X0Ja K MOMCHTY Ty, .

n

Z’U;Q)Al

Wn = Ti ="z
" o=1 ZAI
=1
st
> (W - 2¢) ()

s+ S(z) @

1
Z[,J'[ﬂ OLCHKHN CYMMBI 551 ) 3aIlIMIeM HEPaBCHCTBO

sU > A

Un

B KOTOPOM 0603HAYEHO
v, = max {l : 1 <n, Al(l)(a) ﬂAl(z) (25)} .

O1leHUM BEPOSITHOCTH COOBITUS I3, {vn
< n —lnn}, I KOTOPOTO BBHITIOJTHSIETCST BKITIOYEHUE

B.c )

n—Inn<i<n

AN (e) AP (2¢).

CornacHO ormnpeaeneHusIM 3Proauvyeckoil crpare-
MK, 6a30BOI0 MHOXECTBA CTpaTeruii U ceMelicTBa ciy-
YaHBIX BEIMYNH  UMEeM:

< Z P, (6 = i|F()) +

P, (Al(l)(a) UA® (2¢) ’F(l)) <

i€T;
W, <W —e/2
+ > P, ( AP (o), 5l:i|F(l))§
i€Z;
W, <W —e/2
< Z Pa(ﬁl = Z) +
i€T;
Wi<W_e/2
+ Z P, (Ull)<W——,ﬁl=i|F(l)) <
i€T;
Wi>W—e/2

< Y b+al< ><q<1

€T,
W, <W-—¢g/2

IIpM1 BCEX 1OCTATOYHO OOJIBIINX [. OTCIOI[a CJICOYECT, YTO
IIJIST BCEX JOCTAaTOUYHO OOIBILIMX 3HAYCHUI 1 BHITIOJTHSI-
€TCA HEPABECHCTBO

Pa(Bn) < qnflnn.
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00 aganTUBHBIX CTpaTerudax 1 yCJIO0BUAX UX CYLHICCTBOBAHUSA

CJTeI[OBaTeJ'H)HO, COI'J1aCHO JIEMMCE BOpeHH—KaH—
TCJIJIU
P, ( Tim Bn) —0. )

n—oo

DTO 03HAYaeT, YTO
sSW>A, >(1-W-—

OLIEHUM CyMMY sf). = A%l)(s)ﬂ

ﬂAg)(Za) uWey = > Wilig, i}, MOTydnM:
icl

E)7n+lnn )

O6o3Hauus C,,

3e
—|F

3e
a Cn;Wn ZW__Fn S
< (n) 2|<>)

a (CulF(n)) =Py (CmW(n) <W -
(1) 3e
<P,lv,  >W —¢, W(n)<W—?|F(n) +

3
+P, <U7(12) < W — 2¢, W(n) >W — §|F(n)) <

<y

€L, W; <W—¢/2

£ .
+ Z Pa <U7'n,n+9n S W’L - 57 ﬂl = Z|F(n)> S

i€T;
< e
an [ =) .
- 2

Wi>W —3¢/2
W3 onpeneneHus 6a30BOro MHOXeECTBa CTpaTeruit

CJIEYET, 4TO
oo
Z P.(Cp) <
n=1

ITI0O9TOMY COIJIaCHO JIEMME BOpeJ’lH—KaHTeJ’UII/I noJjy-
qyacMm:

P, (vﬂ“n > W; —|— , B =i|F n)) +

P, (Ecn) —0. 3)

Orcroga ci CAYET, YTO

sups()<c<oo

st cyMMBI s umeem CJIEYIONIYIO OLIEHKY:

D=3 (n+ (1-W+e)™h) <n’+n(1-We) ™"
=1

k
IMoncrasnss OLICHKH, ITOJIYYEHHBLIC OJId CYMM 551 ),

B HepaBeHCTBO (1), mosyyaem:

-1
(2) (3)
o > (W —2) <1+M> .
S0

c+n2+n(1—W—|—6)_"> -
(1 -W _6/2)7n+lnn -
>W — 3¢

> (W —¢) (1+

IUTS BCEX TOCTATOYHO OOJIBIINX 3HaUeHU n. OTcrona

lim w, > W. 4

n—oo

PaCCMOTpI/IM JaJiIie€ MHOXKECTBO

o — { lim wy, = W} NBNT,
n—oo

rne B u C 03HAYal0T COOTBETCTBEHHO JOMOJIHEHUS K

MHoxectBaM B = lim B, u C = lim C,.

n—oo n—o0

CornacHo gpopmynam (2)—(4)

P, () =1.

Onpeaeanm ciaeayloue CoObITHS:

D7(112)5 ={m-1 <t<T_1+n}n;
D®) ={r 1 +n<t<m}nQ;
DE) = {r, 1 <t<m}nq.

1 .
Ha MHOXecTBE Dﬁll YCPEIHEHHBIN HOXOH v; =

t
= vy = t71 Y gs ouenmBaercs ¢ nmomoplo Hop-
s=1
myJibl (1) Kak
Tp—1Wn

e r s
T o1 +n+6, ~ n

%%
e 5511)
ITyctb coObITHE D
-W+e) "
™Mt B, B, D( ,)5 cJIelyeT, 4To IJIsl BCEeX JIOCTaTO4Y-
HO 6om>m1/1x 3HAUEHUN n BBIMOJHSIETCSI HEPABEHCTBO
v, > n — Inn. CregoBaTeJIbHO, Ha MHOXECTBE Df)
CIIpaBeJINBa OLIEHKA

— 0 nmpun — oo.
512% umeet mecto. Torna 0, > (1 —

Kpome Toro, u3 omnpeneneHust cOObI-

Tp—1W
th#ZW—Ef),
Tn_1+n+6,
e e? —on
n pun — oo.
. 3
W3 onpenenenus coowrtuii C,,, C, Dflz BBITEKAET,
4TO
(3) ;
D,’; C min = vy, > W =2,
’ n<m<n4+0,
3
MO3TOMY Ha MHOXECTBE Dﬁl ) crpaBelJIMBbl HEPABEH-
CTBa:

LY s

s=Tp_1+1

vy > Tnftlwn + (1 — Tn{ > (1—7n)"

Tn—1Wn
- t

- <1 - T”tl) (W —2¢e) > W—2e—¢®,

(3)

rae €y, — 0 npun — oo.
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M. I. Konosanos

Takum o6pa3oM, Ha MHOXECTBE
3
Dy = U fog ={rm_1<t<T, N
k=1

MMeeT MeCTO oleHKa v, > W —e —¢e,, Tne ¢, — 0

npu n — o0o. JloCTaTOYHOCTh YTBEPXKICHUST TEOPEMBI
oo

cnenyetr u3 cootHorreHuit Q = |J {m_1 <t <7,} u

n=1
lim Ip, , = 0.
t—oo

4 3akiToyeHue

AanTUBHBIE CTPATETHH, ITO3BOJISIONINE JOCTUTATh
LIEJIM B YCJIOBUSX WHMOPMAIMOHHOW HEONpEeae/IeH-
HOCTH, OCHOBBIBAsICh Ha «O0y4EeHUM» B ITPOLIECCE B3au-
MOJEUCTBUS C 00BEKTOM, HAXOIST BCe OoJIee IMPOKOe
MPaKTUYECKOEe ITPUMEHEHMUE.

B aT0it pabore ObLIO yAeleHO BHUMaHUE Teope-
TUYECKUM acrnekTaM aganTuBHoro moaxoga. Cdop-
MYJIIPOBaHBI ONpeIeIeHUs aTanTUBHBIX CTpaTeruii

MpuBeneHa hopMaibHast TOCTAHOBKA 3aJa4M agaTllTHB-
Horo ympasieHus. ChopMyIrpoBaHbl M JOKa3aHbI
HEKOTOPbIE YTBEPKICHMUS O HEOOXOIMMBIX YCJIOBUSIX U
JIOCTAaTOYHBIX YCIIOBUSIX adallTUBHOMU YITPABISIEMOCTH.

IIpomoiskeHne MCCIeqOBaHU B JaHHOM HaIlpaB-
JICHUHU TTO3BOJINT HAUTHU OTBETHI HAa TMPUHIIUIINATIEHBIC
BOIIPOCHI, B KaKMUX CUTYaIMsIX MOXKHO PacCUMTHIBAThH
Ha «IIPUCIIOCOOJIEHNE K HEM3BECTHOM Cpeie» M CKOJIb
YHUBEPCAITBHBIMA MOTYT OBITh «O0YJaroIIecs» ajiro-
PUTMBI.

Jlutepatypa

1. Sragovich V. G. Mathematical theory of adaptive control. —
Singapore: World Scientific, 2006.

2. Komnosanoe M. I Metoapl ananTuBHO 00pabOTKU MHMOP-
Maluu U ux npuiaoxenus. — M.: UTTHU PAH, 2007.

3. Hese K. MaremaTuueckue OCHOBBbI T€OPUU BEPOSITHO-
creit. — M.: Mup, 1969.
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OLEHKMH! B HYJIb-OPTOANMYECKOM CIIVHAE
JJIA HEKOTOPBIX CUCTEM OBCITY XMBAHUA*

A. . 3eiipman?!, A. B. Koporsiesa?, 4. A. Carun®, C. 4. oprun*

AHHOTalll/lSl: PaCCManI/IBaIOTCﬂ MOJCIN 06CJTy)KI/IBaHI/Iﬂ C I'pyIlIiOBbIM ITOCTYIVIEHUEM 1 06CJ'[y)KI/IBaHI/ICM TpeE-

OOBaHMIA.
KOHKPETHOTO KJIacCa TAKMX CUCTEM OOCITy>KMBAHUS.

HOJTy‘{eHbI OLECHKHU CKOPOCTU CXOAMMOCTHU B HYJIb-3PIroaMYE€CKOM Ciy4ac.

Paccmotpen mpumep

KioueBble ciioBa: HECTaMOHAPHBLIE CUCTEMbI 06CJTy)KI/IBaHI/Iﬂ C I'PYIIITOBLIM ITOCTYIIVIEHUEM 1N 06CJTy)KI/IBaHI/ICM

TpeOOBaHUI; HYIb-3PTOANYHOCTD; OLIEHKU

1 Bsenenue

Hanmomuum, uyto mapkoBckas uernb X = X (t),
t > 0, ¢ HenmpepbIBHBIM BpPeMEHEM W IHUCKPETHBIM
MPOCTPAHCTBOM COCTOSIHUI Ha3bIBaeTCsl HYJIb-3Pro-
IWYHOM, €CIM TIPU JIFOOBIX HAYabHBIX YCIOBUSIX U
KaXJI0M ¢ BbIMOJHsieTcst yeaoBue Pr{X (¢t) =i} — 0
npu t — oo.

IMonstue wHynb-3prooguyHocTy (null ergodicity)
M COOTBETCTBYIOIIME OLIEHKU CKOPOCTU CXOIUMOCTH
M3YJaauch JII MOJENIeld MacCOBOTO OOCTYKMBAHUS,
OIMMCHIBAEMBIX MPOIeCCaMU POXKICHUS W THOEIN Ha-
yuHag ¢ 1990-x . [1-5].

B HacTosieli paboTe OLEHKM, OTHOCSIIMEecs K
HYJIb-3PrOJMYeCKON CUTyalluu, OYIyT MCCIIeIOBaHbBI
st 6osiee 0OILEro Kjacca MapKOBCKUX CHUCTEM 00-
CITY>KUBaHUSI C TPYIITOBBIM TTOCTYIIJICHUEM U OOCTY XM -
BaHMeM TpeboBaHUI. MI3ydeHne 3Toro Kiacca Moesiei
Hayaro B pabdorax [6, 7]. OTMeTHUM elle, 4TO B TAKNX
cucTeMax, Kak OylIeT ONMMCaHO Jajee, BO3MOXHBI U
KaTacTpoduyeckre cOoM, TAKOTO poja CUCTEMbl Mac-
coBoro oociryxkuBanmst (CMO ¢ katacTpodamu, queues
with disasters, queues with catastrophes) B pa3HBIX CH-
TyalusIX W TIPpU Pa3HBIX MPEIITOIOXEHUSIX U3YJIalNCh
paHee (cM., Harpumep, [8—17]).

Mycts X = X(t), t > 0, — yucio TpeboBaHUl B
cucreme oocmyxkuBanus (0 < X (1) < 00).

O0603HauNM 4epes

pis (1) = Pr{X(t) = j|X(s) = i}

i,j>0, 0<s<t,
nepexoaHble BEPOSATHOCTH mpouecca X = X (t), a ye-
pe3 p;(t) = Pr{X(t) = i} — ero BepOSATHOCTH COCTOSI-
HUM.

Bynem Bciony ganee mpearnonaraTh, 4To

Pr(X(t+h)=j/X(t)=1)=
qij (t) h+ Q5 (t,h)

L= qin (t) h+ i (¢, h)
i

npu j 7 i ;
npu j = i,

npuyeM Bce «;(t, h) ectb o(h) paBHOMEPHO MO i, T.e€.
sup |a;(t, h)| = o(h).
3

Ilpu »TtoM mpeamnonaraeM, 4yro npu k > 0
Giitk (1) = Me(0), Gigni (8) = pa(t).

Hpyrumu cioBaMu, OymeM HCCIeAoBaThb CUCTEMBbI
00CTyXKMBaHUsI, B KOTOPbIX MHTEHCUBHOCTU TMOCTYII-
JIeHUsI 1 00Cay>XuBaHUS k TpeOOBaHMII B MOMEHT ¢ B
cucreme obcykuBaHust (A (t) u g (t) COOTBETCTBEH-
HO) HEe 3aBUCST OT YMcCia TpeOOBaHUI, HAXOASLLIUXCS
B CHCTeMe B MOMEHT ¢, mpuueM Api+1(t) < Ag(t) m
141 (t) < pg(t) mpu Beex k v mouTH ipu Beex ¢ > 0.

OTMeTHM, YTO B paccMaTpWBaeMOM CHCTeMe, KakK
JIETKO BUIETh, WHTEHCUBHOCTH OOCITYXUBaHUS [ (t)
SIBJITIOTCS M MHTEHCHUBHOCTSIMU KaTacTpod, TaK UYTO
€CJIM TIPU HEKOTOPHIX k,t BBIMOJHSIETCS HEPaBEHCTBO
uk(t) > 0, To TIpu 3THX k,t BO3MOXEH KatacTpodu-
yecKuii cOoi cucTeMbl OOCITY:KUBaHMSI C TIOTEPEil BCeX
TpeOOBaHUIA.

Hanee B COOTBETCTBUM CO CTaHOAPTHBIM ITOIXO-
JoM (CM. MoapoOHOe omucaHue B padborax [3—5, 18]
MPENnoJOXUM JOMOTHUTENbHO, YTO BCE MHTEHCUBHO-
CTHU SIBJISTIOTCS IMHEMHBIMUA KOMOMHAIIUSIMHA KOHEYHO-
rO YMCIIa JIOKAJIbHO MHTErpupyeMbix Ha [0, 00) hyHK-
muii. Kpome Toro, Oymem IpedronaraTh, 9TO ITOYTH
npu Bcext > 0

Lx(t)+ L,(t) = L(t) < o0,

*Uccnenosanue nomnaepxkano POOU, rpautst 11-01-12026-obu-m, 12-07-00115-a, 12-07-00109-a.
1 Bosoronckuit rocynapcTBEHHBII TeAarorndyeckuii yHuBepcuTeT; MHCTUTYT mpo6reM uHbOpMaTHKN Poccuiickoiit akazeMun HayK 1

NCOBPT PAH, a_zeifman@mail.ru

2BosorocKuii rocyIapcTBeHHBIN TeIarornueckuii yanBepentet, a_korotysheva@mail.ru
3 Bosoronckuit rocyrapcTBeHHBIN eIarornuecKiii YHUBEpPCUTeT, yacovi@mail.ru
4UuctutyT npobieM nHGopMaTukn Poccuiickoii akanemuy Hayk, SShorgin@ipiran.ru
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A. U. 3eiigpman, A. B. Kopomwiwesa, 4. A. Camun, C. 4. lllopeun

rae
Li®) = Y N0 Lult) = > m(®).

Torma mist onmucaHWs BEPOSITHOCTHOM JAMHAMUKU
npoiiecca moyiyyaeM npsimyto cucremy Komamoroposa
B Bujie TuddepeHINaTIbHOrO YpaBHEHHS B IIPOCTPaH-
CTBE MOCTIeIOBATEIbHOCTEM 11 :

dp
P _ Awp(). m
rae
A(t) =
aoo(t) pa(t) pa(t) pa(t) pir (£)
A(t) ann(t)  pa(t) pe(t) pr—1(t)

npudem a;; (t) = — kil pr(t) — kijl Ak (t).

Janee Gynem o6Go3HauaTh uepe3 || e || I1-HOpMY,
Te. x| = X |wl, a || Bl = sup)_ |bij|, ecntu B =
J 7

= (bij)75=0, ¥ MyCTh {2 — MHOXECTBO BCEX BEKTOPOB
U3 [; C HEOTPULATEIbHBIMY KOOPANHATAMM U €IMHUY~
HOI HOPMOM.

Torna umeen || A(t)]| = 2 kijl()\k(t)—i—uk(t)) < 2L(1)

MoYTU npu Beex ¢ > 0, clieoBaTe/IbHO, OrnepaTopHas
dbyHkmst A(t) orpaHWYeHa MOYTH TpU Beex ¢t > 0 u
JIOKAJIbHO MHTerpupyema Ha [0; 0o).

Kaxk usBectHO (cM., HampuMep, [19]), 3amaga Ko
1St ypaBHeHMs (1) Torma uMeeT eAMHCTBEHHOE pelle-
HUeE TIPU JTIOOBIX HAYaJbHBIX YCIOBUSX, U U3 P(s) €
BbITeKaeT p(t) € Qmput > s > 0.

Yepes E(t,k) = E{X(t)|X(0) =k} Oymem na-
Jiee 0003HAUYaTh MaTeMaTUIeCKOe OXUIaHKe TTpoliecca
(cpenHee yncno TpeOOBaHUIT) B MOMEHT ¢ TPU YCJIO-
BUU, YTO B HYJIEBOIf MOMEHT BPEMEHU OH HAXOAUTCS B
COCTOSTHUH k.

2 O0mmi moaxon v OLIEHKA

TTonoxnm
v(t) =

. diy, — itk

= inf laii(t)] = 7 TOEDS ()] @
= k=1 " k=1 "

Teopema 1. [Tycmo 0as npoyecca X (t) moxcrno Hatimu

nocaedosamenvrocms {d;} noaoxcumenvHoix vuces ma-

Kyro,umod_1 = dy = 1, supd; = d < 00, U 8bIN0AHEHO
i>1

yeaosue

28

v(t)dt = +oo.

Toeda X (t) Hyav-3peoduuen u npu 1w0o6ix 0 < s < t u
AH000M M. bINOAHACTNCS. HEPABEHCIMEO

ft v(T)dr

Z dipi(t) S deils
=0

JdokazaTtenbcTBO. BBenem nuaroHajJbHYIO MaTpu-
11y CJIEAYIOIIEeTO BUA:
D =diag(d0,d1,...) 5

Toraa, O4€BUAHO,

D! = diag (dy ', d; ', .. )

3

PaccMoTpuM Tereph TMPOCTPAHCTBO TMOC/IEA0BA-
TeJIbHOCTEM 3 TAKUX, YTO

oo
Ix||5 = |Dx]|y = ) difaei] < o0,
i=0

u npsimyto cuctemy Konmoroposa (1) Kak ypaBHeHUe
B 5. Umeem

IA®)I5 = DA D72

U € y4eToM (2) ¥ CTPYKTYpBI MaTPUIILl A(t) ToydaeM:

i di, 00 dl
:s_up<|aii(t)| —|—Z d_k :Ufk(t) —|—Zd—+k/\k(t)> =
(2 k—1 1
d;_ = d;
<w@+ IORDS
k=1 * k=1

;;k /\k(t) +
+ 2|%‘(f)|> < —v(t)+2 j;lgmii(tﬂ = —v(t)+[|A®) |1

=

= sup
i>0

CremoBarenibHO, onepatopHast GyHKIus A(t) orpaHu-
YyeHa IMouTHu Ipu Bcex ¢ > 0 U B IIPOCTPAaHCTBE MOC/Ie-
oBaTeJIbHOCTEN .

JL1s1 TosTy4eHUsT HY>KHBIX OLIEHOK ITOTpedyeTcst Mo-
HSITHE JIoTapu(PMUIecKOit HOPMBI OITepaTOPHON (PyHK-
1IMM U CBsSI3aHHbIE C Hel olleHKu omeparopa Koinu
JIMHEeNHOoro nuddepeHIMaTbHOrO YpaBHEeHUs B OaHa-
XOBOM mpocTpaHcTBe. COOTBETCTBYIOUIMNA MOIXOM K
HCCIIeIOBAHUIO B CITy4dae TIPOIIeCCOB POXKIECHUS U THOE-
JIV TToAPOOHO omnucaH B [3, 5], a 1T KOHEYHOMEPHOTO
CTallMOHAPHOTO ClIydyasi CM. TakKe OOCYXIEeHUE U WH-
TepecHbIe ucTopuueckue 3aMmeyanus B [20].
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OHCHKI/I B HYJIb-2Proan4eCKOM Ciay4dac 1Jisd HEKOTOPbIX CUCTEM 06CJ'Iy}KI/IBaHI/IH

Paccmotpum storapudmudeckyto Hopmy - (A(t))
B B:

¥ (A®), =7 (DABD™) 5 =

A di_ 0o di
= sup <am‘(f) +Y d_k k() + Y d+_k )\k(t)> =
k=1 " k=1

i>0
=—u(t).

Kak u3BecTHO (cM., Harpumep, [5]), oTcioma BeITe-
KaeT OIleHKa:

7tll/(T)dT
wiess<e 07,

rne U(t,s) — oneparop Komu ypaBaenus (1). A To-
raa npu moobix 0 < s < ¢, ecnu p(s) € 2, nmoaydaem
HEPABEHCTBO:

Ip(t)]l5 = Zdipi(t) <
=0

—[v(r)d
<lp(s)lse = <de -

CaenctBue 1. ITycTb BBITIOJIHEHBI YCIOBUS TEOPEMBI 1.
Torma npu mo6bix 0 < s < t u MOOBIX N,k cropa-
BEUTUBBI CIIEAYIONINE OLIEHKU IS BEPOSITHOCTH YUCIa
TpeOoBaHUIt B cUCTEME OOCTYKUBAHUSI:

Pr(X(t) <n) < aieil{l’(T)dT7
Pr(X() <n/X(s)=k) < 21T )

rae 0, = mind;.
i<n

JL1st TOKa3aTeNIbeTBa JOCTATOYHO OTMETUTD, YTO
n
OnPr (X (1) <m) <Y dipi(t) < [Ip(1)]
i=0
PH JIHOOBIX HAYAIBHBIX YCIOBUSIX 1
o
Ip(s)lls = dipi(s) = d.,
i=0

eciu X (s) = k, COOTBETCTBEHHO.

CaenctBue 2. [TycTb BBITIOJIHEHBI YCIOBUS TEOPEMBI 1.
Torma npu nmo6oM ¢ > 0 u MOObIX k, n cripaBeajuBa
cienyrolias olleHKa JUIsl CPEIHEro KoJnmJecTna Tpedo-
BaHUI B cCTeMe OOCTYy>KUBAHUSI:

d —t.l/(T)dT
1 % ]

E(t;k) > (n+1)

HoxkazaTtenbcTBO. M3 (3) monyyaem OlLIEHKY:

S om0 ==Y 21 2 Y

i>n+1 i=0
¥ TeTepb OCTAeTCs JIUIITb 3aMETUTh, UTO

E(tik) = (n+1) > pi(t).

i>n+1

I/IHTepeCHO OTMETUTDL, 4YTO TIIPU BbLINMOJHCHUU
IIPOCTOTO JOIMOJTHUTEIIbHOT'O YCJIOBUA MaTEMAaTNYCCKOC
OXKMAAHUEC YuUCiia Tpe6OBaHI/II7I MOXKHO OI'paHMYHTL N

CBEPXY.

Caencrsue 3. [Tyctb mouTu 1ipu Beex ¢ > 0 BBITOJTHEHO
yCcIIoBUE

ik)\k(t) =L(t) < 0.
k=1

Tornma nmpu io6om ¢ > 01 J1I000M k cripaBeivBa CleIy-
folast OlleHKa JIUISI CPEIHETro KOJMYecTBa TpeOOBaHUIA
B CUCTEME OOCTYXMBAHUS:

E(t; k) < E(0; k) +/L(T) dr .
0

HoxkazatenbcTBO. C yugeToM CXOODUMOCTH pac-
CMaTpHUBaeMBIX PSIIOB U3 cucTeMbI (1) momrydaemM Hepa-
BEHCTBO:

dE(t; k)
dt

=po Y kAe(t) + 1 <—H1(t) +3 k)\k(t)> +
k=1 k=1

+ D2 <—2M2(t) — pa(t) + i k/\k(f)> +-- <
k=1

< k() = L),
k=0

OTKYyJIIa ¥ BEITEKAeT TpeOyeMasl OLIeHKa.

PaccMOTpUM OTIAEIBHO MPOCTEHIINI cTalMOHAp-
HBIN CIIy4aii.
Caenctsue 4. [1ycTh MHTEHCUBHOCTH TTOCTYIIICHUST 1
00CTy>KMBaHUs TPeOOBaHUI HEe 3aBUCST OT BPEMEHMU.
Iycts ms mporiecca X (¢) MOXKHO HAWTH TOCTENO-
BaTeIBHOCTD {d;} TMONOKUTEILHBIX YUCET TAKyI0, YTO

d_1=dy=1,supd; = d < 00, ¥ BBITIOJIHEHO YCIOBUE
i>1

v = inf <|0Lu‘| -
i>0

%

St -3 bt o,
k=1 "

k=1 "
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Torma X (t) Hyb-3pronuyeH U Mpu 00X t > 0, nu k
BBITTOJIHSIOTCS OLIEHKU:

D dipi(t) <de™,
i=0
d —vt
Pr(X(t)<n)<—e™

Pr(X(t)<n/X(s) =

n

E(tk) > (n+1) (1_3_:6 Vt) |

3 CucreMa ¢ rpynioBbIM
MOCTYIUIEHUEM 1 O0CTy>KMBaHUEM
B CIIeLIMaJIbHOM CJIyvae

PaccmoTpum 3nech 6osiee moapoOHO CBOMCTBA 3p-
TOAVUYHOCTHU JUISI CUCTEMBl MAaCCOBOTO OOCITY>KMBaHMS
CJIeYIONIEero TUIIa.

Bynem mpenrionarate, 4To TPeOOBaHMS B CHUCTE-
My TIOCTYMAIOT TPYIIIaMU, UHTCHCUBHOCTD TTOCTYILIC-
HUSI HOBBIX TpeOOBaHMIi (He Oosiee m OJHOBPEMEHHO)
paBHa A(t), a OOCTyKMBAIOTCS TakKe rpynmnamu (He
Oosiee n TpeOOBaHUIT OMHOBPEMEHHO) C MHTEHCHUBHO-
ctamu fui(t).

Torma yncno tpeboBanuit B CMO ommchIiBaeTcs
pPacCMOTPEHHOM B IIpeAbIayIeM Iaparpacde MapKoB-
CKoif 11embio X (t) ¢ MHTEHCUBHOCTSIMU

npu k < m;
0 npu k > m;

npu k < n;

npuk >n.

Teopema 2. [Iycmo 0as npoyecca X (t) moxcHo Hatimu
yucao 6 < 1 makoe, umo

oo

/V*(t) dt = +oo

0

4)
2oe

V*(t)—(1—5)<{1+(1+5)—|—
(L4644 AR) -
= {%+16L26+ +1+5+;§;{+6n7 }u(ﬂ) :

Toeda X (t) Hyav-3peoduuen u npu 1w06o6ix 0 < s < t u
A100bIX k| T 8bINOAHAIOMCS HEPABEHCINBA

[v*(r)dr

i dipi(t) <e ,
i=0

30

a makoice

Pr(X(t) <k/X(s)=

JdoxazatenbcTBO. JlOCTaTOYHO TOJOXUTH df =
= §*, Torna BBIMOMHEHB! YCIOBUS TeOpPeMbl 1 U ciel-
CTBMIL, mpuueM d = 1, O, = 6.

3ameuanue 1. Eciv MHTEHCHBHOCTU MOCTYIUIEHUS U
00CITy>KUBaHUST TPeOOBaHUI HE 3aBUCAT OT BPEeMEHU
(cTauMoHapHBIN ciyvait), To yciaoBue (4), rapaHTUpPY-
[ollle€ HYJTb-3PTOAUYHOCTh, PABHOCUIILHO BBITIONHE-
HUIO HEPABEHCTBA

mm+1)A—nn+1)pu>0, (5)

a Inpu 1-HepI/IOI[I/I‘I€CKI/IX MHTECHCUBHOCTAX — TOMY, YTO

1

/M )dt > 0. (6)

1
m—l—l/)\ t)ydt —n(n+1)
0 0

JleiicTBUTEIbHO, MpPU BBHIMOJHEHUU HepaBeHCTB (5)
n (6) ycinoBue (4) 3aBemoMo OYIET BBIMOJHEHO TIPU
JOCTAaTOYHO MaJibiX 1 — 6 > 0.

OTMeTHM TeTepb, YTO MOIyYeHHBIC YCIOBUS HYJTb-
SPTOANIHOCTH PACCMOTPEHHOI CHCTEMBI OKa3hIBAIOT-
CsI IOCTaTOYHO TOYHBIMU, KaK ITOKa3bIBACT CIICAYIOIICE
yTBEPXKICHUE.

Teopema 3. [lycmw das npoyecca X (t) moxucno naiimu
uucno d > 1 makoe, umo

/ (1) dt = +oc, ™)
0
20e
0 =@-v ({54250
N 1+d+~d-n-+d”* }u(t)—
-{1+0+d)+ +(1+d+---+dm1)}/\(t)>.

Toeda X (t) cnabo speoduuen u

"Bl <

—f8*(w) du
<4e =

[p*(t) — p

> 9ilpi(s) =pi ()l (8®)

i>1
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EES

npu 100bIX HA4anbHbIX yeaogusx p*(s), p** (s) u awbvix

Z dn—l_

n=1

s,t,0<s <t edeg; =

Jloka3zaTeabCTBO.
OIMCcaHHOM B [6, 7].

Bocnonb3zyemcsi MeTOAUKOIN,

Momnarasipg = 1— Y p;, u3ypaBHeHusi (1) momyanm
i>1

dz

=~ Btya(t) + £(1), ©

rae Bektop f(t) = (A,---, A\, 0,... )T HAMEET M MEPBBIX
HEHYJIEBBIX KOOPAMHAT, JIEMEHTBI MEPBBIX M CTPOK
Mmarpuusl B(t) = (bij(t));?fj:l MOJTy4yaloTCsl BbIYMTA-
HueM A(t) M3 COOTBETCTBYIOLIMX 3JieMeHTOB A(t), a
9JIEMEHTBI OCTAIBHBIX CTPOK COBITJAIOT C COOTBET-
CTBYIOIIMMH SJIEMEHTAMU MATpPUIIbI MCXOTHOM cHc-

TEMBI.

[Monoxum dj, = d*~' 1 paccMOTPUM TPEYroIbLHYIO
MaTpully Buaa

dy dy dy -+
0 dy dy -

H=110 0ds-- |-

a TaKKe TIPOCTPAHCTBO MOCJIEN0BATEIbHOCTEN

hi ={z= (p1,p2,...)" /|2l = | Hz|: < oo} .

Paccmotpum (9) kak nuddepeHIInanpbHOE ypaBHe-
HUe B MPOCTPAHCTBE [z, TIPU 3TOM HECIOXHO YOe-
IuThest, uTo B(t) u f(t) TOKaIbHO MHTETPUPYEMBI TIPU
t>0.

OueHNM Jorapu(PpMUIECKyI0 HOpMY

Y (B(t),y =~ (HBWH™), .
HUmeem
HBH ™
d d d
air (m —Hz)d*; (k2 —Hs)d*; c (-1 Hr)i
d d d
Alf azz (k1 *#3)?2 o (B2 ur)f
d d d
= Azd—j )\ld_z ass (pr—3 ,ur)di )
A i A mdr A i
7‘71d 7‘72?2 7‘73?3 Ay
e Ae(t) = M), 1< k < m, pa(t) = u(t), 1 <k <,

a ocTaibHble A (t), i (t) — TOXIECTBEHHbIE HYJIH.

Torpma mongyyaem:

Y(B(t))1 = sup | bsi(t)

+3 bj(t) | =

J#i
1 1+d
oy ({he

1+d+---+d"!
st b

-{1+Q1+d)+

+(1+d+--+d™ "} )\(t)> = —B*(t).
Kaxk uszBecTHO (cM., Hanpumep [7]), oTCloJa BbITe-
KaerT OLIeHKa:

B (u)du

[p*(t) =P (O)1ar <e = Ip*(s) =P (8)ll1m ,

cripaBeIuBasl TIpu J0bIX s,t, 0 < s < t, U MOOBIX
HavaJIbHbIX YCIOBUSIX P*(s), p**(s). OTciona ¢ yueTom
HepaBeHCTBa ||z|[1 < 2|/z||1z, monyyeHHOTO paHee npu
CpaBHEHMU HOPM, U TTOJIyYaeM TpeOyemMylo OLIeHKY (8).

3ameuyanue 1. Ecim MHTEHCUBHOCTM TOCTYIJICHUS U
o0cmyXuBaHUSI TpeOOBAHWI HE 3aBUCAT OT BPEeMEHU
(cTauuoHapHbIii ciyyvait), To ycaoBue (7), TapaHTUPY-
JOlllee B 3TOM CJIydae CUJIbBHYIO 3pTOINYHOCTb, PABHO-
CWJIbHO BBITIOJIHEHUIO HEPABEHCTBA!

mm+1)A—n(n+1)pu<0.

Ilpu 1-neproanyecKux MHTEHCUBHOCTSX ycjioBue (7)
rapaHTHUPYeT CIa0yI0 3PTOAMYHOCTH, CYIIECTBOBAHUE
MnpeneabHOro 1-rnmepuoanyeckoro pexmuma u 1-nepuo-
JUYECKOTO MpeaebHOTO CpeAHEero U 3KBUBAJIEHTHO
BBITTOJTHEHUIO HEpaBEHCTBA

1 1
m+1//\ dt—nn—i—l/u t)dt <0.
0 0

Ipumep 1.

PaccMOTpUM KOHKPETHbII IPUMEP CUCTEMbI 3TOIO
KJ1acca Mpy KOHKPETHBIX 3HAYSHUSIX MHTEHCUBHOCTE
M JOTYCTUMBIX pa3Mepax IpyIil TpeOoBaHMIA C OLIeHKA-
MM B HYJIb-3PTOAMYHOM CJIydyae U CJIabo 3proguyHOM
ciyuae.

IlycTh MHTEHCUBHOCTHU IOCTYILUICHUSI U OOCITYKHU-
BaHMS TpeboBaHUiT ecThb (1) = 1 + sin2xt u u(t) =
= 1+ cos 27t COOTBETCTBEHHO.

Paccmorpum nBa ciryvast.

Cayyaii 1. Ilycte m = 3, n = 2. Ilomjaras, Kak
OICaHo paHee, d;, = 0F, momyyaem:

V)= (3-6-86 =) A+ (2—6""=577) p(t).

OTMETHM, 4YTO HauboJblee 3HAYEHHME BHIPAKEHUS
f(6)=5—-8—-06%—6%—6"1— 52 Ha HyXHOM TTpOMe-
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JKYTKe TOCTUTAeTCsI TIpu 6* ~ 0,84 1 paBHO [* =~ 0,254.
[Tpu aTOM Mosyyaem:

VH(t) 2 0,254 + (3 — 0% — (6%)* — (0%)°) sin2nt +
+ (2= (6%)"" = (6%)7?) cos2nt,

npu4YemM

/V*(T) dr > 0,25t + (3 — 5 — (5*)2 - (5*)3) «
0

[t] t
X / sin2rudu + | sin2rudu | +
0 [t

1]

cos 2mu du +

+(2-(07)7 =07

t
+ /cos27rudu > 0,25t — (5 — 0" — (6%)% —
(]

—(6%)3 = (6*)"t = (6*)7%) > 0,25t — 0,3, (10)

OTKYyJa 3aB€AOMO

t
— * d
o -{” (r)dr < 9025t

CrnenoBatenbHo, Tpotiece X (t) (uucio Tpebosa-
HUIA B CHCTEME) HYJTb-3PTOIMYEH Y MIPU JIIO0BIX ¢ > 0 U
JIIOOBIX 71, 7" BBIIIOJHSIOTCSI HEPaBEHCTBA

oo

36 pult) < 267035,

i=0

a TaKXKe

Pr (X (t) < n) < 26 "e 925,
Pr(X(t) <n/X(0)=r) <25 "e 025,

Cayuyaii 2. [Tyctb m = 2, n = 3.
AHAJOTMYHO TIPEIbIIYIIeMy CIIy4al0 pacCMOTPUM
Terepb BbIpaXkeHue

pr(t) =
=@B-d-A)AO+(2-d " —d?=d?)pu(®).

OTMeTUM, YTO HauOOJNbllee 3HAYCHUE BBIPAXKEHUS
g(d) =5—d—d*>—d ! —d? — d 3 na HyxHOM npo-
MeXyTKe JocTuraercs npu d* = (6*)~* ~ 1,2 u paBHO
g" = f* =~ 0,254. C yueroMm otmeHku (10) momrygaem
Tenephb

t
— * d
e "{ﬁ (ar < 260,25t

32

Torma X (t) cmabo aproguyeH u

Ip*(t) = p™* (1)l < 8¢ " gi [p; (0) — p}*(0)]
i>1

MpY JIIOOBIX HaYaIbHBIX ytoBusiX p*(0), p**(0) u mto-
i

Z ( d* )nf 1 .
n=1

KpOMe TOTO, X (t) NMEET HpeﬂeHBHbIﬁ 1-H€pI/IO,£[I/I-
YeCcKU PEXUM U 1-HepI/IOI[I/I‘I€CKO€ IIpEaCJIbHOC CPEa-
HEEC, KOTOPbIC MOXKHO ITOCTPOUTD, ITOJIb3yACb METOAN-

KOIi, onucaHHo B [7, 18].

oomt >0, rne g; =
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OBbOBIIEHHOE PACITPEAEJIEHUE JIATTJIACA KAK ITPEAEJIBHOE
1 CIYYAMHBIX CYMM U CTATUCTUK, TIOCTPOEHHLIX
1O BLIBOPKAM CJIIYYAMHOI'O OBbEMA*

B. I0. Koposnes!, B. E. Bennnr?, JI. M. 3akc?, A. U. 3eitpman?

Annoramus: J10Ka3bIBaIOTCS MpeeTbHbIE TEOPEMBI, YCTAHABIMBAIOIINE KPUTEPUU CXOIUMOCTH pacTpeieIeHuit
CITy4ailHBIX CYMM U CTaTHCTUK, TIOCTPOEHHBIX MO BEIOOPKAM CITydyaitHOTO 00BheMa, K 0000IIeHHOMY pacripenese-

Huto Jlarnaca.

KioueBbie ciioBa: 0000IIEHHOE pacrnpeacjacHue J'Iarmaca; CUMMETPUYHOE YCTOﬁqVIBOC pacnpencjaceHue; ogHO-
CTOPOHHEE YCTOP'I‘{HBOC pacnpeacicHue, MaciTabHasi CMeCh HOPMaJbHBIX 3aKOHOB;, cnyqaﬁHaﬂ CymMmMma;, BbI60pKa
cnyqaﬁHoro 061>eMa; CMCIIAaHHOE ITyaCCOHOBCKOEC pacCrpe€acjacHue

1 OO6o061IeHHOE pacpeaeaeHue
Jlamnaca

IMycts 0 < o < 2. O606uenHbiM pacnpedesenuem
Jlanaaca Ha3zoBeM abCONIOTHO HETPEPBIBHOE pacripe-
JieJieHUe BEPOSITHOCTEN, 3a/1aBaeMoe TUIOTHOCTbHIO

! el
lalw) = s e lI”,

20(1/a) —co<z<oo. (1)

151 yIIponieHusT JaTbHEeUITNX BRIKJIAMOK M 0003HaUe-
HUI 37eCh 1 Jajee B IIpeacTaBieHu (1) OymeT UCIomb-
30BaThCS JIMIIb OIWH MTapaMeTp <, KOTOPBIN SIBIISIETCS
«XapakKTepUCTUYECKUM», oTipenesis hopMy 0000IIeH-
Horo pacrpenenenusa Jlammaca. Ilpm o = 1 coot-
HomreHue (1) ompemessieT KilacCMIecKoe pacIipenesie-
Hue Jlammaca (C HyJIeBBIM CpeIHUM U IUCIIepCreii 2).
IIpu o = 2 coorHoueHue (1) onpenenaseT HOpMasb-
Hoe (rayccoBO) pacripeaesieHue (¢ HYJeBbIM CPeIHUM
v qucrepcueit 1/2).

Knacc pacnpenenenmit (1) ObUT BBeIleH U M3YIeH
M. ®. Cy66otuabM B 1923 1. [1]. B pa3HBIX BCTOY-
HUKax paclpefesieHusl 2TOro Kjacca Ha3bIBalOTCS
no-pasHomy. Hampumep, Ha c¢. 74—76 xuuru [2] st
pacripefieieHus Ha3bIBAIOTCSl 0000UeHHbIMU pacnpede-
AeHusMU omub0oK , BKHUTE [ 3] OHM Ha3BaHBI 9K CHOHEeHU U -

pacnipeaeeHus] Ha3BaHbl COOTBETCTBEHHO 0000UjeHHbL-
MU eayccosvimu U 0000ujeHHbIMU HopMansHuimu. Pac-
npeneneHus trma (1) mMpoKo MPUMEHSIOTCS B pa3HO-
00pa3HBIX 00JIACTSIX OT aCTPOHOMUYECKIX M3MEPECHUI
1 00pabOTKU U300paKeHU I 10 OalieCOBCKOro aHaIu3a.

B pa6ote [7] 6bu10 3aMeueHo, uto 1pu 0 < o < 2
pacnpenenenus (1) IpeacTaBUMBI B BUIE MACIITAOHBIX
cMeceil HOpMaJIbHBIX 3aKOHOB (3TOT pe3ysibTaT TaKxKe
uutupyercs B [8]). s ynoOcTBa mpuBEIEeM CBOE
JIOKa3aTeJIbCTBO ITOTO pe3yJibTaTa.

DyHKUIMIO pacrnpeneieHus] W IUIOTHOCTh CTPOTo
YCTOMYMBOTO pacipeleeHNsT ¢ XapaKTepUCTUUECKIM
roKaszaTesieM « ¥ TlapaMeTpoM 0, 3a1aBaeMoro xapak-
TepPUCTUUECKON (DYHKLIMEH

faﬁ(t):
6
:exp{—|t|°‘exp{—m2asignt}}, teR, (2)

me 0 < a < 2, 0] < 0, = min{1,2/a — 1} 0Oy-
IeM 0603HayaTh COOTBETCTBEHHO G (L) M ga.o(T)
(cM., HammpuMep, [9]). DPYHKOUIO pacHpenacIeHUs 1
TJIOTHOCTb CTAaHJAPTHOTO HOPMAJIBHOTO 3aKOHA OyaeM
0003HayaTh COOTBETCTBEHHO P () M (),

anvHo-cmenenusimu (exponential power distributions). 1 z
2
B [4] ucrionbs3yercst TEPMUH 0000ujeHHble NOKA3amens- o) = —e™ " /2. D(x) = / o(2)dz.
Hble pacnpedesenus, TOTIa KaK B CTaThsaX [5, 6] st V21 e
*Pabora mommepxkaHa Poccuiickum dhoHmoM (GyHIaMeHTaIbHBIX McciaenoBaHuil (mpoektsl 11-01-12026-odu-m, 11-01-00515a, 11-07-

00112a u 12-07-00115a), a Takxke MuHuctepctBoM odopaszoBanust 1 Hayku P® B pamkax PLIIT «HayuHble 1 HaydHO-TIearornyecke Kaapbl

MHHOBaLMOHHOI Poccun Ha 2009—2013 romsi».
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O6001IeHHOE pacrpeacicHue Jlamnaca kak npeacjaibHOC I CJ'[y‘-IafIHbIX CYMM U CTaTUCTUK, ITOCTPOCHHLIX I10 BbI60pKaM

d
CuMBoJT = OyzmeT 0003HaYaTh COBITAJICHUE paclipese-
JICHUM.

Jlemma 1. O606wennoe pacnpedenenue Jlannaca sensem-
€L MACUMAaoHOl CMeCbH) HOPMANbHBIX 3AKOHO8.

Hoxa3zaTenbcTBO. M3 (2) BEITEKAET, YTO XapaKTe-
pucTudeckast QyHKIUs cUMMeTpudHOoro (f = 0) cTpo-
IO YCTOMYMBOTO pacipeaeaeHUs UMeeT BUL

foz,()(t) =e

C npyroil CTOPOHBI, XOPOIIIO U3BECTHO, YTO CUMMET-
PUYHOE CTPOTO YCTOMYMBOE pacIipe/ie/ieHHe C TapaMeT-
pOM « SIBIIIETCS MAcCIITAaOHOW CMEChI0 HOPMAJIbHBIX
3aKOHOB, B KOTOPOI CMEIIMBAIOLIM paclpeieeHueM
SIBJISIETCSI OMHOCTOPOHHMI YCTOMUMBBII 3aKOH (6 = 1)
C mapaMeTpoM «v/2:

Gao(z)= | ® (i) dGoq(2), T€R  (4)
o(z

(cM., HammpuMep, Teopemy 3.3.1 B [9]). 3amuimeM cooT-
HomreHue (4) B TepMUHAX XapaKTepUCTUICCKNX (DYHK-
uii ¢ yuetom (3):

Sl L pa— /exp{ }ga/Q 1(z)dz. (5)
0

O003HaYUM

It teR. (3)

a T gas2,1(2)
/o) 2 Vz

Torna, mepeoOO3HAUYUB apTyMEHT ¢ +— = W BBITIOJHUB
HECKOJIBKO (hOpPMaJIbHBIX TOXKIECTBEHHBIX ITPeoOpa3o-
BaHUIi paBeHCTBA (5), OyIeM UMETh:

z2>0.

) ju

ha/2( )

« —|z|®

O/

e \[/\/_ (-5 e e

- / VE(an D haya(2)dz . (6)
0

lo(x) =

MoxHO y6enuThes, YTO hg 2(2) — TUIOTHOCTBL pac-
MpeIeJeHUsI HEOTPULIATEbHOM CITyYaiHOM BETUYMHBI.
JeiicTBUTENBHO, TIPU KaxaoM z > 0

/Oo VE6 (ev/3) do =

[Moatomy u3 (6) BeITEKAET, YTO

lz/ﬁa(:r dx =

- fjooﬁwﬁ)hm(z) dzde =

—oo 0

o0

_ / haya(2) 70\@(9;\/;) de | dz =

0

o0

/ a/ 2

0
Ecmu Z, — cayuaitHasg BenmuMHa, uMeroiiasi 0000-
IIeHHOe pacrpeneicHue Jlammaca ¢ mapaMeTpoM «, TO
cooTHoIIeHMe (6) 03HAYACT, YTO

d
Z a = X Ua /25

rae X u U, o — HE3aBUCUMBIE CITydaiiHblE BEJTUYUHBI,

npudeM X MMeeT CTaHZapTHOEe HOPMaJIbHOE pacIipe-

JIeJIEHUE,
1

Va/2

[l

Ua /2 )
a V,, /2 — HeoTpulaTe/bHas abCOTIOTHO HEMPEPbIBHAs
cilydaiiHasi BeJIMYMHA C TIOTHOCTBIO My /2(2). Jlemma
JOKa3aHa.

IMockonbKy GyHKUMA h/2(2), BBENEHHAs BBILIE,

SIBJISIETCSI TIJIOTHOCTBIO, TO U3 €€ OINpENesIEHUsT BbITe-
KaeT cJeaylollee MHTEPECHOE YTBEPXKIEHNE, TO3BOJISI-
folee BbIYUCIUTD EU /12/ 1> HECMOTPS Ha TO YTO IUIOT-
HOCTb ¢4 /2,1(2), BOOOILIE TOBOPSI, HENb3Sl BBINMCAThH
B SIBHOM BUJE B TEPMUHAX JIEMEHTAPHBIX (DYHKIINH,
OJTHAKO HE MMEIOIIEee MPSIMOTO OTHOIIIEHUST K TEMe TaH-
HOM CTaTbhU.
Caeactsue 1. Ilycmo Y, 1 — Heompuyamenvras cay-
YaliHas GeAUMUHA, UMewds 00HOCMOPOHHee YCMOoUYlU-
60e pacnpedenenue ¢ XapaKmepucmu4ecKkum nokasame-
aem o € (0,1). Toeoa

2 _ I'(1/(2a))
S a2r

3ameuanue 1. CooTHoIIeHUIO (6) MOXHO MpHUIATh He-
CKOJIbKO MHOM BUA. Kak HecnoxXHO yOoeauThes, MIoT-
HOCTb W, /2 CYYaHOM BENMUYUHBL U, /o UIMEET BUL:

EY,.

W )2(2) = ziQha/Q(zfl) =
- « T ga/2,1(zil) 2>0
I'(1l/a)\ 2 »3/2 ’ '
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Torma (6) MOXHO 3amucaTh B 5KBUBaJICHTHOM BUJIE

o 7TOO 1
W):mﬁ/mx

2 -1
X exp {_x } ozl —) dz =

9, ,3/2

_ 070% é (%) Waya(2)dz. (7)

IIpumep 1. Paccmorpum ciaydait « = 1. Torna,
KaK M3BeCTHO, G'i/51(7) — 3To pacnpenenenue Jle-
BU (pacripe/ie/ieHMe MOMEHTa BPEMEHU JTOCTHKCHUS
CTaHIAPTHBIM BUHEPOBCKUM TTPOLIECCOM €TUHUIHOTO
YPOBHSI, SIBJISIIOIIIEECST TAKXKE YACTHBIM ClTydaeM oopar-
HOTO HOPMAaJIbHOTO pacrpeneneHust). EmMy cooTset-
CTBYET IIJIOTHOCTh

1 1
Z)= ————exps ——,, 2>0.
91/2,1() 32 fox P{ 22}
B aToMm ciiyuae

™ gi21(27Y) _

w z) =
1/2(2) R
_VEPEeTR 1
V22723 2 7
T.€. B pacCMaTpUBAaEMOM ciyyae wy/z(z) =

= (1/2)e™*/? — NIOTHOCTH SKCTIOHEHIIMATBHOTO Pac-
nipenesieHns ¢ nmapamerpom 1/2. I1pn 3ToM B cooTBeT-
ctBuM (7)

N S U W
ﬂl(:ﬂ)—Ze —0/\/;¢(\/;) 5 dz,

YTO COIJIACYeTCs C XOPOIIO M3BECTHBIM CBOWCTBOM
KJIacCMUYECKOro pacnpeaeiaeHus Jlarumaca (cM., Hampu-
Mep, 1emmy 12.7.1 B [10]).

B npukitagHoif TeOpUH BEPOSITHOCTEI XOPOIIIO W3-
BECTEH MPUHIINT, BOCXOISIINIA, TTO-BUIUMOMY, K pa-
oote [11], cormacHO KOTOpOMY Ta WJIM MHAasi MOJEJb
MOKET CUMTATHCA B MOCTATOYHOM Mepe OOOCHOBaH-
HO TOJIBKO TOTa, KOTa OHA SIBIIICTCS aCUMNIMOMU-
yeckoll annpokcumayueii, T.e. KOTJa CYIIeCTBYeT IO-
BOJILHO TIpOCTasl MpeneibHas Teopema, B KOTOpPOW
paccMaTpuBaemMasi MOJEIb BBICTYIIaeT B KaueCTBE Mpe-
JIEIbHOTO pacipeneaeHusI.

B xnure [12] mpociiesxxeHa TJIyOOKast CBSI3b DTOTO
MIPUHIIMITA ¢ YHUBEPCAJTbHBIM TTPUHIIMIIOM HEYOBIBa-
HUSI SHTPOTIUM B 3aMKHYTHIX cucTeMax. Kak ObLI10 1mo-
KazaHo, npu 0 < o < 2 0000I1IeHHOe pacnpeaeieHe

Jlamraca nMeeT BUI MacIITaOHBIX CMECEi HOPMaJIbHBIX
3akoHOB. Kak M3BecTHO, HOpMaJIbHOE paclpeieiecHue
obsagaeT MakcuMaibHON (muddepeHuranibHON) dH-
TPOTIHEH Cpeny BCeX pacIpele/IeHN, HOCUTEIeM KO-
TOPBIX SIBIISICTCST BCSI YMCIIOBAs MpsIMasi, M MMEIOIINX
KOHEYHEBIII BTOpoir MOMeHT. Eciu Gbl MomenupyeMast
CJIOXKHasl cucteMa Oblla MH(POPMAIIMOHHO HM30JIMPO-
BaHa OT OKPYXaloIllell Cpelbl, TO B COOTBETCTBUU C
MIPUHIIUIIOM HEYOBIBAHMS SHTPOITNH, KOTOPHIA B TE€O-
pUM BEPOSITHOCTEH TIPOSIBIISICTCST B BUIE TIPEHACTIBHBIX
TeopeM [12], HaOmomaeMble CTaTUCTUYECKME pacIpe-
JIEJICHUS €€ XapaKTepUCTUK OB OBl HEOTJIUYMUMBI OT
HopMasibHOTO. HO TIOCKOJIBKY JItoGast MaTeMaTryecKast
MOJIEITb ITO CBOEMY OITpeIeICHINIO He MOXKET YIeCTh BCe
(akTOpHI, BIAUSIONINEC HA COCTOSTHUE VUIM 3BOJIOIIIO
MOIEINPYeMOU CHCTEMBI, TO TTapaMeTphl 3TOTO0 HOP-
MaJIBHOTO 3aKOHA M3MEHSIIOTCST B 3aBUCUMOCTH OT CO-
CTOSTHUSI Cpellbl, BHEIIHEH M0 OTHOLICHUIO K MOJIC/IH -
pyeMoii cucteme. JpyruMu cioBaMu, 3TH TTapaMeTphl
SIBJISTIOTCSI CTyJaifHBIMM W U3MEHSTIOTCS TIO]T BIUSHUEM
MH(OPMAITMOHHBIX ITOTOKOB MEXXIY CUCTEMOI 1 BHETIT-
Heli cpenoii. TakuM oOpa3oM, BO MHOTMX CUTYaLMsIX
pa3yMHbIE MOJIEIN CTaTUCTUICCKIUX 3aKOHOMEPHOCTEM
U3MEHEHMST TapaMEeTPOB CJIOXHBIX CUCTEM JTOJIKHBI
AMETh BUI CMeceil HOPMaJbHBIX 3aKOHOB, YaCTHBIM
CJIy9aeM KOTOPHIX SIBJISIETCSI 0000IIIeHHOE pacIipeiesie-
nue Jlarmaca (1).

IMo-BuagumMoMy, A0 cCUX MOp 0000IIEHHOE pacrpe-
nenenue Jlarmnaca MCIONb30BAJIOCh BO MHOTMX 3ajia-
gaxX TPeXIe BCETO B CHIIIy OTHOCUTEIBHOM ITPOCTOTHI
€ro aHAIMTUIECKOTO MPEACTaBICHUS. «ACUMITTOTAYE-
CKOT0» 000CHOBaHUS aIcKBATHOCTH ITOTO0HOM MOIETN
MoKa 1aHo He ObLJ10. B maHHo# paboTe OyaeT mokas3aHo,
4yTO 0000I1IeHHOE pacnpeneaeHue Jlamnmaca MOXeT Bbl-
CTYITaTh B KAYECTBE MPEAETBHOrO B JOBOJIBHO MTPOCTBIX
MIpeAeNIbHBIX TeopeMax I PeryIsIpHBIX CTaTUCTUK, B
YACTHOCTH B CXEMe CIIyJaifHOTO CYMMMPOBAaHUS CITy-
YaWHBIX BEJIWYWH, U, CIIeIOBATEIbHO, HAPSIAy ¢ HOP-
MaJIbHBIM 3aKOHOM MOKET CUMTAThCSI aCUMITTOTHYE-
CKOIl aIlmpoKCUMalMel IJIsT pacripefesieHuii MHOTHUX
IIPOIIECCOB, HAIPUMEpP CXOMHBIX C HEOTHOPOIHBIMU
CIIyJIaitHBIMU OJTY>KIAHUSIMU.

OyHKIMK ~ paclipefesieHns, COOTBETCTBYIOIINE
TWIOTHOCTAM {0 (), hqs2(2) M wq/2(2), Oymem 060-
3HA4YaTh COOTBETCTBYIOIIMMM 3aTrJTABHBIMU JTaTUHCKM -
mu OykBamu: Lo (1), Hyjo(2) 1 Wy 2(2). Torma, xak
HECJIOKHO BUIETh, cooTHOIIeHus: (6) u (7) sKBUBaA-
JICHTHBI COOTHOIICHUSIM:

o0

Lo(e) = [ @ (0v3) dHaps(a); (8)

0

Lo(z) = 7@ (%) AW, 5(2). 9)
0
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2  Kputepuii cxonumMocTu
pacripeicICHU CIIydailHbIX CYMM
K 000011IeHHOMY pacnpeieieHUIO
Jlarutaca

Bcronmy manee cuMBOJI = 0003HaYaeT CXOAMMOCTh
10 pacIipeieJICHHIIO.

PaccMoTpuM 1oc/IemoBaTeIbHOCTD HE3aBUCUMBIX
OAMHAKOBO pachpele/IeHHBbIX CIydailHbIX BEIWYUH
X1, Xo,..., 3aJaHHBIX HA HEKOTOPOM BEPOSITHOCTHOM
npoctpaHctee (€2, 2, P). Byaem mpenmnosiarats, 4to
EX; =0,0 < 02 = DX, < oo. JI15 HaTypaJbHOIo
n > 1 MOJIOXUM

Sp=Xi+ -+ Xn.

Ilycte Nip, N3,... — TOCJEAOBAaTEIbHOCTb LEI0UM-
CJICHHBIX HEOTPHULIATEIbHBIX CTyJallHBIX BEJIMYNH, 3a-
MTAHHBIX Ha TOM XK€ CAMOM BEPOSITHOCTHOM TIPOCTPaH-
CTBE TaK, YTO TIpX KaxXmoM n. > 1 ciydaifHast BeTMInHa
N, He3aBUCHMaA OT MocjeaoBaTeJbHOCTH X1, Xo,...
Bcrogy nmanee anst omnpeaeleHHOCTH OyaeM CUMTATh,

0
4TO =0.
j=1

[TpuHsTO CUMTATH, UTO CAyYaiiHas mocieaoBaTe ] b-
HocTb N1, Na, ... HEorpaHUYEHHO Bo3pacTtaet (N, —
— 00) TI0 BEPOSITHOCTH, ecJiu [yist itoboro m € (0, 0o)

P(N,, <m) — 0npun — oo.

Jlemma 1. [lpednonoxcum, umo cayuaiiHvie eauuiHvl
X1,Xs9,... u N1, No,... yoosremeopsrom YKa3aHHbIM
sblue ycaosuam, npuvem N, — 00 HO 8eposIMHOCMU
npu n — oo. Jlig moeo umobwsl cyuecmeosanra maxkas
@yuryus pacnpedenenus F(x), umo

P (fN’;L <x> = F(z) (n— o0),

Heobxo0umo u 00CmMamouHo, 4mooObl CYUEcCmeosand
@yuryus pacnpedenenus Q(x), yooeremeopsrouas ycio-
susIM:

x

VY

xeR; PN, <nz) = Q(x) (n— o0).

Q(0) = 0: F<x>=7q>( ) aw):

HokaszatenbcTBO. JlaHHas JeMMa JoKa3aHa B pa-
oote [13].

Teopema 2. [lpednonoscum, umo cayuaiinvie 8eAUYUHbL
X1,Xo,... u Ny, No,... yoosremeopsrom YKa3aHHbIM
sovluie ycaosusim, npuvem N, — 00 NO 6EPOSIMHOCMU
npu n — oo. s moeo umoobwt

P(f—\];%<:zr> = La(z) (n— 00),

Heobxo0umo u docmamouHo, 4moobs!
P(N, < nx) = Wy 2(z) (n — o0).

Nloka3zaTenbcTBO. JlaHHOE YTBEPXKICHUE SIBIISICT-
Csl HETIOCPEICTBEHHBIM CJIeACTBUEM JieMMbl | ¢ Q(z) =
= W, /2(x) v npencrasnenns (9).

3  Kpurtepuii cxoouMoCcTU
pacrpeaesieHUi peryasspHbIX
CTaTUCTUK, IIOCTPOEHHBIX
10 BBIOOpPKAM CJIy4aifHOTO
o0beMa, K 0000IIEHHOMY
pacnpeaeieHuto Jlariaca

PaccMOTpUM  TPafMLIMOHHYIO IS MaTeMaThye-
CKOI CTaTUCTUKM TOCTAHOBKY 3agauu. Ilycts T, =
= T,(X1,...,X,) — HeKoTOpasi CTaTUCTUKA, TO
ecTh M3MepuMasi (DYHKLMA OT CIyYalHBIX BEJIMYUH
Xi1,...,X,. Jng xaxmoro n > 1 omnpeaeaum cly-
JaiHy1o BenanHy 1, , TOJOXKUB

TNn (w) = TNn(w) (Xl (w), . 7XNn(w) (w))

IIJIST KaKIIOTO 3JIEMEHTAapHOTO Ucxoma w € (2.

Bynem roBopuTh, YTO cTaTUCTUKA 1), aCUMIITOTH-
YeCcKd HOpMaJIbHA, €CJIM CYIIecTBYIOT § > 0 m 0 € R
Takue, 4To

P(6vn (T, —0) <z) = ®(z) (n—o0). (10)
Jlemma 2. [Ilpeonosoxcum, umo N, — o0 no 6epo-
amuocmu. I[lycmo cmamucmuka T, acumnmomuuecku

HopmanvHa 6 cmuicae (10). Jis moeo umobsr cyuwecmeo-
eana maxas yHkyus pacnpedenenus F(x), umo

P(0vn(Tn, —0) < z) = F(z) (n — o0),

Heobxo0umo u docmamouHo, umMoObl CYUWecmeosand
@yuryus pacnpedenenus Q(x), ydosremeopsrouas ycio-
BUAM:

oo

Q) =05 F(o)= [ ®(ay5)dQ(w):
0
xe€R; P(N, <nzx) = Q(z) (n— o).

HdokazaTtenbcTBO. JlaHHas IeMMa, 11O CYTH, SIBJISI-
eTCsI YaCTHBIM cltydaeM TeopeMbl 3 u3 [14], mokazartesib-
CTBO KOTOPOIi, B CBOIO 0Yepedb, OCHOBAHO Ha OOLIMX
TeopeMax O CXOAMMOCTHU CYIIEPIO3ULIMI HE3aBUCUMBIX
clydaiiHbIX mocjeaoBaTeabHocTel [13, 15] (cM. Takke
Teopemy 3.3.2 B [12]).
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Teopema 3. [Ipednonosxcum, umo N, — o0 no 8epo-
amuocmu. I[lycmo cmamucmuka T,, acumnmomuuecku
HopmanwvHa 6 cmouicae (10). Jas moeo umooul

P (0vn(Tn, —0) <x) = La(z) (n — o0),
HeoOxX00UMo u docmamouno, 4umoobl
P(N, < nx) = Hyjo(x) (n — 00).

HNoxazaTenbCcTBO. JJaHHOE yTBEPXKICHUE SIBIISICT-
Cs1 HETTOCPEICTBEHHBIM CJIEICTBUEM JIeMMBI 2 ¢ Q(z) =
= H, /2(x) n npencrasnenus (8).

4 OOcyxaeHue

B treopemax 2 11 3 rIaBHBIM YCJIOBUEM SIBJISIETCST CXO-
JVMOCTb pacmipeaeeHuii HOpMUPOBAHHBIX UHACKCOB
N, k pacnpenenenusim W, o u H, /o COOTBETCTBEH-
Ho. [IpuBemeM TOBOJIBHO OOIIWIA TIPUMED, TTOKA3bIBA-
FOIIMIA, KOTZIa 3TH YCJIOBUSI MOKHO CUYNTATD BBITIOJTHEH-
HBIMU.

B knure [12] mpennoxeHO MOAEIUPOBATH 3BO-
JIIOLAI0 HEOMHOPOAHBIX XaOTUYECKUX CTOXaCTUUECKUX
MIPOIIECCOB, B YACTHOCTH IMHAMHUKY IIeH (PMHAHCOBBIX
aKTHUBOB, C ITOMOIIBIO OOOOIIEHHBIX ABAXKIBI CTOXA-
CTUYECKUX ITyaCCOHOBCKUX TTPOIIeCCOB (00OOIIIEHHBIX
npoiieccoB Kokca). DTOT moaxon MOJYYWa AOTMOJ-
HUTEJIbHOE O0OCHOBaHME U pa3BuThe B KHurax [10,
16—18]. B xnurax [18, 19] aroT momxon ycrnenrHo
MMPUMEHEH K MOISTMPOBAHMIO TIPOIECCOB IUTa3MEH-
HOI TypOyJIeHTHOCTA. B COOTBEeTCTBMM ¢ yKa3aHHBIM
MOIXOIOM ITOTOK WH(MOPMATHBHBIX COOBITUII, B pe-
3yJIbTaTe KaXXKI0ro U3 KOTOPBIX MOSIBISIETCS OYepeIHoe
«HaOJII0eHHOE» 3HAYeHWE paccMaTpUBaEeMOl Xapak-
TePUCTUKH, OTTMCHIBAETCS C TIOMOIIBIO TOYCTHOTO CITY-
vaiiHoro mpotecca Buna M (A(t)), tne M (t), t > 0, —
OIMHOPOMHBIN ITyaCCOHOBCKUI ITPOIIECC C EMMHUIHOU
WHTEHCUBHOCTBIO, a A(t), ¢ > 0, — He3aBUCUMBIA OT
M (t) cy4aiiHblii TIpoliecc, oOIaIaoIMii CIIeTyIOIIN -
mu cpoiictBamu: A(0) = 0, P(A(t) < o0) = 1 mig
moboro ¢t > 0, TpaekTopuu A(t) He YOBIBAIOT U HETpe-
peiBHBI cripaBa. [Ipouece M (A(t)), t > 0, Ha3bIBaeTCs
JBaXKIbl CTOXaCTUYECKUM MTyaCCOHOBCKUM IMPOLIECCOM
(mpoureccom Kokca). B wactHocTH, ecnu iporrecc A(t)
JOITyCKaeT MpeJCTaBIeHUe

t

A(t)z//\(T)dT, £>0.
0

B KOTOPOM (1) — TTOJIOKUTENIbHBIN CITyJaitHBIN TTPO-
LIECC C MHTETPUPYEMBIMU TPACKTOPUSIMH, TO A(t) MOX-
HO MUHTEPIPETUPOBATL KAK MTHOBEHHYIO CTOXaCTUYeE-
CKYIO MHTEHCHBHOCTB TTporiecca Kokca.

B cooTBeTcTBMM € TaKOi MOJENbIO B KaXKAbIA MO-
MEHT BPDEMEHMU ¢ pacipeiesIEeHUE CIyYailHOW BEJTMYNHbI

M (A(t)) stBsieTcsl CMELIaHHBIM ITyaCCOHOBCKUM. JList
0OJIbIIEH HATISIMHOCTH PACCMOTPUM CITyyaii, KOrja B
paccMaTprBaeMOi MOIEIM BpeMsl ¢ 0CTaeTCst GUKCUPO-
BaHHbBIM, a A(t) = nU, /, Te . — BCIIOMOTaTe/IbHbIi
napametp, U,/ — cllyJaiiHast BeJIMYMHa ¢ (DYHKIM-
el pacnipenenenus W, o(z), HezaBucuMas OT CTaH-
JIapTHOTO TyacCOHOBCKOTo Tmporecca M (t), t > 0.
[Ipy 3TOM acMMMTOTHKA 1 — 0O MOXKET WHTepIipe-
TUPOBAThCI KaK TO, 4TO (CaydaiiHas) MHTEHCUBHOCTh
[MOTOKA MH(OPMATUBHBIX COOBITUIA CUMTAETCS OYEHD
60J1b1110M. JIJ15T KaXXKI0ro HaTypaabHOTIO 71 ITOJIOXKUM

N, = M(nUg ) -

O‘ICBI/I}IHO, YTO TaK OoNnpe€acji€HHaA cnyqaﬁHaﬂ BCJINYMN-
Ha Nn NMEET CMCIIAHHOE ITyaCCOHOBCKOC pacCIIpeac-
JICHUEC

P(N, = k) =P (M(nUy5) = k) =

_ / R (nlz)’“

0

Way2(2)dz, k=0,1,...

Tak ompezmesieHHast ciiydaiiHasl BequdInHa N,, MOXeET
OBITH MHTEPIIPETUPOBAHA KaK YMCIIO COOBITHIA, 3ape-
TMCTPUPOBAHHBIX K MOMEHTY BPEMEHM 7 B ITyacco-
HOBCKOM IIPOLIECCE CO CIy4YaitHO MHTEHCUBHOCTHIO,
VIMEIOILEH MIOTHOCTb Wy 2(2). [lpeamonoxum, yro
cirydaiiHas BeqmuuHa U,/ M ITyaCCOHOBCKMM IIpO-
necc M(t) He3aBUCHMBI OT TOCJIEI0BATEIbHOCTU
X4, Xo, ... Torna, oueBUIHO, MPU KaXKIAOM n CIydaii-
Hasg BelIuuuHa N,, Takxke OyIeT He3aBUCHMa OT 3TOi
MOCIeIOBATEIbHOCTH.

O6o3HaunM A, (z) = P(N, < nz),z > 0 (4,(z) =
= 0 mpu z < 0). Hecnoxuo Buners, uro A, () =
= Way,2(x) (n — o0). [lefCTBUTENBHO, KaK W3-
BecTHO, eciu II(z; /) byHKIMS pacripeneneHust
ITyaccona ¢ mapametrpoM ¢ > 0 u E(x;c¢) — byHKIMs
pacripeie;IeHUs] ¢ eIMHCTBEHHBIM eIMHWUYHBIM CKau-
KOM B TOUKe ¢ € R, TO

M(lx;l) = E(x;1) ({ — ).

Tak kak g x € R

/H nx;nz) dWe o(2),
0

TO 10 TeopeMe Jlebera o MaKOpUPyeMOit CXOTUMOCTH
IIpH 1. — 00

:>/E (x/2;1)dW42(2) =
0

x

= /dWa/g(z) =Wy 2(z),

0
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O6001IeHHOE pacrpeacicHue Jlamnaca kak npeacjaibHOC I CJ'[y‘-IafIHbIX CYMM U CTaTUCTUK, ITOCTPOCHHLIX I10 BbI60pKaM

T.€. TaK OINpeleJeHHble CIydailHble BeNMMduHbl N,
VIOBJIETBOPSIIOT YCJIOBUIO, (DUTYPUPYIOLIEMY B JIEM-
Me 1, ¢ Q(x) = Wy a(x).

AHAJIOTIYHO TYCTh V,, /5 — CIydaitHas BEIMYNHA C
dbynkumeit pacnipenenennst H, (), He3aBUCHMast OT
CTaHIapTHOTO TyacCOHOBCKOTro rpouecca M (t), t >
> 0. Jlnst HatypaabHoOro n monoxum Ny, = M (nVys).
Hec0XHO BUIETD, 9TO paclIpeeNieHue CIyJaiiHo Be-
IU4uHEL N,, ABISETCA CMEIIAHHBIM ITyaCCOHOBCKMM U
MMEET BULL:

| —

P(N, = k) =

=

/efnz(nz)kha/z(z) dz,
0
k=0,1,2,...

Tak ompeaeieHHast cliydaiiHas BeaudnHa N,, MOXET
OBITh MHTEPITPETUPOBAHA KaK YKMCIO COOBITUI, 3ape-
TUCTPUPOBAHHBIX K MOMEHTY BPEMEHM 7. B IIyacCo-
HOBCKOM IIPOLIECCE CO CAYYailHON MHTEHCUBHOCTBIO,
UMeIOIell TIOTHOCTb hg/2(2). [lpeamonoxum, 4ro
cilyJaiiHas BeMunHa V,, /o ¥ MyacCOHOBCKMIA IpoLiece
M (t) He3aBUCUMBI OT TIOCJIENOBATEILHOCTH X1, X3, . . .
Torma, o4eBUAHO, IIPU KAXKIOM N CydaiiHast BeIMYMHA
N,, Takxe OyIeT He3aBUCHUMA OT 3TOM ITOC/IEA0BATEIb-
HOCTH.

Kak w BbIme, Jerko ybemutbes, 4ro P(N, <
< nz) = Hy/(z) (n — 00), T. €. TaK ONpeeNeHHbIE
CJlydaiiHble BeJIMYMHbBL N, YIOBJIETBOPSIOT YCJIOBHIO,
dburypupyromemy B iemme 2, ¢ Q(x) = Hy o(x).
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HUXHUWE OUEHKKW YCTOMYNUBOCTU CMECEN HOPMAJIbHBIX
PACIPEAEJEHUM K BO3SMYIIEHUAM CMEILINBAIOLINX

PACIIPEAEJTEHUI*
A.JI. Hazapos!

AunHoramus: Vccnenyercst yCTOMUMBOCTL CMECEit HOPMaTbHBIX PACIIPE/ICICHU I K BO3MYLLICHUSIM CMEIITMBAIOLINX
pacnipenesieHuid. PaccmarpuBaloTcs HepaBeHCTBA, OMUCHIBAIOIIME OJM30CTh CMELIMBAIONINX pacipeaeaeHuin
yepe3 OJIM30CTh COOTBETCTBYIOIIMX cMeceid. Jloka3aHa TeopeMa CyIIeCTBOBaHMs OLEHOK YCTOWYMBOCTU ISt
MOJIKJIACCOB MAaCIITAOHBIX U CAIBUTOBBIX CMECE HOPMaIbHbBIX 3aKOHOB. OlieHKa JIIsl CIBUTOBBIX CMECe i BbIMTMCaHA
B sIBHOM Bue. [Ipu aTOM MpuBemeH MpUMep, MOKa3bIBAIOIINIA, YTO MOJYICHHBIM Pe3yIBTaT He MOXKET ObITh
MPUHLIMITUAIBHO YITy4IlIeH 6e3 JOMOJHUTETbHBIX MPEIITOTOXKEHUIA.

KioueBbie cjioBa: cMecH HOPMaJbHbBIX pacIpeaeeHUit; YCTORYMBOCTh CTOXaCTUUECKMX MoJeIeii; Tpeodpa3o-
Banue Dypre; Teopema [lnanimepens; Teopema [1poxoposa; MeTpuka JIeBu; HUKHME OLIGHKU YCTOMYMBOCTHU

cMmeceit

1 Bsenenwue

WN3yuyenune mnpobseM yCTOMYMBOCTU CTOXacTUYE-
CKMX MOJeJiell TpeAcTaBisieT OOMbIIONH MHTEpeC s
CIeLMATUCTOB, 3aHUMAIOILIMXCSI TEOpPUEN BEPOSITHO-
CTeil 1 MaTeMaTUYeCKOM CTaTUCTUKON. JlaHHbIe 3a1a-
YU BaXKHbI KaK JIJIsl MCCeAoBaTeneii, paboTaloIMX Hal
NpPUKIAAHBIMU 3a1a4aMU, TaK 1 U151 T€X, KTO 3aHUMAaeT-
Csl TEOPETUYECKUMU BOTMIpOCaMu. 3ayvyacTylo UCCeNo-
BaHUE YCTOMYMBOCTU HEOOXOAUMO MJIsI OOOCHOBaHUS
MPUMEHUMOCTU TOTO WJIM MHOTO MeToJa K aHaau3y
peaJibHbIX JaHHBIX.

B xauecTBe mprmMepa MOXXKHO MPUBECTH 3aAa4y 000-
CHOBaHMSI MPUMEHUMOCTU CETOYHBIX METONOB pasje-
JIEHUST CMecell BEepOSITHOCTHBIX pacripeaeieHuii [1—4],
HCIOJIb3YIOIIMXCS IS OLEHKU CMEIIMBAIOLIETO pac-
npeneiaeHus1 mo peanuzauusaMm cmecu. I[lpu pabote
3THUX AJITOPUTMOB OlLIEHKA CMELIUBAIOLIETO pacnpese-
JIEHUSI MIIETCS B KJacce paclipelesieHuid, cocpeno-
TOUYEHHBIX B KOHEUHOM MHOXKECTBe (hMKCUPOBAHHBIX
TOUEK, MOKPHIBAIOIINX 00J1aCTh, COASPKAIILYID HOCHU-
TeJIb UICTUHHOTO pacrpeaenacHus. JIist qokasareibCcTBa
JTIOMYCTUMOCTH TaKOTO TOAX0JIa UCIIOJIb3YIOTCS OLIEH-
KM YCTOMYMBOCTU CMeCeil BEpPOSITHOCTHBIX pacrpe/e-
JIEHUM K BO3MYLIEHMSM CMEILIMBAIOIIUX paclipenesie-
HUA.

B cratbe paccmaTpuBalOTCSI BOMPOCHI YCTOWUM-
BOCTH CMecell HOpMalbHbIX pacrnpeaeneHuit. Cme-
CU HOPMAaJIbHBIX pacIIpeleIeHUi MCHOIb3YIOTCS ISt
U3Y4eHUsI ¥ MOAEIUPOBAHUSI MHOTUX SIBJICHUI peajib-

Horo mupa. JlokazaHbl MpeaebHbIE TEOPEMbI, OMU-
CHIBAIOIIIME CXOAUMOCTb OTHOMEPHBIX pacrnpeneeHuit
000011eHHbIX TpolieccoB Kokca K ciBUT-MacIITaOHBIM
cMecsIM HOpMAaJIbHBIX 3aKOHOB [4]. [TpuMepn! cirydaii-
HBIX TIPOIIECCOB, MMEIOIINX B KAYECTBE OTHOMEPHBIX
pacrnipefeNeHuit cMecu HOpMaJIbHBIX pacrpeneseHuid,
MOXHO HaliTu B [4] u paboTax u3 oudarorpacduu K Hei.

OlLeHKaM YCTOMIMBOCTI Pa3IMIHBIX KJIACCOB CMe-
ceii HOPMAJIBHBIX pacIIpeAe/ieHNI K BO3MYIICHUSIM
CMEIIIMBAOIINX PaCIIPeCICHN OB TTOCBSIIEH DS
pabot. Pesynbrar masg yacTHoOro ciydyass — TPOCTOM
MOZENIN 3arpsiI3HeHUs] (KOHTaAMUHAIIUN), TIPEIJIOXKEH-
Hoit Teioku [5], 6buT monydyeH B [3]. B [6] moxHO
HaWTH pelieHre TOU 3a1avui IJIs OLIEHKU PaCCTOSTHUS
MEXXIy HOPMaJIbHBIM pacIipeieJICHIeM U MacIITaOHOM
CMEChIO TIPU BBITTOJITHEHUM HEKOTOPBIX YCJIOBUIA, Ha-
JIOKEHHBIX Ha CMelllMBalollee pacrnpeaeneHue. Pado-
Ta [7] mocBsIieHa BEPXHUM OLIEHKAM YCTOWYMBOCTHU
HOPMaJIBHBIX cMeceii. BeImcaHbl BepXHUE OLCHKU
OJIM30CTH CABUT-MACIITAOHBIX CMeceit gepe3 0I1M30CTh
CMEINMBAOIINX pacIipefieJiecHnii B MeTpuKe JleBr—
ITpoxoposa. KpomMe 3TOro paccMoTpeHbl aHAJIOTUYHBIE
OLIEHKM B MeTpuKe JIeBM i1 MacIITaOHBIX U CIBUTO-
BBIX CMECEH.

Llenpfo mMaHHOTO MCCJICIOBAHUS CTajlia ITOITBITKA
YCTAaHOBUTH, KaK OJMM30CTh NBYX CMeCeil BeposIT-
HOCTHBIX paclpele/IeHuii BIIMSIET Ha OJM30CTh CO-
OTBETCTBYIOIIMX MM CMEIIMBAIOIIUX pacIpeaeieHui
B HEKOTOPOI BEPOSITHOCTHOW MeTpuke. JIJIsT 3TOTO
paccMaTpUBaINCh HIDKHUAE OLIEHKU OJIM30CTH CMeceit

*Pabora mommepxkaHa Poccuiickum dhoHIoM dyHIaMeHTaTbHBIX MccaenoBaHuil (mpoektol 11-01-00515a, 11-07-00112a, 11-01-12026-
odu-M, 12-07-00115a), MuHucTepcTBOM 00pa3oBaHusI U HayKu (TOCKOHTpakT 16.740.11.0133).
l®akynETeT BHIMMCTUTENHHON MaTEMATUKK M KGepHETHKM MOCKOBCKOTO TOCyIapcTBEHHOTo yHuBepcuTeTa uM. M. B. JlomoHOoCOBa,

nazarov.vmik@gmail.com
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HuxHue onieHKM ycTOﬁ‘-IHBOCTPI cmecent HOPpMaJIbHbIX pacnpeﬂeneHHﬁ K BOBMYILICHUAM CMCIIMBAIOLINX pacnpeﬂeneHHﬁ

yepe3 pacCTOSTHUE MEXIY CMEIIMBAIOIIMMM pacrpe-
neneHusiMU. [lojydeHHBbIe pe3yJIbTaThl UCIIOIb3YIOTCS
B [8] mnst mccienoBaHUsT aCUMIITOTUYECKUX CBOMCTB
OLIEHOK, ITOJIyYEHHBIX C TIOMOLIBIO CETOYHBIX METOIOB
pasjeeHus CMeCeid.

He orpannumBasi oOIIIHOCTH, €CJIM 3TO CIelallb-
HO HE OrOBOPEHO, Oy/IeM CYMTaTh, UTO BCE CAyYaliHbIC
BEJIMUYMHBI M DJIEMEHTHI, pacCMaTpUBaeMble B TaHHOM
cTaThe, OMpeAeSieHbl Ha OJHOM BEPOSITHOCTHOM IIPO-
ctpaunctse (2, A, P).

2 Hcnoab3yemble METPUKU

715t orricaHMsT OIM30CTH pacTIpeaeICHU B JaHHOMK
CTaTbe UCIOJIb3YeTCs HECKOJIbKO METPUK. YCIOBUMCS
3lech U jJajiee 00o3HayaTh MeTpuky JleBu uepe3 L.
HamomHuMm onpeneneHue MmeTpuku Jlesu.

IIycts X 'Y — nBe cinyuyaiiHble BETMYNUHBI C (PyHK-
musaMu pacrupeneiaeHust F' m G cooTBeTCTBeHHO. Pac-
crostiue (Metpuka) Jlesu L( X, Y') Mexy cirydailHBIMU
BenMYMHaMu X U Y onpeaensieTcs Caeaytonmm odpa-
30M:

L(X,)Y)=inf{e >0|F(x —¢) —e < G(z) <
<F(rx+e¢e)+e, Vr eR}.

Paccrosinue JleBu nmomyckaeT HarJSITHYIO T€OMETPU-
YECKYI0 MHTEPIPETALNIO: OHO PaBHO JIJMHE CTOPO-
HbI HAUOOJIBIIIETO KBaApaTa, KOTOPbIA MOXHO BIKCATh
Mexay rpacdukamu ¢hyHKUUN pacnipeaenenus F u G
TaK, 4YTOOBI €T0 CTOPOHBI ObLIN TTApAJIIEIbHBI KOOPIH -
HaTHBIM ocsiM. Tak Kak B ompenesieHn MeTpuku Jlesu
3a/1efiCTBOBAHbI HE CAMU CTyJaliHbIe BETUIUHBI X 1 Y,
a TOJIbKO UX (YHKIMU pacripeaeseHust F' u G, TO BbI-
paxenust L(X,Y)u L(F,G) He OynyT pa3audaThCs:

L(X,Y) = L(F,G).
MetpuKky B L? 6ynem 0603HavaTh yepes || - ||,

1/p

lglly = /Mﬂws

JUtst OLIeHKM OJIM30CTH pacripelesieHuil cMmeceil Oy-
JIET UCTIOJIb30BATHCSI PACCTOSTHUE MEXITy COOTBETCTBY-
ommMK QYHKLIUAMU pacTpeieeHns B MeTpuke L2
JlaHHOE pacCTOsSTHUE METPU3YET CIalbylo CXOOUMOCTh
IS HEKOTOPOTO TTOJIKJIacca pacCMaTPUBAEMbIX CMECEIA.

YUtoObl paccTosiHME MeXITy DYHKIMUSIMU pacrpee-
neHust B L? GbUI0 KOHEUHO, JOCTATOYHO I0TPE6OBAT
OT COOTBETCTBYIOIIMX CAYYailHBIX BETUUUH CYIIECTBO-
BaHUsI KOHEYHOTO TIEPBOTO MOMeHTa. JleificTBUTeNbHO,
mycTh X1, Xo — CIyJaifHble BEIMUYMHBI, UMEIOIINE KO-
HEYHBI NepBbIit MOMEHT, F}, Fo — COOTBETCTBYIOLIUE
GYHKIIMM pacripenesieHus.

NH®OPMATUKA U EE IPUMEHEHMUS ToMm 6 BbITycK 4

IM—H@:/E®—H@WMS

0

§/|F1(s)—F2(s)|ds§ /(F1(3)+F2(s))ds+

+/(1—F1(s)—|—1—F2(s)) ds = E|X1|+E| X2| < 0.
0

OueBUAHO, YTO U3 CXOAUMOCTU (DYHKIIMIA pacrpe-
neseHuit B L2 HaIIpsIMyIo CllelyeT CXOAUMOCTb B METPH-
ke JIeBu, KOoTOpasi, B CBOIO 0Yepeib, METPU3YET CIA0YI0
cxonuMocTh.  OgHAKO JIETKO BHMIIETh, YTO OOpaTHOE
YTBEPKIEHWE HEBEPHO JAXE IUISI Kjlacca pacripenese-
HU, UMEIOIIMX KOHEUHBIN MepBblii MOMeHT. Haio-
KM Ha paccMaTpuBaeMble DYHKUIMU pacripeneaeHust
JIOTIOJIHUTEJNIbHBIE yetoBUsA. CripaBeIJIuBO Clenylolee
YTBEPKIECHUE.

Jlemma 1. Paccmompum knacc K cayuaiinvix éeauyun,
umerouux Koneunwlii nepewiii momenm. Iycmo { F, }°° | —
nocaedogamenbHOCMy GYHKUUL pacnpedeneHuss cay4aii-
Hblx eeauuun uz K, crabo cxodswuxcs k F. Ecau ce-
Mmelicmeo K saeasemcsi pagHoMepHO UHMe2PUpyembiM, mo
nocaedogamensHocms { F, }°° | exodumes k F 6 mempu-
Ke L2,

Hoka3zaTeabcTBO. Bocmosb3oBaBIIMCh METOAOM
OAHOTO (eAMHOI0) BEPOSITHOCTHOTO MPOCTpaHCTBa 9]
MOXHO TMOKas3aTh, 4TO A (YHKUUI pacrpesese-
Hust {F,}2°, u F cyliectByeT BEPOSITHOCTHOE TPO-
CTPaHCTBO U ITOCJIEAOBATEIbHOCTD CIIy4alHBIX BEJIM-
g { X, }5° ;, 3alaHHBIX HA HEM, KOTOPAasi CXOIUTCS
MOUTH HaBepHoe K X, 3aJaHHOI Ha HeM Xe. [lanee,
BOCITOJIb30BABIINCH TeM, 4To {X,,}5° ; paBHOMEpPHO
MHTErprpyeMa 1 CXOAUTCS ITOYTU BCIoAy K X , IoIyda-
em (cM., Harpumep, [10]), uto { X, }5° ; cxomutest K X
B CPEIHEM.

3aMeTHM, YTO 10KAa3aTeIbCTBO CYIIECTBOBAHUSI MO~
cnenoBarenabHocT {X,,}°°; B [10] KOHCTPYKTHBHO.
[IpencraBiaeHHas MOCaea0BATEIbHOCTh 00JIAIAET TEM
CBOIMCTBOM, YTO MJIS1 JIIOOBIX ABYX €€ 3JIEMEHTOB Y
n Z, nMmeromux (GpyHKOuM pactipepeienuns G n H,
ciyvaitHple BenmmunHbl max{Y, Z} u min{Y, Z} umeror
dbynkimm pacnipenenenus min{G, H } u max{G, H}.

3adukcupyem HekoTopbiii HoMep n € N. CripaBes-
JIMBA ClIeAyIoLias IernouyKa HepaBeHCTB:
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o0

= / (max{F,(s), F(s)} —min{F,(s), F(s)})ds =

— 00

0

_ / (min{ F, (s), F(s)} — max{Fy(s), F(s)}) ds+

— 00

oo

+ [ (A —min{Fy(s), F(s)}) —
/
— (1 — max{F,(s),F(s)}))ds =
= E(max{X,, X} — min{X,,, X}) =E|X, — X| .

YuureiBasi, 4TO TOCIenOBaTENbHOCTD {X,}50 ; cxo-
JIUTCS B CPEITHEM, TIONTyYaeM yTBEPKICHUE IeMMbl. [

TakuMm o6pasoM, || - ||2 MeTpHU3yeT clabyio CXOIu-
MOCTB IIJIT PAaBHOMEPHO MHTETPUPYEMBIX MOCIICI0BA-
TEJBHOCTEN CIIyYallHbIX BEJIMYMH.

Haunbonee MHTEpeCHBIM [UIST MCCIEIOBAaHUS pac-
CMaTpWBaeMOW 3amadyi SIBIISICTCST KJIAaCC COBUT-Mac-
IITaOHBIX CMeceil HOPMaJIbHBIX 3aKOHOB. B o0mem
cJlyyae MCKOMBIX OLIEHOK ISl TAaHHOTO KJjlacca He Cy-
IIECTBYET. DTO CBA3aHHO C TEM, YTO 0€3 TOTIOJHUTEb-
HBIX OTPAaHNUYCHUI KJIacC CABUT-MACIITaOHBIX CMeCei
HOPMAaJTbHBIX 3aKOHOB HE SBJISICTCS WIACHTUPUIUPY-
eMbIM [4]. MOXHO MPUBECTU TPUMEp IBYX CMecei,
COBITAAIOIINX 1O PACIIPENEICHUIO, HO UMEIOIIUX pa3-
JIMYHBIE cMelMBalole pacrpenesieHus. [lostomy B
paboTe paccMaTpUBAIOTCS HIDKHUE OIICHKM IIJIST MICH-
THOUIIMPYEMBIX KJIACCOB — CABUTOBBIX X MACIIITaOHBIX
cMeceit HopMaJIbHBIX 3aKOHOB.

BeimuineM WHTEpecyloOlIne OLEHKM [JIsT Kjlacca
CIBUTOBBIX CMecCeii HOPMAaJIbHBIX 3aKOHOB, T.€. IS
CBEPTOK HEKOTOPBIX CMEIIMBAIOIINX PaCIpeaesIeHUIA
CO CTaHZAPTHBIM HOPMAaJIbHBIM 3aKOHOM.

3  OLEeHKHU YCTOMYMBOCTU
JIJISI CABUTOBBIX CMECe
HOPMAaJIbHBIX pacIipeaeJaeHUN

PaccMoTpuM KJtacc CIOBUTOBBIX CMeceil HOpMallb-
HBIX 3aKOHOB, MMEIOIINX KOHEUHBIN ITepBBIii MOMEHT.
OLeHNM, HACKOJIBKO OJIM30CTh pacIipele/icHUit CIIy-
YAWHBIX BEJIMYNH

Vi=X+4UinY,=X+Uy, X~N(O,1)

(cayyaiinbie BemnuuHbl X U U; cTOXacTMYECKU He3a-
BUCUMBI U151 7 = 1,2), OUEBUIHO, SIBASIOIINXCST CABU-
TOBBIMU CMECSIMM HOPMAaJIbHBIX 3aKOHOB, BJIMSIET Ha
O0nm3ocTh pacnipenenenuii Uy u Us.

JlokaxkeM cHayaja BCIIOMOTraTejlbHOE YTBEpXKIe-
HUe.

Jlemma 2. ITycmob Fy u Fy — npouseonvHule oyHKUUU pac-
npedenenus, G — QYHKUUA CUMMEMPUUHO20 pacnpedene-
nus. Cywecmeyrom Qyuxuyuu pacnpedenenus Fy u F,
maxkue umo f(x) = Fy(z) — Fy(x), z € R, npunumaem
00UHAKOBble 3HAYEHUs 6 NAPAX MO4eK HenpepbieHOCHU,
CUMMEMPUUHBIX OMHOCUMENbHO HYAA, U

L(F\,F) < L(F, B, |[FisG—Fx*G|, >
> ||Fi G —FyxGl,, p>1.

HokazatenbcTBO. Huxe OyaeM HCIOIb30BaTh
ciemyromiee obo3HadyeHne. Ecim HekoTopas ciydJaii-
Hasl BeJINUMHA Z uMeeT PYHKIUIO pacnpeneieHust H,
TO pacrpenejeHue caydyaliHOW BEIWYUHBI —7 OyaeM
o6osHauarb uepe3 H'(x) = (1 — H)(—z),z € R.
Mycte L(Fy, Fo) = §. Tak Kak paccMaTpuBaeMble
pacCTOSTHUSI MHBAPMAHTHBI OTHOCUTEIIFHO CIBHUTA, Oe3
OTpaHNYCHUS OOITHOCTH MOXHO CUMTATh, UTO

awleom (2) =m(2)l oo

[omoxum Fi(z) = (1/2)(Fi(z) + (1 — Fy)(—x)),
Fy(x) = (1/2)(Fa(z) + (1 — F1)(—=x)), z € R.
OueBUIHO,

sup {a > 0(1 - Fy) <§> —e>

>(1-F) <—§)}_5.

CrnenoBarenbsHo, L(Fy, Fy) > ¢. laee, BOCIOIb30BaB-
IIMCh HEPABEHCTBOM TPEYTOJbHUKA U JUHEWHOCTHIO
orepaTopa CBEpTKH, MoJiydaem

HFI*G_ﬁé*GHp:

1
= 5 ||F1*G+(].—F2)*G—F2*G—(1—F1)*GHP S

< ||F1*G_F2*GHP+

DN | =

+ 310 F)«G— (1= F)«Cly. ()

VYuuteiBas, yto G — (QYHKIUSI CUMMETPUUYHOTO pac-
TIpeaesIeHNS,

(1- F)*Glx) = / (1 - F)(~ + 1) dG(y) =
—1- / Fi(—x — y)dG(y) =

=(1-F*G)(-z), VzeR,
nns i = 1, 2. CnenoBatebHO:
||(1—F2)*G—(1—F1)*G”p: HFl*G—FQ*GHp
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HuxHue onieHKM ycTOﬁ‘-IHBOCTPI cmecent HOPpMaJIbHbIX pacnpeﬂeneHHﬁ K BOBMYILICHUAM CMCIIMBAIOLINX pacnpeﬂeneHHﬁ

IMoncrapnsist paBeHCTBO B (1), moslyyaeM yTBepKIeHue
JIEMMBI. 0

Bocronb3oBaBuInch pe3yabTaToM JIEMMBI 2, MOJTy-
YAM WHTEPECYIOIINE OLEHKU IJIS KJlacca CABUTOBBIX
CMecei.

Teopema 1. ITycmo X, Uy, Us — cayuaiinvie seauuunst; P,
Fy, F5 — coomeemcmeyrowue Qynkyuu pacnpedenerus,
naput cayuainolx geaunun X, Uy u X, Us He3asucumol,
X ~ N(0,1), y cayuaiinoix seaunun Uy u Uy cyumecmesy-
1om KoHeuHvle nepavie momenmol. Ecau L(Fy, Fy) > 6, mo

53 2
||F1*¢‘—F2*¢‘H22 Eexp _71'2—56 .

HNokaszartenbcTBO. [lycte L(Uy,Us) > 4, Torma
|Fi — Fz||3 > 8. YunTbiBas pesysibraT JeMMbI 2, 6e3
OrpaHMYEeHUsT OOLIHOCTH OyIeM CcuuTath, uto f(x) =
= Fi(z) — Fz(x), z € R, npuHUMAaeT OAMHAKOBBIE 3HA-
YeHUsI B TapaX TOYEK HEMPEPbIBHOCTU, CHMMETPUYHBIX
OTHOCHTENIbHO HYJIs1. Tak Kak y caydaifHbIX BeTuunH Uy
n Us CyIIecTBYIOT KOHEYHBIE MEPBbIE MOMEHTBI, JIETKO
nokasatb, 4To f(z) € Lq(—00,00). CienoBareibHo,
cylecTByeT nmpeodpazoBanue Oypoe:

g(t) = / flx)e ™ dx, teR.

BoCMosb30BaBIUIMCh CUMMETPUYHOCTBIO MOYTH BCIO-
Ny ¥ OrPaHUYEHHOCTHIO Sf, JIErKO I10Ka3aTh, YTO
9()] < (2/It]). t € R.

W3 teopembl Inanwepens cnemyer, uro ||g||2 >
> 2753, BosbmeM A = 2/(783). Tonyuum:

A 0o
1
/|g(t)|2dt > gll3 —Q/t—zdt: 2763 — 6% = 763
—A A

Hanee,

1
|+ ® = Fy  ®ffF = [|f + 23 = gl\g'wl\g >

A
1
z—/mm&*ﬁz
2T
—A

YER 53 —A2
e 9 e
> lg(t)de > =5 — .
21 2
—A

31ech ¢ — XapakTepucTuiyeckas (yHKIIMST CTaHaapT-
HOro HOpMaJibHOTro 3akoHa. IloacrtaBiss 3HadueHue A
B MOCJeIHee COOTHOILIEHUE, TMOoJIyyaeM YTBEp:KIAeHUE
TEOPEMBI. ]

3amMeTnM, 4TO TpeOOBaHUE CYIIECTBOBAHMS KOHEY-
HBIX TTIEPBBIX MOMEHTOB SIBJISICTCST IOCTATOYHBIM, HO HE
HEOOXOIMMBIM.

OueHka, TIolydeHHast B TeopeMe 1, Ha TepBbI
B3IJISI MOKET TIOKA3aThCsl IOCTaTOUYHO rpy6oit. Hinke
IMOCTPOEH MPUMeEP JIBYX CMeceid, TTOKa3bIBAIOIINI, YTO
0e3 IOTIOTHUTEIBHBIX YCIIOBUH TTOTydeHHasI OlleHKa He
MOXeT ObITh TPUHITUTINATIBHO yydiieHa. CripaBemim-
BO CJIe/lylollee YTBepXKIeHUE.

VYreepxkaenue 1. Iyems X ~ N(0,1), § €
€ (0,(4—m)/(8+m)). Cywecmsyrom cayuaiinvie ge-
auqunst Uy, Uy makue, umo napot cayvaiinvix eeaudun X ,
Ui u X, Uy nezagucumol, paccmosnue Jleeu L(Uy, Us) >
>4, a

21 \? 72
LIX+ULX+Us) <[ —2—_) & IR
rer e (2ig) s ()

Hoxka3zaTenbcTBO. PaccMOTpUM BepOSTHOCTHOE
npoctpaHctio (2, F,P), rne Q@ — oObeAMHEHNE CUET-
HOIro 4ucja HenepeceKarwlIuxcss MHOXeCTB By, Bi,
B_1,A,,neZ:

F = 0'({B(),Bl,B_1,An,TL S Z}),

o 8+
P(B—I)ZP(BI):4_7T§ P(BQ):1—54_7T;
P(Ap) =6;

46 1
P(An)—mm,n—l,—l,Z,—Z,

IlycTh Ha yka3aHHOM BEPOSITHOCTHOM TTPOCTPAHCTBE
3aMaHbl cydailiHele BenmnunHbl U; u Us, mMmeloinue
yukumm pactipenesneHust F; u Fo COOTBETCTBEHHO:

_1\n+1
<—n+L>5, weA ,,neN;

2
-4, weB_1;
—é w € By;
27 0>
U =
1(W) é, wer;
2
)
57 WEB].?
_1\n+1
(n—i—( 12) )5, w€ A,,n €N,
—1)"
(—n—l—( 2) )5, weA ,,neN;
1)
_57 WEB—I;
)
—-=, € By;
U2(Ld): 2 v 0
—é w € Ag;
27 0
d, w € By
(n+(_21) )5, weA,,neN.
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PasHocTh yHKIIMI pacnipeaeieHus CydyaiiHbIX BeIu-
yuH Uy, n Us nMeeT BUL:

Fi(z) — Fy(z) =
46 (—l)n 1 1
4_7T74n2_1,x6{5<n—§>,5<n+§ ),
n < —2;
_ 46 l E- 3_5 6
—71'3, :I: | 27 b
o _ 46 1 6_—5—§
A7 4-7x3 5|79 732)°
56
= _57 I'E_ 275)7
o _ 46 1 e_éé
i-r 4-73 5|27
_ 46 l 6-63—6
—71'3, :I: _72 b
46 (—1)" 1 1
ey o< i (nmg) o (erg))
n>2

3aMeTnM, 4TO paccTrossHue JleBU MexXmy (PyHKIUSIMU
pacrpeneaeHus paBHO J.

Beimuinem  mipeobpasoBanue Dypbe  pasHOCTH
¢GyHKLUMI pacnipenesneHusi. Bocrmonb3oBaBIIMCH TEM,
qT0 IS 1106010 a > 0

a

/e"“ dx =

—a

sinat
t

2sinat )
t )

A N
lim [ | (27) (Ti(—k—1/2),6(~k+1/2)) (@) +
= ) | & 4k2 1
+ Iis(h—1/2).6(k+1/2)) (2)) | dz <
=26
< i —— =0;
=200 kzz;l 4k% -1
2= (-1)* /. 1
nli)rgo stip Z U (sm (k + 5) ot —
— sin (k — —) 5t>‘
= lim su 4 i (_l)k (sin étcoskdt)

=1
<20 lim E ——— =0,
=n
W TeM, 4YTO U3 CXOIMMOCTU IIOC/IeNOBATEIBHOCTU
dbyHkUi B L1 (—00,00) clienyeT paBHOMEpPHAsl CXO-

IUMOCTh TTOCJIEIOBATEILHOCTH 00pa3oB PDypbe 3TUX
dbyuximii [11], moayvyaem:

o0

10 = [ (Fi) ~ Falw)) e da =

_2
Tt

¥

6sm6t+—6 sinét—sinét + 49 X
2 4 —7 2 4 —7

(i 3) oo 3) )

Hanee,
24 sin(6/2)t i 5
f(t)—f —1+4_ﬂ_ 2cos§t—1 -
8 >, cosmn
- Z 2cosm5t>
4d—m i~ 1—4dn
20sin(6/2)t ) 4
= sin(9/2) " 9cosot— -
t 4—m 2 4—m
8 . cosmn
- Z 5 Cosn6t>
d—me=1—dn
4w 6sin(6/2)t cosat 2
T 4-—7 t 2 ™

cosTn
- = Z cos n6t> .
— 4n?

n= 1

Paznoxum dynkumto g(t) = cos(d/2)t B psix Pypbe
Ha oTpeske [0, 7r/0] Mo cucteme OYHKIIMIA

{\/7«/—cosn5t n—1,2,3...}.

VYuutsiBas, 4TO

/8

0 2
/cos(gx)cos(néx)dx:g%, n >0,
0

nosyyaem
2 4K cosmn T
St=—+- 5t, telo,=].

cos - W; cosn [ 6]

Tak Kak yMHOXEHHe Ha OTPaHUYEHHYIO (DYHKLIMIO CO-
XpaHsieT CXOMUMOocCTh B L3 [0, 7/4],

/5

/Ow/é(f(t))th_ / <44_7T7T 5sin(t§/2)t)2
0

cos N
<Cos—t— - = —Z

2
T 12 cos n6t> dt =0.
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HuxHue onieHKM ycTOﬁ‘-IHBOCTPI cmecent HOPpMaJIbHbIX pacnpeﬂeneHHﬁ K BOBMYILICHUAM CMCIIMBAIOLINX pacnpeﬂeneHHﬁ

Ilepeitnem Tereps K OLIEHKE PACCTOSTHUS MEXKIY (DYHK-
LIUSIMU pacrpeneieHnus cydailHbIX BeaumauH X + Uq,
X + Us,. 3ametum, 4To

> 166° 1

= +
”2 Z 2 n _ 1)2

3 2
166) 1+<47r5 B 1) 5450 <

| F1(x) —

( -7 4—-—7 3
> 1663 2 2 \?
58 <
; 4TL—1)+<4—7T> ToTs
2143
T (4-m?

Bocnonb3oBaBiuch Teopemoii [naHiepesns, oueHUM
paccTosiHue MexXay QYHKIUSIMU pacripeeaeHUsT CMe-
cent

1 2
|@+ Fi(@) - @ x Fa(a)l} = 5= [ £)e%|| =

o a5 [ ()

T/

2= gt <

22
eﬂ/é

[FIG] s

Py 2146° '
h (4—m)?

Hanee nmosryyaeM

L(®+ F1, & Fy) < ||®+ Fy(z) — &+ Fy(a)|2® <

1/3
— T
3aMeTuM, 4TO

1/3
21
(ﬁ) ~ 3,0545 . O

— T

Takum o0pa3oM, BUO OLIEHOK, TMOJYYEHHBIX BbI-
e, He MOXeT ObITh MPUHLMUIIMAIBHO YJIydlleH 0e3
M00aBJICHUS OTPAaHUYEHMI Ha CMEIMBAIOLIIE pacipe-
JIEJIEHUST.

4  OLEHKMU yCTOMYMBOCTU
JUUTSI MACIITaOHBIX CMecei
HOPMAJIbHBIX pacOpeaeaeHUM

[MepeitneM K WCCIEIOBAaHUIO YCTOMYMBOCTH Mac-
ITa0HBIX CMecell HOpMAaJbHBIX 3aKOHOB. BepxHue

OLIEHKH YCTOMYMBOCTHU, OMKMCHIBAIOIINE OJIM30CTh CME-
ceil yepe3 OJIM30CTb COOTBETCTBYIOIIMX WM CMEIM-
BalOIMX paclpeaeaeHuii, moayyeHbl B pabdorte [7] ¢
Hcnojb3oBaHreM Metpuku Jlesu. K coxanenuio, aHa-
JIOTUYHBIE PE3YJIBTAThI I HUKHUX OLIEHOK YCTOMYM-
BOCTH HE MOTYT OBITh MOJYYEHBI 0€3 TOIMOTHUTETBHBIX
OrpaHMYEHUI Ha CMEIIMBaloIee pacIpe/ie/ieHue.

Jlemma 3. Ilycmo X, Vi, Vo — cayuaiinvie eeauuuHot,
yoosaemeopsouue ycaosuam Vi > 0, Vo > 0, napot cay-
uaiinsix eeauqun X, Vi u X, Vo Hezasucumol, cayuaiinas
seauuuna X umeem cmandapmuoe HOpMAabHOe pacnpe-
denenue. Cnpasednusst credyroujue ymeepucoeHus..

1. Mg moowix e € (0,1), § > 0 cywecmeyrom Vi, Va,
maxkue, umo L(V1,V2) > ¢, L(X V1, XVa) < 4.

2. Jns mobuix € € (0,1), § > 0 cymecmeyrom Vi, Va,
makue, umo L(In V1, InV3) > ¢, L(X V1, XV3) < 6.

Jloka3aTeabCcTBO.

1. loxaxxeMm nepBoe yrBepxkaeHue. [Tycts Vy, Vo — ciny-
YaiiHbIe BETMYMHEI, BEIPOXIEHHBIE B TOYKAX a, @ + &
cootBeTcTBeHHO. OueBnmno, L(Vi, V) = e. [loka-
XeM, 4To IUIst JToboro & > 0 cymectByer a = a(J),
takoe, uyto L(XVy, XV3) < 0. OOGO3HAUUM Tpax —
palMOHAIBHOE YUCII0, TaKOe, UTO 2(1 — @ (X max)) < 0.
CripaBejiiBa CIIeAyIOas IET0YKa PaBEHCTB:

L(XV1, XVa) =

i () - (252) )

x>0 a a+€

= - sup {|V|:¢<E>—¢<I+V)+~y}v
z€[0,(a+€)Tmax] a a—+e

v~ sup h:@(=)=2a e

z€((a+e)Tmax,+0) a a—+e

Hanee,

5 max {l/y' <x) <x ,7> 7} =
z€e[0 (a-‘,—E)LE a a €
max ( ($> ( : >) =
Te 07((1-‘,-6):6 a a a €

< sup

T x
i (10 230):
16[07(a+5)wmax] ( ) a a + €
- 1 zpaxe
T V27 a

PaCCMOTpI/IM TENICPb BTOPOEC BhIPAKCHUE:

{Ivlsz <E> — 0 (I“UY) +”y} <
$€((G+E)Imax7+oo) a a + g

sup

< sup

(2 ()2 (52)) =
z€((a+€)Tmax,+0) a a+e
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< sup (1 - & <E> +
z€((ate)Tmax,+00) a

-0 (%))

=1—® (Imax + Imax5> +1-9 (Imax) <
a

< 2(1 — @ (Tmax)) -
[Monyyaercst, 94TO MPU @ > Tmaxe/ (V27 0)
L(XV,XVa)<dVd=4.

2. JlokaxkeMm BTOpOE yTBEpxkIeHUE. AHAJIOTUYHO
nyctb Vi, Vo — cilydaiiHble BeJTMYMHBI, BBIPOXKICH-
HBbIE B TOUKAX @, @ €Xp(e) COOTBETCTBEHHO. OYeBUIHO,
L(InVi,InV3) = e. TlokaxeM, 4To Wist Jro60ro 6 > 0
cymectByeT a = a(d), Takoe, yto L(X Vi, XV3) < 4.
Iycte Z — ciydaiiHasi BeJMYMHA, BBIPOXICHHAS B
Hysie. Bocronb3yeMcst HEpaBEeHCTBOM TPEYTOJIbHUKA!

Hanee,

(L(XWy, 2))? < 7(1 — 3 (g)) do = \/%a,

(L(Z,XVa))* <

\/:;_Wa exp(e).

Takum 06pasom, nipu a < /27 (6%/4) exp(—e¢)

LYV, XVa) < O 4 S exp (—5) <5. O
2 2 2

W3 nemmebl 3 caeayert, yTo paccTostHue JIeBu Mexay
MacIITaOHBIMU CMECSIMU HOPMaJIbHBIX 3aKOHOB HEBO3-
MOXHO OLIEHUTb KaK 4epe3 paccrosinue JleBu Mexmy
CJIy4aliHbIMU BEJIMYMHAMU C COOTBETCTBYIOLIUMU CME-
IIMBAIOIIMM paCIIpeie]ICHUsSIMU, TaK U 9epe3 paccTos -
Hue JleBu Mexay ux jorapudmamu. Takum odpazoMm,
BBITIMCATh OLIEHKN, aHAJIOTUYHBIE OLEHKAM JJIsI CIIBU-
TOBBIX CMeceii, 03 JOMOJHUTEIbHBIX OTPAHUYEHUI He
MPEACTABIISETCS BO3MOXHbBIM.

5 O cylecTBoBaHUM HUXKHUX
OLIEHOK YCTOMYMBOCTHU CMECEN
BEPOSITHOCTHBIX pacIipencieHU

B yTBepxkaeHMSIX, paCCMOTPEHHBIX BBIIIE, HA CMe-
IIWBAaIOLINE pacTipeaesieHNsT He HaKJIaabIBaJICh HUKa-
KHE JOTMOJTHUTENbHbIE OTPaHUYEHUSI, KPOME TeXHUUEe-
CKUX (HEOOXOAMMBIX JJISI TOrO, YTOObI pacCTOSIHUSI B

UCITONIE3YEMBIX METPUKAX ObUIM KOHEYHBI). OaHako
€CJIU IIOTPEOOBATH BLIITOJHEHN HEKOTOPLIX JOMOITHMN-
TEJIBHBIX YCJIOBUIA, MOXHO J0Ka3aTh CYLLIECTBOBAHUE
MCKOMBIX OLIEHOK JIJIST CABMTOBBIX M MACIITAOHBIX CMe-
ceil HOpMaJTbHBIX 3aKOHOB.

[puBeneHHOE HIXE YTBEPXKIEHUE C(HOPMYITNPOBa-
HO JIJIST TIPOU3BOJIEHOTO KJIacca CMeceil, TOPOXKIEHHBIX
HEKOTOPBIM SIIPOM. DTO CBSI3aHHO C TEM, YTO IIPH
JI0Ka3aTeIbCTBE HUKAK HE UCIOJIb3YIOTCS HU CBOMCTBA
KaKOT0-TO KOHKPETHOTO sfpa, HU KOHKPETHBIA BUJL
CMEIIMBAIOLINX pacripeneneHuit. CMec HOpMaTbHBIX
3aKOHOB SIBIISTIOTCSI YACTHBIM CIIyJaeM KJIacca, OIUACHI-
BaeMOro0 B IIPUBEIEHHON TEOpEME.

Paccmotpum cemeiictBo emeceit A = {P,t € T} u
CEMECTBO COOTBETCTBYIOIINX CMEIIMBAIOIINX PACITPE-
nenenuit B = {Q¢,t € T}, 3aIaHHBIX HA U3MEPUMBIX
nipoctpaHcTBax (Sg, Fa), (Sw, Fas) COOTBETCTBEHHO.
IMpennosaraercs, 4yTo 1° — HEKOTOPOE IapaMeTpuye-
CKOoe MHOXECTBO M U1 Jirodoro t € 1" cmecn P; cooT-
BETCTBYET CMellBalolee pacrpenenenue Q. Yepes B
0003HaYNM CEMENCTBO, CoAepKallee Bee pacIpeese-
HUs, 3aaHHble Ha (S, F) U SBISIOIMECS CIAOBIMU
npenenaMu nocjiaegonareabHocTel u3 B. EMy coor-
BETCTBYIOT CEMENCTBO cMeceii 2 U mapaMeTpuueckoe
MHOXecTBO 7. TTycTh v M 3 METPHU3YIOT CIa6YI0 CXOIH-
MocTb B 2 11 B COOTBETCTBEHHO.

Teopema 2. IIycmo A udenmugpuyupyemo, B naomno. Ec-
au ona 2 cywecmayom eepxHue OYeHKU YCmouvueocmu
euda

Ve > 0 Viti,ts € T ﬁ(QtlaQtz) <e=
= Oé(PtlaPt2) S gu(a)’

2de g, — Hekomopas eeujecmeernas QYHKyus, onpede-
NEHHAs! HA 8eWeCMEEHHOU NOA0NCUMENbHOU NOAYOCU,

li u =0,
lin. g (x)

mo 045 9M020 cemelicmea 00ANCHbL cyuiecmeosantb HUMNC-
HUe OUeHKU ycmodlmeocmu 6uda

Ve >0 th,tQ eT B(Qtth) >e=
= OL(Ptl,Pt2) Z gl(a) > 07

2de g, — HeKomopas eeuiecmeeHHas QYyHKUus, onpede-
AeHHAs Ha 8eUeCMBEeHHOL NOA0JICUMENbHOU NOAYOCU.

3ameuanne 1. B ycioBusix TeopeMbl BMeCTO Tpebo-
BaHUSI CYIIECTBOBAHMSI BEPXHUX OLIEHOK MOXHO T10-
Tpe6oBaTh OT ceMeiicTBa 2, YTOGBI OHO OBLIO TLIOT-
HBIM. BO3MOXHO, 9T0 ycioBue SBIsIeTCsS N30BITOUHBIM
JUTSI HEKOTOPBIX KJ1accoB cMecei. OmHako it cMmeceit
HOPMaJIBHBIX pacCIpe/ie/IeHUi yKa3aHHbIe OrpaHuye-
HMUS SIBJISTIOTCSI IOCTATOYHO CIa0bIMU.
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HoxazatenbcTBO. [lo ycinoBuo 2 naeHTUGUIN-
pyeMo. [loaTomy U3 TOTrO, YTO paccTosiHUE 3 MEXIy
JBYMSI CMECSIMU 13 B TIOJOKUTENbHO, CEAYET, UTO IS
COOTBETCTBYIOIIMX pacpeieieHn i u3 A pacCTOSTHUE v
TaKXe MOJIOKUTEIbHO.

[Myctb mokasbiBaeMoe yTBepxkaeHue HeBepHo. To-
raa cymectByer € > 0, Takoe, 4TO IUIsi MHOXECTBa
uHuekcoB T2 = {t1,t2 € T|B3(Qu,, Qr,) > €}

inf CY(Ptl,PtZ):O.

t1,ta€T2

PaccMoTpuM TocCiefOBaTeIbHOCT Tap pacripenese-
HUt 13 2A:

oo 1
{(‘Pin7’Pjn)}n:17 a(‘PZn7P7n) < E’
in,jn €T2, n=1,2,3,...

3aMmeTriM, YTO TIOCHemoBaTelbHOCTH {Q; }5°, W
{Qj,, 152, aBISIIOTCS TUIOTHBIMU U 110 Teopeme TTpo-
XOpOBa OTHOCUTEIBHO KOMIIAKTHBIMU (CM., HaIpHU-
Mep, [12]). CaemoBaTeabHO, M3 HUX MOXHO BBIICINTH
cxojsiuecs mojamnocienosaTeabHocT. [loatomy 6e3
OTpaHUYEHHUs OOLIHOCTU MOXEM CUYUTaTh, YTO CaMU
nociiefioBaTeIbHOCTU {Q;, }o2, 1 {Q);, }72; cxomsTes
¥ VX TIpeJIesIbl TPMHAIEXaT B, YuuTbiBas, uto i A
CYILIECTBYIOT BEpXHUE OIIEHKH YCTOMIMBOCTH, COOTBET-
CTBYIOIIIME TIOCTIEI0BATEILHOCTH CMecelt OymyT Takxke
CXOJIUTHCS K COOTBETCTBYIOILIMM Tpeaenam. Tak Kak «
MeTpU3yeT cIabyio cXoauMocTb B 2A, a (3 MeTpu3yeT
c/1a6y10 CXOIUMOCTD B B, TIONTy4aeM:
lim P;, = lim P ;
n—oo

n—oo

OaHako B 9TOM cjiy4yae MmojydaeTcsi, YTo 2l He sIBIsieT-
¢ naeHTuUIpyeMbiM. Bo3HuKaeT mpoTtuBopeune,
a ciemoBaTeNlbHO, JOKAa3bIBaeMOe YTBEPXKIEHUE Bep-
HO. O

CaenctBue 1. OueBUIHO, YTO YKa3aHHAas1 QYHKLMS g;
MOXeT ObITh B3sITa HEyObIBalOLlIel, 1, CJIeI0BATEIbHO,
B YCJIOBUSIX TEOPEMBI 2

Ve >0 \V/tl,tQ eT Oé(Ptl,Pt2) <
<e = B(Qu, Q) < g7 (e),

rae
9 '(y) = inf {gi(z) >y} Vy>0.

Cneactpue 2. V3 ycnoBuii TeopeMbl 2 HANIPsSIMYIO Clie-
MIyeT, YTO B CJIydae, KOTIa CEMEMCTBO CMELIMBAIOIINX
pacopeaeaeHuil SIBISIETCSI IUIOTHBIM, HVMXKHHUE OLIEH-
KJ YCTOMYMBOCTH CYIIECTBYIOT [JIST CIBUTOBBIX U Mac-
IITaOHBIX CMECel HOPMAaJIBHBIX pacIIpeaesIeHUA.

3aMeTuM, 4TO e€C/Id ONMUPAThCS Ha Pe3yJbTaThl pa-
00ThI [7] ny1st MaciITaOHOM CMeCcH BUaa

Y =VX, X ~N(0,1), V>0

(cnyyaitHble BeMYMHBI X U V' CTOXaCTUYECKU He3a-
BUCHUMBI), KOMIIAKTHOCTb OyIeT TpeOoBaTbCs OT Ce-
Me¥CTBa CMEIIMBAIOIINX PAaCIIpeleICHIIT, COOTBETCT-
BYIOILIMX CJTydaliHBIM BeJIMurMHaM Buga InV,ane V.

6 3axiroueHue

Ha npaktuke B OOJBIIMHCTBE ClIyyaeB HOCHUTE-
JIM pacCMaTpUBaeMbIX CMEIIMBAIOLIMX pacipeaeaeHu it
OorpaHMYeHbl B COBOKYITHOCTU. Bosee Toro, oueHn yac-
TO OHM COCPEIOTOYEHBI B KOHEYHOM YHCJIe TOYEK.

B cBs131 ¢ 3TUM OLIEHKM ]I KaXKI0TO KOHKPETHOTO
ClIyqyasd MOTYT OKa3aTbCd CHUJIbHO JIYy4YIIE€ TEX, YTO pac-
CMOTPECHDbI BbILIEC. Tem He meHee IOJYYCHHBIC OLICHKHN
NMCIOT CYLICCTBEHHOC 3HAYCHUC.

J1oKa3aTeabCTBO COCTOSTEILHOCTH OIIEHOK, TTOJTY-
YEHHBIX C MOMOIIBIO CETOYHBIX METOIOB pa3leIeHUs
cMecell BepOSITHOCTHBIX paclpeieeHUi, OIMMpaeTcst
Ha TEOPEMBI CYIIIECTBOBAHUSI, JOKA3aHHbIE B JAHHOM
B pabote. [ToMuMO 3TOTO, pacCMOTPEHHBIE TIPUMEPHI
TTO3BOJISTIOT JIyYIlle TTIOHSTh, HACKOJIBKO CUJIBHO MOTYT
M3MEHSIThCS OLICHKM CMENIMBAIOLIETo pachpeaese-
HUSI TIpU paboOTe C peau3alusiMU OTHON W TOM XKe
cMecH.

Jluteparypa

1. Kopones B. IO., Henomusawuii E. B., Pvibanrvuenxo A. T,
Bunoepadosa A. B. CeTouHble METOIBI Pa3NeIeHUSI CMe-
ceil BEpOSITHOCTHBIX pacrpefe/eHuid U uX IpUMeHeHUe
K JIEKOMITO3MIIMY BOJIATMIIBHOCTY (DMTHAHCOBBIX MHICK-
coB // NHbopmatuka u e€ mpumeHeHms, 2008. T. 2.
Bein. 2. C. 3—18.

2. Hazapos A.JI. PazneneHue cMeceli BEpOSITHOCTHBIX pac-
TpeeSieHi CETOYHBIM METOIOM MaKCHMMaIbHOTO TTpaB-
JIONO00MST PU MTOMOIIIM aITOPUTMa YCJIOBHOTO I'pajiu-
eHra // CO. ctaTeit MOJIOIBIX YUeHBIX (hakyabreTa BMuK
MTY, 2009. Boin. 6. C. 128—135.

3. Korolev V., Nazarov A. Separating mixtures of probability
distributions with the grid method of moments and the grid
maximal likelihood method // Autom. Remote Control,
2010. Vol. 71. No. 3. P. 455—472.

4. Kopoaes B. IO. BepoSITHOCTHO-CTaTUCTUYECKHE METOMIBI
JIEKOMITO3ULINH BOJATUIIBHOCT XaOTUYECKUX TPOILIec-
coB. — M.: U3n-Bo Mock. yH-Ta, 2011.

WHOOPMATUKA U EE TPUMEHEHUWS Tom 6 Bbimyck 4 2012 47



A.JI. Hazapos

5. Tukey J. W. A survey of sampling from contaminated dis-

48

tributions // Contributions to Probability and Statistics
Essays in Honor of Harold Hotelling, 1960. P. 448—485.
Hall P. On measures of the distance of a mixture from its
parent distribution // Stochastic Proc. Their Applications,
1979. Vol. 8. No. 3. P. 357—-365.

. Hazapos A. JI. O6 ycTOIIMBOCTU cMeceli BEpOSITHOCTHBIX

3aKOHOB K BO3MYILEHMSIM CMELIMBAIOLIUX pacrpesesne-
Huit // CTaTUCTUYECKHWE METOIbI OLEHWBAHMS W TIPO-
BEpKM rumnoTe3: MexBy30BCcKuit cO. Hayd. Tp. — [lepmb:
M1y, 2010. Beim. 22. C. 154—172.

Hasapos A. JI. AcuMNITOTUYECKHUE CBOMCTBA OLIEHOK, MO~
JIy4eHHBIX C TTOMOIIBIO CETOYHBIX METOIOB pa3aesieHUs

10.
11.

12.

cMeceli BepOSITHOCTHBIX pacrpeneneHuii // CtaTuctuye-
CKH€ METO/bl OLIECHMBAaHUS U MIPOBEPKU rumnores: Mex-
BY30BCKUIi ¢0. Hayd. Tp. — [lepmb: T1TY, 2012. Beim. 24.
C. 22-35.

Ckopoxod A. B. TlpenenbHble TeOPEMBbI IS CIyJailHBIX
npoueccoB // Teopusi BEpOSITHOCTEH U ee TPUMEHEHUs,
1956. T. 1. Beim. 3. C. 289-319.

Illupses A. H. BeposatHocTth. — M.: MLIHMO, 2007.

Koamoeopos A. H., Pomun C. B. DneMeHTbI TeOpur hyHK-
uuii 1 GyHKIMOHATBHOTO aHanu3a. — M.: Hayka, 1976.

bunaunecau I1. CXomnuMOCTb BEPOSITHOCTHBIX Mep. — M.:
Hayka, 1977.

WHOOPMATUKA U EE TPUMEHEHUWS Tom 6 Bbimyck 4 2012



NHPOPMATUKA U EE MPUMEHEHUA, 2012. T. 6. Boin. 4. C. 49 56

ITPEABAPUTEJTBbHAA ObPABOTKA I1PU PACITO3HABAHUH
TEKCTOB 110 U30bPAXKEHN IO HU3KOI'O KAYHECTBA

M. I1. Kpusenko'!

AHHOTAIMS:

PaccmaTpuBatoTcss MeTo[bl MpeaBapUTEbHOM 00pabOTKM M300pakeHUi TeKCTa, BKJIIOYAIONIeH

PeHICHUEC 3aJa4 KOPPEKIMUN HAaKJIOHA U BBIACICHUS CTPOK; IMPU 3TOM PACIIO3HABACMOC I/I306pa)KeHI/IC obOsagaer
HU3KUM Ka4Y€CTBOM M IIOJIYYEHO C BbBICOKMM pPa3pClICHUEM. npl/l YCJIOBUM, YTO APKOCTb INMHUKCEIOB CTPOK
3HaKOB, XOTb U HE3HAYUTEIbHO, HO OTJIMYACTCA OT APKOCTU IMUKCEIOB (l)OHa, npeajararoTca U aHaJIu3UpPYyroTCA
NpoLEaAYPbl KOPPEKIIMM HAKJIOHA U BbIACICHUA CTPOK TEKCTA.

KiioueBble cioBa: pacro3HaBaHUE TEKCTa; TpeaBapuTebHas 00paboTKa n300pakeH st; KOPPEKIIUS HAKJIOHa;

BbIACJICHUE CTPOK TCKCTA

1 Bsenenwue

3amavya BOCCTAHOBJICHUS TEKCTa IO M300pasKEHUIO
JIOKYMEHTa SIBJSIETCS KpaiiHe CJIO0XHOM, B CBS3U C
yeM OOBIYHO MPUMEHSIETCS AEKOMIO3UIIMS TpoLec-
ca pelleHMus 3aJadyu TMyTeM BbIAEJIEHUS 3TaroB Ipe-
BpaIlleHUs] M300pakeHUs, COMCPXKAIIErOo TEKCTOBBIC
¢dparmeHThl, B HaOopbl TeKCcTOB. Ha puc. 1 mpuBeneHa
THUITOBasI cXeMa 00pabOTKHU JTaHHBIX (CM., HaIpumep, [1,
nonpasa. 2.1]).

Hanee mpenrojaraeTcsi, 4YTo NCXOMTHOE M300pake-
HUe MpeacTaBiseT coboil Habop MUKCEIOB, KaxKAbIi
M3 KOTOPBIX MepeaaeT rpagallu SIpKOCTU ceporo (oT-
TeHKU ceporo). Kaxmas moacucteMa pacro3HaBaHUs
TeKCTa, TToIydast JaHHBIE OT IIPEIbIAYIIero 3Tara, Impe-

o0pasyeT uX B BBIXOAHBIE, KOTOpble 00padaThIBAIOTCS
Ha cienymlouieM aTarne. Takas nocienoBaTelbHasl cxe-
Ma 00pabOTKM M300paXeHUil o0ecreuynBaeT BO3MOXK-
HOCTb MOJIydyaThb HAWJIY4YlIWe PEIIeHUs IS KaxXaoro
otana. C 1eJblo CO3MaHUs MPEarnochblIoK Il TOro,
YTOOBI TTOCJIE 00bEAMHEHUST BCEX YACTHBIX, JIYUILIUX 10
OTAENbHOCTU TOJCUCTEM MOXKHO OBLIO MOay4aTh (-
(beKTUBHBIE peLIEHU S, BBOAUTCS SIAPO CUCTEMbI — 0a3a
3HAHWM.

B nannoii paboTe paccMaTpuBaeTcst 3Tan npegoo-
pabOTKU, MPY 3TOM U3 OOBIYHOIO COCTaBa 3TOTO ATana
BBIZIEJIEHBI 3a1a4¥ KOPPEKLIMY HAKJIOHA (B aHTJIOSI3bIU-
HOI TuTepaType IJis 3TOro BUAa aHOMAaJbHOCTU U300~
paXkeHUsT TeKCTa MPUHAT TEPMUH skew) U BblIIeIeHre
M300pakeHN CTPOK TEKCTA.

Hcxonnoe
n300paxkeHne

Y

Pesynbrars! A:l{ ﬁ)npgiﬁgg};gﬁ};g“ DparMeHThbl
pacrio3HaBaHus H306paXKeHHs n300pakeHUH
A C
Y \ 4
[MocTobpaboTka Baza 3nanuii [IpenodpadboTka
A 3
v Y
Ao Pacnosasae Pt isane
P 3HAKOB 3HaKoB 1300paxkenuit

Puc. 1 TpaI[I/IL[I/IOHHaH CX€Ma pacrio3HaBaHMA TEKCTA 110 €ro I/I306pa)KeHI/IIO

"MuctutyT npo6iem nndopmatnkn Poccuiickoii akanemuy Hayk, mkrivenko@ipiran.ru
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M. I1. Kpusenxo

Puc. 2 ®dparment pacrnosHaBaeMoro TeKCTa

Koppekuus HakioHa cTpok. HopManbHbIM M300pa-
JKEHHEM CYUTAETCS TO, B KOTOPOM JIMHUU TOKYMEHTa
(BIOJTE KOTOPBIX UAYT OTACIBHBIC 3HAKM ) SIBJISTFOTCS TO-
PU30HTAJIbHBIMU WU BEPTUKAJIBHBIMU B 3aBUCUMOCTU
OT sI3bIKa. YKJIOHEHUE MOXKET OBITh MTPeIHAMEPEHHBIM,
YTOOBI MOJYEPKHYTh BaXKHbIE IETAIU B TOKYMEHTE, JIU -
00 HEYMBINIJICHHBIM B CHJIY TeX WA MHBIX YCIOBUI T10-
JlydeHus1 u3o0paxeHust. B mobom ciayyae oHO JOJKHO
OBITh YCTPaHEHO, MHAYE TOYHOCTH ITOCIICAYIOIINX TIPO-
1IECCOB — CerMEeHTalluM U KjiacCUu(uKaluu — pe3Ko
ynaznet. B maHHOU paboTre paccMaTpuBaeTcsl ciydait,
KoTJa UIST Bcex OJIOKOB TeKCTa XapaKTepHa eanHast
OpHUEHTAINS 1 0e3 TTOTePH OOITHOCTH MOXKHO CUNTATD,
YTO pedb MAET O TOPM3OHTAJIBHBIX CTpoKax. Koppek-
1M1 YKJIOHEHUs pacTiafaeTcsl Ha pellieHue IByX 3a1ay:
orpefieJieHUe Yrja HakJiOHa U COOCTBEHHO BbIPaBHU-
BaHUE N300pakeHMUSI.

Boinenenne n300paxkeHnii CTPOK (CerMeHTanus H300-
paxenus). OTHOCHTEJIEHO CTPYKTYPHI TEKCTOBBIX (ppar-
MEHTOB TIPEIII0JIaraeTcs CIeAyIolee:

— 3HaKW KOMIIOHYIOTCSI B CTPOKM — VIJIMHEHHOE
(BBITSIHYTOE) B TOPU3OHTAJIBHOM HaIpaBIeHUN
M300paxeHue, MUKCEIbl KOTOPOTO TEeMHeEe IMHUK-
CEJIOB, JICKAIIIUX BHE CTPOK;

— CTpOKa MMEECT MPAKTUYECKH IMMOCTOAHHYIO BBICOTY,
KoTopasd OonpeacadaeTcs paCCTOAHUEM MEXKIY OBY-
M1 OvKammmuy mepexogaMu OT 0oJiee TEMHBIX K
MCHEC TCMHBIM ITUKCEIaM;

— HayaJi0O 1 KOHCI CTPOKM B IT'OPM30OHTAJIbHOM Ha-
IIpaBJICHUN ABJIAIOTCA IIEPEMCHHBIMU BEJINYM-
HaMU.

W3 caemaHHbBIX IPEAITONIOKEHH CIeIyeT, 9TO KpH-
TePUEM 151 BbIIEJIEHHUSI CTPOK MOXKET CIYKUTh SIPKOCTh
MUKCEJIOB, a HauboJiee MPOCTON TEXHUKON MJIsT 3TOTO
OKasbIBaeTcsl TMoporoBasi. [J1oOajbHbIE aJITOPUTMBI
MOPOroBoii 00PaOOTKU HMCMOJB3YIOT €IMHCTBEHHbBIN
nopor st Bcero usoOpaxkeHus. JlokanbHble (Tie-
pecTpamBaeMble, amalTUBHBIC) METOIBI BBIYUCIISTIOT
ornpefesseMbIil TTOpor ISl KaXIoro mMukceaa C MC-
MOJIb30BAaHUEM SIPKOCTU IMTUKCEIOB IO COCENCTRY.

Oco0eHHOCTH paccMaTpuBaeMbIx 3a1ad. Jlanee peub
MORAET O TMpenoopadoTKe M300paXKeHUd B YCIOBUSIX
WX HM3KOTO KadyecTBa. B KadecTBe mpmMepa pac-
CMOTPUM peajibHOe M300paxkeHue (Ha puc. 2 TpuBe-
JleH (parMeHT OZHOM M3 CTpaHMIl TeKCTa), HU3KOe
KayeCcTBO KOTOPOTO WJLIIOCTPUPYET PUC. 3: HET SIPKO
BBIPpAXKEHHBIX 9KCTPEMYMOB pacIipefesIeHIs SIPKOCTH,
COOTBETCTBYIOIINX ITUKCEJIaM 3HAKOB 1 TTMKCenaM ¢Go-
Ha. KoJamuecTBEeHHO 3TO MOXKHO BBIPA3UThH CIIEIY-
IOIMM 00pa3oM: arMmpoKCUMUPYEM ILJIOTHOCTb pac-
NpeaesieHust SIPKOCTU CEporo MUKCEIOB C MOMOUIBIO
CMeCH IBYX HOPMAaJIbHBIX pacIIpefesIeHUi, a UMEHHO:
f*(u) = 0,28p(u, 180,202) + 0,72¢(u, 197,56). 3nech
TIEPBBIA 3JIEMEHT CMECH — IIIOTHOCTh HOPMAaJIBHOTO
pacripenenenust p(u, 180,202) co cpennum 180 u auc-
nepcueit 202 — COOTBETCTBYeT MUKCeJaM 3HAaKOB, a
BTOpoil — mukcenam cdoHa. Eciau omeperbcs Ha 3TO
TIpeacTaBIeHNE M HAUTH ITOPOT OMHapU3aIuy 1300pa-
JKeHUsI TaK, YTOOBI MUHUMMU3UPOBATh OIITMOKY KJIaCCH-
(hvkalMy MUKCceI0B Ha YepHbIE U OeJible, TO MOJYIUM
3HaueHue rnopora t = 184 1 OLEHKY OLIMOKM KJIaCCU-
dukanum B 14%, T.e. 1OCTaTOYHO OOJIBIION YPOBEHD
OILIMOKMU.

[TeITasich CKOMITEHCUPOBATh HEAOCTATKA OOBEKTa
aHanMM3a, TMomJac MOYT Ha TIOBBIIICHHME pPa3pelIeHUS
M300paKeHNs, TIPA 3TOM BBEICOTa CTPOYHBIX 3HAKOB MO-

500000

400000

300000

200000

SpxocTb ceporo nBera

100000

0
130 140 150 160 170 180 190 200 210 220
KonnuecTBo 3HaueHui

Puc. 3 Pacrpenenenne 3HaueHMiA IPKOCTH CEPOTO LIBETA
IUTSI PeaIbHOTO M300paKeHUS
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HpCﬂBapI/ITCHLHaH 06pa60TKa npu pacrio3HaBaHUU TEKCTOB I10 I/I306pa}KCHI/IIO HM3KOT'0 Ka4y€CTBa

XeT nocturaTh 50 MUKCENoB. YKa3aHHbIe 0COOEHHOCTU
00pabaTbIBaeMbIX U300paXeHUI cpasy Xe OrpaHUuYM-
BaOT CITEKTP BO3MOXKHBIX METOMIOB aHajIn3a, a TakxKe
TIPEIBSIBIIIIOT TOBBIIICHHBIC TPEOOBAHUS K UYBCTBU-
TEJbHOCTH UCTIOIB3YeMBbIX TIOIXOIOB.

[Mpu mocTpoeHnM Mpolieayp pacrio3HaBaHUSI TIPEI-
OJIaTaeTCsl, YTO SIPKOCTh TTUKCEIIOB ISl U300pakeHU I
3HAKOB TEKCTa BCe XKe OTMYaeTcs oT hoHa (mauee st
KOHKPETHOCTH peyb MOWIET O TEMHBIX IMMKCeIaxX 3Ha-
KOB Ha 0oJjiee cBeTIoM (hOHE), HO pa3IMuKe SBISICTCS
HECYIIICCTBEHHBIM.

B cooTBeTcTBMM ¢ TMTNIM3amuMel 3amad pacIio3Ha-
BaHUsI TEKCTOB, a TaKXe NMPUBOAMMBIMU ITpUMepaMu
B [2, moapasn. 1.1] onmucaHHbIe cBOlicTBa 0OpabaThIBa-
€MBIX TEKCTOB ITO3BOJISIIOT XapaKTepru30BaTh 3aa4M UX
00pabOTKM KaK KpaiiHe CJIOKHBIC.

2 Koppekiys HaKJIoHa
M300paXXeHUI CTPOK TEKCTa

OOBIYHO pa3IMyYaloT ABa TUIA HAKJIOHA B JOKYMEH-
Tax: T00aJbHBIM M JIOKaNIbHBINA. [lepBas Kateropus
SIBJIICTCSI CAaMOM TTOITYJIIPHO ITPU MCCIICIOBAHUSIX, IUTST
Hee OBLIO TIPEIIOXKEHO MHOXECTBO METOIOB, OIHA-
KO JaJIeKO He BCe MPOOJIeMBbI pellieHbI, 0COOCHHO IS
JOKYMEHTOB C PMCYHKaMU, rpacdukaMu U (Urypamu
WJTH JUTS IIPUDTOB pa3IMUIHBIX pa3MepoB (CM., HaIlpu-
mep, [3]). C apyroit cTOpoHbI, HEKOTOPbIE MCCIEI0-
BaTeId pa3paboTaayd METONBI IS JIOKAJTBHBIX YKIIO-
HEHMI, KOTOPBIC BKIIIOUATINCh B TEXHOJIOTUIO TOUHOTO
BOCCTAHOBJIEHUSI TEKCTOB, HO OHM SIBJISTIOTCSI BEChbMa
3aTPaTHBIMU C BIYUCIUTEIbHON TOUKM 3peHus [4].

BoiaeneHue riao0anbHbIX YKIOHEHUI OOBIYHO Je-
JIST COIIACHO OCHOBHOMY ITPUMEHSIEMOMY TTOAXOAY Ha
YeThIpe OCHOBHBIE KaTeTOPMH METOIOB: IPOCKIIMOH-
HBIT Ipoduias (projection profile), mpeobpazoBaHme
Xada (Hough), rpynnupoBaHue 01uxkalmx cocenei
(nearest neighbor clustering), Kpocc-Koppeasuust MexK-
oy cedyeHusiMu (interline cross correlation).

IMoaxon Ha ocHOBe MPOEKUMOHHBIX Mpoduieii. Tpa-
IUILIMOHHBIA M TIPOCTOM TOMAXOJ B BBISIBICHUU YIJa,
HMCKaxKalolero n3oopaxeHue 1o0KyMeHTa. B nuanaso-
HE OXWIAEMBIX YIJIOB BBIYMCIISIOTCS OTACIBHBIC IPO-
eKIIMOHHBIE TTPOGUIN, U3 KOTOPHIX BHIOUPAETCS TOT,
KOTOpbIII HauboJiee SIPKO OTpaxkKaeT pasiudue MeXIy
0COOEHHOCTSIMU JIMHUH ¢ TIMKCEJIaMU 3HAKOB U JIMHUIA
¢ nukcenamu ¢doHa. IS CHUKEHUSI BBICOKHX Bbl-
YUCAUTESBbHBIX 3aTpaT ObILIN MPEAJIOKEHbI pa3inyHbie
MoanUKaLuU, CyTh KOTOPBIX COCTOUT JIU00 B YMEHb-
IIEHUH KOJIMYECTBA JAHHBIX, BOBJICYCHHBIX B BLIYMCJIIE-
Hue npodust, 1100 B ONTUMU3ALUY CTpaTErMU MMOUCKa
HauWJIyYIlero peiieHus.

NH®OPMATUKA U EE IPUMEHEHMUS ToMm 6 BbITyck 4

IToaxon Ha ocHoBe npeodpa3osanmii Xaga. OH Halle-
JIeH Ha oOHapyXXeHUe JIMHUM M KPUBBIX Ha [UMPOBBIX
n3oopaxeHusx. Mcrosb3yeTcs B peAnosoXeHU!, YTo
JINHWW, XapaKTEepU3yIoIlNe HaIMpaBIeHHOCTh TEKCTa,
CoIepKaT JIOCTATOYHO OOJIBIIIOE KOJIMYECTBO THKCE-
JoB. UTOOBI MOBBICUTH BHIYUCIUTENbHYIO 2 GhEKTUB-
HOCTb, TPUMEHSIIOTCSI Pa3HOBUAHOCTU 0a30BOU MIeu
HUCTOIb30BaHUs Tpeodpa3oBaHus Xada, KOTOpble CO-
KpalaiT YUCIIO0 TOYEK B TTIPOCTPAHCTBE 00PA30B.

IToaxon Ha ocHOBe O/MKAMIIMX cocedeil. MeTombl
3TOr0 KJlacca HCIOJB3YIOT OO0LIMe TPEATOI0XKEeHMSI,
YTO 3HAKM B CTPOKE TEKCTA BLIPOBHCHLI 1N OJIN3KU Apyr
K Apyry. OHU peanqusyloT BOCXOASIIUM, OT YaCTHOTO
K o0uiemy, mpouecc ¢GopMUPOBAHUS TIPeICTaBICHUS
CTPOKHM M3 OTAC/IIbHBIX 3HAKOB MJIN UX z[eTaneﬁ, a 3a-
TEM UCIT0JIb30BaHUA 3TOTIO MPCACTABJICHUA 1JI OICHKN
HakJIOHA.

IToaxox Ha ocHOBe cedyeHmii U300pakenusi. DTO Ha-
3BaHME ITOAX0Ja COOTBETCTBYET aHIJIOSI3BITHOMY CJIO-
BocoueTaHMIO «interline cross correlation clustering»
KOTOPOE JOCTaTOYHO TPYAHO MepeBecTU KOPoTKo. CaMm
MOJXOM OCHOBAH Ha MPEIoI0XEeHUU, YTO n300paxke-
HUEe TeKcTa 0e3 HaKJIIOHAa CTPOK IIPEACTABISICT OTHO-
POIHYIO TOPM3OHTAIBHYIO CTPYKTYpy. Torma oreHKa
HaKJIOHA CTPOMTCS ITyTeM M3MEPEeHUS M3MEHEHMI Xa-
pPaKTepUCTUK MMUKCEJIOB BIOJIb BEPTUKAIbHBIX JTUHUIMA
U300paKeHUsl.

KpaTtkuii 0630p MpOUCXOXIACHUS U CYTU Mepeurc-
JICHHBIX TTOJXOMI0B, MX CPAaBHUTEIBHBIN aHAIN3 J0CTa-
TOYHO TIOJTHO TIpeAcTaBieH B [5] (54 mctounuka ¢ 1972
mo 1997 ) u B [6] (58 uctounukos ¢ 1986 1o 2011 rr.).

HecmoTtps Ha mpumMepbl 3(hhEeKTUBHOTO UCITOJbB30-
BaHUSI METONOB KOPPEKIIMM HAaKJIOHAa CTPOK, MOXHO
BBIICIUTD PSI OOIINX IIPOOJIEM MIPH X TPUMEHEHNH:

— Heo0XOoAMMOCTh CbaKTI/I‘ICCKI/I MCITIOJb30BaTh ABO-
NYHOEC (6I/IHapH30BaHHO€) NN JOCTAaTOYHO YETKOC
B OTTCHKaXx CEporo I/I306pa)KeHI/Ie;

— BO3MOXHOCTB TTOJIy4aTh TPyObIe OIICHKM yIJIa Ha-
KJIOHA;

— I1oa4ac BbICOKast BEBIYMMCIUTEIbHAA CIO2KHOCTD,

— SIBHOE WJIM HESBHOE WCITOJIb30BaHUE JOIMOTHU-
TEJIbHBIX TTapaMeTPOB, CYIIECTBEHHO BIIMSIOLINX
Ha KauyeCTBO IOJTy4yaeMbIX PEIICHUI;

— OopueHTalus Ha crneuududeckre o0JacTu TpU-
MeHEeHHUs (B YaCTHOCTM, OFPaHUYEHUST Ha pa3Mep
mpudTa, TpedboBaHKE K OMpeaesIeHHOMY pa3pele-
HUIO N300pakeHNsT, 3aBUCUMOCTb OT SI3bIKa, HEBBI-
cokast 3(p(PEeKTUBHOCTH ITPU PpadOTE C PYKOIMMUCHBIM
TEKCTOM);

— omeHKa 3(p(EKTUBHOCTH TIpeIjiaraéMbIX METOIOB
IIPOBOAUTCS Ha CIIeN(PUUIECKIX HaOOopax TaHHBIX,
He SIBISIOIINXCS OOIIEAOCTYITHBIMM, KakK CJell-
CTBHE, 3aTPYAHUTEIEHO ITPOBECTH CPABHUTEITBHBII
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aHam3 3(O(hEeKTUBHOCTH, IIOHSITh MECTO TIpeyIara-
€MBIX PEIICHUI B PSIIY YK€ CYIIECTBYIOLINX.

B nanHoit pa60Te paccMaTpMBacTCA MCIIOJIB30Ba-
HHME MPOCKIITMOHHOTO l'lpO(I)I/IJ'[H 110 CJI€AyIrouM OCHOB-
HBIM IIpUYMNHaM:

— OH CBfI3aH C aKKyMyJHMpOBaHMEeM WH(OpMalmu
BIOJTb TOPU3OHTAIIBHBIX JTMHUN W300paxkeHus, 1
9TO CO3[AET MPEATIOCHUIKH JJISI TOTO, YTOOBI «CITpa-
BUTbBCSI» C M300paXkeHUEM HU3KOTO KaueCTBa;

— METOA OLICHMBAHMA yIjia HAKJIOHAa Ha OCHOBE ITPO-
(I)I/U'[ﬂ XOpoI1Io 3ap€KOMECHIOBAJ ce0sI ¢ TOUKHU 3p€C-
HUA YyBCTBUTCJIbHOCTHU,

— C IIOMOLIIbIO ITPOCKIMOHHOIO HpO(I)I/IJTH MOXHO
CTPOUTDH U MPOLEAYPLI BhIACJICHUA CTPOK.

BBeznem ocHoBHbIe 0603HaueHus. [ycts I(y,x) —
SIPKOCTh CEpOTO IS TTMKCeJIa, pacIiojiaralolierocs Ha
TMIEPECEYEHUHU Y- TOPU3OHTATIBHOU JTUHUU U T-1 BEp-
TUKAJILHOM TMHUU N300paxkeHus (ITMKCe B £-M CTOJI0-
e Ha y-U JUHUU u3obpaxkeHus). [IpoeKIMOHHBIN
npodwiis 1o onpeneneHuo ectb PP(y) = > I(y, ),

xr

JIJIST eT0 HOPMUPOBAHHOM (POPMBI IIPUMEM CJIeIyIolIee
o0o3HaUYeHue:
_PP(y)

p(y) = ——,

w

e w — MOCTOSTHHASI IIMPUHA CTPOKU M300pakeHHsI B
nukcennax. Jist mocnenoBaTeIbHOCTH p(y) MOXKHO BbI-
YUCIUTh BHIOOPOUHBIE XapaKTePUCTUKKU: D = Y p(y) U

Y
2 _ =\2
s?=>2(p(y) — ).
Yy
st mosicHeHUsT TOro, KakK pabOTaroT BBEICHHBIC

BBIOOPOYHbBIE XapaKTePUCTUKHU TTPU OLIEHUBAHUU yTJjia
HaKJIOHa CTPOK TeKcTa, Ha puc. 4 mpuBeaeH dpar-
MeHT rpaduika noseneHust p(y) — P ISt 3HAYCHUR iy =
= 250,251,...,360 mis1 peaabHOro M300paxkeHUSI B
Tpex clTydasx: 6e3 HaKJIOHA CTPOK (KpuBas A), ¢ yIIIoM

— 4

-10 1 1 1 1 1
250 290 310 330 350
y

Puc. 4 3asucumocTth 3HaUYEHMIT HOPMUPOBAHHOTO ¥ LIEH-
TPUPOBAHHOTO MPOCKIIMOHHOTO MPOMUISt OT HOMEpa JIMHUU
IUTST M300pakeHnsT O6e3 HakioHa (KpuBasi A), C HAKJIOHOM B
0,5° (xpuBast B) u ¢ Hakj1oHOM B 1,0° (xpuBast C)

Taomuna 1 XapakrepucTuKu NpOEKLUMOHHbIX Mpoduieii

— 2

Yros HakJIOHa CTPOK TeKcTa D s
0,0° 192,1 32,2
0,5° 192,1 24,8
1,0° 192,1 15,9

HakJIoHa cTpoK B 0,5° (kpuBast B), ¢ yIJIoM HaKJIOHA
ctpok B 1,0° (xpuas C).

J71s1 MpOeKIMOHHBIX Mpodueit yka3aHHOTO U300-
paXkeHUsT B YIOMSHYTBIX cJIydasix TaOi. 1 comepKuT
3HAUEHUsT BBIOOPOUYHBIX XapaKTepucTuk. [lpu yBe-
JIMYEHUU OTKJIIOHEHUsT abCOIOTHOTO 3HAYEHMS yria
HaKJIOHa CTPOK OT HYJIEBOIO 3HAYEHUSI MPOUCXOIUT
cieytoliee:

— cpeaHee 3HaUYEHUe P TSI [TOCIeI0BATeIbHOCTH p(y)
MPAaKTAYECKA HE W3MEHseTcs (He3HAYUTEIbHOE
BJIMSIHUE OKAa3bIBAECT AMCKPETU3ALMS IPU IOBO-
poTe U300paxkeHus1), T0TOMY Bce Tpaduku p(y)
KOJIEOTIOTCSI OKOJIO OJHOM U TOM K€ TIPSIMOIA;

— JIOKaJIbHbIE BKCTPeMalIbHbIe 3HaYeHUs1 p(y) HA UH-
TepBasiaX, OTBEUYAIOIINX TIOJIOXKEHUSIM CTPOK (y =
= 255,256,...,305 Ha puc. 4) U TOJOXKEHUSIM
MEXCTPOUHBIX MHTepBaJIOB (y = 306, 307, ...,345
Ha puc. 4), yObIBaIoOT;

— mnoBefeHue p(y) HA MHTEPBAJIAX, OTBEYAIONIUX 10~
JIOXKEHUSIM CTPOK M TTOJIOXKEHUSM MEXCTPOYHBIX
WHTEPBaJOB, 1O (opMe MEHSIETCS OT <«IIPSIMO-
YTOJIbHOTO» K <«TPEYTOJIbBHOMY», CIMBAasiCh B Ipe-
JieJie ¢ OChlo abcrmcc.

Torma cranoBuTCS IIOHATHBIM, 4YTO 82 MOXKET CTaTb

MepOoif TOPU3OHTAJIBLHOCTU CTPOK TeKCTa. Takxke U3
NPUBEIEHHON WIUTIOCTPALIMK CJIELYET, UTO s2 TIPEITIO-
YTUTEIbHEN MHTEPIIPEeTUPOBATh HE KaK paccesiHue, a
KaK MHTETPAIbHYI0 MOITHOCTh HEKOTOPOTO TIpoliecca
p(y), IpK 3TOM HEeT HEOOXOAUMOCTHU B TMPEABAPUTEb-
HOI OMHapu3aluu U300pakeHus (1Sl CPAaBHEHUSI CM.,
Hanpumep, [1, . 2.4.2.1]).

Takum obpa3om, MoaydyaeMm, YTo UCKOMBIN yroma o
MTOBOPOTA IS KOPPEKIIUKM HAKJIOHA OYIeT pelieHuemM
3amauyn o = arg max s2(«), rae Mepa s2 () mocuntaHa
JUISL TIPEJIBAPUTEIIHHO TTOBEPHYTOTO Ha YIOJ v MCXOJI-
HOTO U300paKeHMUSI.

J71s1 BBISICHEHMSI BO3MOXKHOCTH TPAKTUYECKOTO
WCTIONb30BAaHUST OMMCAHHON TPOLEAYPHl KOPPEKIINU
HaKJIOHa Ha M300paXeHUsIX C pPaccMaTPUBAEMbBIMU
CBOICTBaMU OBLT TIPOBEJCH aHAIN3 ee KadecTa. [list
uccieoBaHusl Opanoch M300pakeHWe TeKCTa C To-
PU30HTABHBIMU CTPOKAMM TEKCTa, OHO UCKYCCTBEH-
HO MCKaXxaJloCh MyTeM IOBOPOTa Ha OIpeAeSIeHHbIN
IO «p, a 3aTeM CPaBHUBAICS pe3yJabTaT OILIEHU-
BaHUS yIjla HakKJIOHA W M3BEeCTHOe 3HauyeHue. [lo-
IOOHBIE NeHCTBUSI MPOBOAMIMCEH i 10 pa3auyHbIX
n300pakeHuit. B KayecTBE UTOTOBBIX XapaKTePUCTUK
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Tadmuma 2 XapakrepuCTUKU OLIEHOK YIJIa HAKJIOHA CTPOK

—ao, INceBnopeanbHbie naHHbIe (10 M300paXkeHMI) Peanbhbie nanabie (10 n3o6paxkeHmit)
mukcen | Ave{a” — (—ao)} | \/Ave{(a* — (—a0))?} | Ave{a” — (—ao)} | VVAve{(a* — (—0))?}
0 0,4 0,5 -0,3 0,9
1 -0,7 0,6 —1,4 0,8
2 0,0 0,0 0,0 0,0
4 0,0 0,0 0,0 0,0
8 0,0 0,0 0,0 0,0

KaJyecTBa OLIEHOK HAaKJIOHA pacCMaTPUBAJINChH CIEIy-
oume: Ave {a* — (—ag)} u /Ave{(a* — (—ap))?}.
[MpuHMMast BO BHUMaHUe, YTO pealbHble M300paxe-
HUSI TIOABEPTraJICh KOPPEKLIMU HAKJIOHA CTPOK TEKCTA,
OINMMCaHHBIl aHAM3 CHayala MPOBOAMJICS UISI TICEB-
JOpEaNbHbIX NaHHBIX — MCKYCCTBEHHO CO3IaHHBIX
N300paXeHNit cO CTPOKAMM TeKcTa 6e3 HAKJIOHA, Xa-
PaKTEPUCTUKK KOTOPBIX B CMbICIIE OTJIMYMST SIPKOCTEM
MTUKCEJIOB 3HAKOB U TIMKCENIOB (hoHa ObLIN MOXOXM Ha
peanbHble. YTOJ MOBOPOTA M3MEPSIICS YUCIOM THK-
CeJIOB, Ha KOTOPOE CABUTAJICS MO BEPTUKAIM CaMBbIii
MPaBbli TUKCETT HEKOTOPOW JTMHUU M300paXXeHHs OT-
HOCHUTEJIBbHO CaMOI'0O JIEBOTIO.

IMpencTaBieHHBIE B TAa0JI. 2 pe3y/IbTaThl TO3BOJISIOT
CI¢caaTh CICAYIOINE BbIBOADI:

— OIMCAHHBI METOH OO0PabOTKU IIPOCKIIMOHHOTO
npoduist TPUBOAUT K JOCTATOYHO XOPOLIUM pe-
3yJbTaTaM (3aMeTUM, YTO HAKJIOH CTPOKU B 1 MUK-
CeJI COOTBETCTBYET BceTo Jumib yriry 0,02°);

— HEHyJIeBble 3HAYCHUsT XapaKTEPUCTUK OIEHKU Ha-
KJIOHA JUTSI peaIbHBIX JAHHBIX TIpU oy = 0 sBIISI-
IOTCSI CNIENCTBUEM MWCKPETU3ALUU TIPU TTOBOPO-
Te U300paxeHus. B yacTHOCTM, IUISI OTAEIBHOTO
M300pakeHusi MpU ero MoBopoTe Ha —1, a 3a-
TeM CHOBa Ha | MUKCea KOJIMYECTBO MUKCENIOB, He
COBITABIIINX IO SIPKOCTA UMEHHO M3-3a TUCKPETH-
3all1K, OKa3aJI0Ch paBHBIM 6947 13 06I1Iero yncia
107 (0,07%). Takum o6pa3zoM, AOMOTHUTEIbHBIM
CPEICTBOM TMOBBIIICHUST KauecTBa MPOLEAYp KOp-
PEKIIMU HaKJIOHA MOTYT CTaTh MIPUEMbl YTOUHEHUS
TPOIIEYP TTOBOPOTA, XOTSI COOTBETCTBYIOIIEE TIO-
BBILIIEHUE HE SIBJISIETCSI CTOJNIb YK CYIIECTBEHHBIM.

Hapsnay ¢ mpoaHamm3npoBaHHOM ITPOIIeAypOii KOp-
PEeKIIMM HaKJIOHA CTPOK OBIjIa cAellaHa TOMBITKA I10-
CTPOMTH U MCITOIb30BaTh MHbIC METO/IbI:

— pasjiejieHue 3JIEMEHTOB CMeCU IIpU allpOKCHU-
Maluu pacrpenesnieHus1 p(y) ¢ TMOMOIIbIO TBYX-
BJIEMEHTHOW CMECH HOPMAJIbHBIX pacIipeiecHui
MPOEKLIMOHHBIX Tpodueii. [lpu sToM B Kaye-
CTBE Mepbl OTCYTCTBMUSI HAKJIOHA paccMaTpHUBa-
JIach OIIEHKA OIIMOKM KJIacCU(PUKALIUU [UIST IBYX
KJ1accoB (ABYX 2JieMeHTOB cMmecH). OcHoBaHUEM

IUIST TIPUHSITHS PEIICHUST CTAHOBIJIOCH CIICAYIOIIEe
MPaBUJIO: B CJIydae HAWJIYYIIEeTo pasae/IeHUs IBYX
KJIACCOB M300pakeHNe TOJKHO UMETh SIPKO BhIpa-
JKEHHYIO TOPU30HTAJIbHYIO CTPYKTYPY TEKCTa;

— CpaBHUTEIBHBIA aHAMM3 (pparMeHTOB M300paxke-
HUSI C TIOMOIIBIO TIPOBEPKHU OTHOPOIHOCTH TTOMI-
BBIOOPOK BIIOJIb TOPU3OHTAIBHBIX JIMHUI N300pa-
SKEHMS C TTOCTICAYIOIINM aHaJTM30M YUCIa YCIIEXOB
(TIpUHATHE TIPEATIONOXEHUS 00 OTHOPOTHOCTH)
IIJIST TIOCIIEIOBATEIBHOCTY MCTIBITAHWI TSI OTIEITh-
HBIX TOPU30HTATBHBIX JIMHUI N300 paKeHNS.

Cynas 1o npoBeAeHHBIM aBTOPOM IKCMEPUMEHTAM,
SIBHOE YCJIOXKHEHUE aJITOPUTMOB O00paOOTKM JaHHBIX
He JaeT OYEBUIHBIX MPEUMYIIECTB MO CPaBHEHUIO C
0a3o0BbIM MeTOnOM. bojee Toro, oba IOMOJHUTEb-
HBIX MeToma (pa3mefiecHrue CMECH U CPaBHUTCIbHBIA
aHaau3 (parMeHTOB) MPOSBISIOT MEHBIIYIO YCTORYM-
BOCTb B 00JIaCTM MaJibIX YIJIOB MCKaXKEHUsI HAKJIOHa
(0, £1, £2 nukcena). [lo-BUuaMMOMY, OCHOBHAasI TIpU-
4YyuHa 3[eCh B TOM, UTO OOpabaThiBaeMble M300paxe-
HUs 00J1amafoT CYIIeCTBEHHON 3aBUCHMMOCTBIO 3HAUC-
HUN SIPKOCTH OTICITBHBIX ITUKCEIOB, UTO OTPAXKACTCS
M Ha MPOEKUMOHHBIX MPOGWIsX. DTO 3acTaBisieT C
OCTOPOXXHOCThIO OTHOCUTBLCS K 0OpalleHu1o ¢ 00pabda-
ThIBa€MbIMU JAHHBIMU KaK C BEIOOPKOIA.

3 BoiaeneHue n3o0pakxeHU CTpOK
TeKCcTa

[1aBHBIM 00pa30M, CYIIECTBYET TP OCHOBHBIX Ka-
TETOPUM TTOAXOI0B K PEIICHUIO pacCcMaTpUBaeMOM 3a-
Ja4yu: MPOeKIMOHHBIN Mpoduib; peodpa3oBaHue Xa-
¢a; 3amoyiHeHUe, WM 3aMa3biBaHUE (Smearing).

IMoaxox Ha ocHoBe mMpoekMOHHbIX npoduieii. Co-
OTBETCTBYIOIIMEC METOAbI BKJIIOYAIOT HAXOXKACHNE UH-
TETpaJIbHBIX XapaKTCPHUCTUK OTACIbHBIX TOPU30HTaJIb-
HBIX JUHUNA — XapakKTCpUCTUK, CHCL[PI(I)I/I‘IHI)IX I
CTPOK 3HaKOB M MECXKCTPOYHbLIX MHTCPBAJIOB. TTocne
paccMOTpPEeHUSI UX 3HAYCHUI 110 BEpTUKAIHN (IIPOSKIINHI
Ha BCPTUKAJIbBHYIO J'II/IHI/IIO) CTAaHOBUTCA BO3MOXKHBIM
BBIABJIATD MO3UIIMU U PAa3MEPDLI 11O BbICOTE OTACIbHbBIX
CTPOK TEKCTa.
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IToaxon Ha ocHoBe mpeoOpa3osanmii Xaga. OGHapy-
SKEHUE JIMHUM B IM(POBBIX N300PaKEHMSIX C TOMOIIBIO
MPOCTpPaHCTBa 00Pa30B JOMOJIHSIETCS MPpaBUIaMU MPO-
BEpKU THUIIOTE3 B MPOCTPAHCTBe M300paxkeHuit. Ilpu
3TOM OTOMpPAIOTCS TaKre 00pa30BaHMS (TPYIIITHI) TOYEK
B MpocTpaHCTBe Xada, KOTopble SIBJISIIOTCS Haubosee
MpeACTaBUTEIbHBIMU C TOUKU 3PEHUS KOJTUYECTBA dJie-
MEHTOB M300pake€HUsI, BBICTPOESHHBIX BIOJb OMpe/e-
JIEHHOU JINHWU.

ITonxon Ha ocHoBe 3amosiHeHusi. Jisi OuMHapu3o-
BaHHBIX JOKYMEHTOB METOJ 3allojHEeHUs sipuye Bce-
ro Boromiaercss B mpoueaype RLSA (Run-Length
Smoothing Algorithm), korga Ba1oJb FOpU30HTAIBHOTO
HaITpaBJICHUS IIOCIICA0OBATEIBHOCTD, COCTOSIIAS U3 O¢-
JIBIX TIMKCEJIOB MEXKITy YePHBIMU, 3aITOTHSICTCST YePHBI-
MM MTUKCEJIaMU, €CJIM PACCTOSIHUE MEXKIY TPAaHUYHBIMU
YepHBIMU MTUKCEaMU He TIPEBOCXOAUT OMPEaeIeHHOTO
nopora. Jlajgee CTpOUTCS OrpaHUYMBAIOLINI CBSI3aH-
HBIE KOMITOHEHTHI TIPSIMOYTOIBHIK, OH M OIpEIeIsIeT
TEKCTOBYIO CTPOKY. CyIIECTBYIOT Pa3HOBUIHOCTH 3TO-
ro MeToma, IIPHUCITOCOOJIEHHOTO K M300paskeHUSIM C
YPOBHSIMU SIPKOCTH.

KpaTtkuii 0630p MpouCcXoXIeHust U CyTU OMMUCaH-
HBIX TIOIXOA0B, UX CPABHUTEIbHBIA aHAIU3 U3JI0XKEH
B [7] (60 ucrounukoB ¢ 1962 mo 2004 rr) u B [§]
(42 ucrounuka c 1982 mo 2008 rr.).

[TpoGiemMbl mpu MPUMEHEHUHU OMMCAHHBIX MOAXO-
JTOB ITPAKTUYECKU T€ K€, YTO YKa3aHbI B CBSI3U C KOPPEK-
1IMeli HaKJIoHa CTPOK. B riepByto ouepens K HUM ClienyeT
OTHECTHU CJICAYIOIINE: HeOOXOMMMOCTD 3Tara OMHapH-
3alIMM M300pakeHMS, IPUBHECECHNE TOTTOTHUTEIBHBIX
TPeOYIOIINX 3aIaHUs ITapaMeTPOB, OTCYTCTBHE CPaBHU-
TEJIbHOTO aHaji3a METOAOB OLEHKU 3G(MEKTUBHOCTU
MpeJyiaraeMbIX METOJIOB Ha OOI1IeOCTYITHBIX JaHHbBIX.

B manHoOIT paboTe mpemIokeHa cXeMa BBIICICHUS
CTPOK TEKCTa C TIOMOIIIBIO CIICTYIOIINX MICH:

— OCHOBY COCTaBJISIET MCITOJIb30BAHWE TTPOEKIINOH-
HbBIX poduuteid. JIsT MOBBIIEHWST KayecTBa MpH-
HUMaeMbIX PpELIeHUI M300paXeHue AeTUTCS

(bparMeHTUpPYeTCsT) Ha HECKOJIBKO BEPTUKAIbHBIX
MOJIoC, ISl KaXXIOil U3 KOTOPBIX CTPOUTCS CBOK
MPOEKIMOHHBIA Mpoduab. C MOMOIILIO 3TOTrO
TIpreMa yIaeTCsl YIUTBIBATh BOBMOKHOCTD ITOSIBIIC-
HUS CTPOK 3HAKOB C Pa3IMYHON CTPYKTYpoil (Ha-
MpUMep, HaJduyue HEMoJHBIX cTpok). IllupunHa
MOJIOC MPU TMOJCYETe MPOCKIIMOHHBIX WHIECKCOB
MPUHUMAETCSI OAMHAKOBOM (eciu IIMpUHa U300-
paxkeHMsI He KpaTHaA YMCIy I0JIOC, TO JIMOO OT-
JleJIbHBIE TIMKCEJIbl OTOpachIBalOTCs, JINOO 0Opada-
THIBAIOTCST HECKOJIBKO Pa3INJalonecsT 3HaYCHUS
IIUPUHBI PArMEHTOB);

— BBIACJICHUEC CTPOK OCYHICCTBJIACTCA ITYTEM CpaB-
HCHUA paCCTOHHHfI MEXIAY MPOCKIIMOHHBIMMU ITPO-
CI)I/UISIMI/I TOPMU30OHTAJIbHBIX ITOJIOC I/I306pa)KeHI/IH n
9TaJiIOHa, 3a4aBacMoOro ¢ IMIoOMOUIbIO ma6n0Ha;

— 11a0JIOH OMUCHIBAET aIlIpUOPHOEC MPEACTABJICHHNE O
CTpOKax TEKCTA. OH MOXET OBbITh IIPOCTBIM, COCTO-
SAINUM U3 CI)I/IKCI/IDOBEIHHOFO YHuciia IMOJHBIX CTPOK
C OoNMpC€aACICHHBIMU APKOCTAMU ITMKCCIOB B HUX,
nim KOM6I/IHI/IpOBaHHHM, COCTOSILIUM M3 Habo-
pa d)paFMeHTI/IpOBaHHHX CTPOK C OIIPECACICHHBIMU
SAPKOCTAMM IMUKCEJIOB BO cbparMeHTax.

BapuaHThl 1a0JJOHOB MpU AeJICHUU U300paKeHUsI
Ha TPY BepPTUKAJIbHBIE MTOJOCHI, pACCMOTPEHHbIE B 1aH-
HOIl paboTe, cXeMaTU4HO TMpeAcTaBieHbl B Taba. 3.
CBeTJIble KJIIETKM COOTBETCTBYIOT ITMKce1aM (hOHa, TEM-
HBle — MUWKCeJIaM 3HaKOB TeKCTa. Tak, KOMOMHHUPO-
BaHHBIN 11a0JIOH M3 ABYX CTPOK COCTOUT U3 CTPOKU
MUKCEeJOB (pOHA U CTPOKU, COoepKalllel MUKCETbl 3Ha-
KOB, MpUYEM B MOCJEIHEM CJyyae 3TO MOXKET OBbIThb
OIMH W3 TpeX BapMaHTOB. TeMHBIN ()parMeHT W IBa
CBETJILIX (pparMeHTa, 1Ba TEMHBIX ¥ OIMH CBETJIBINA, BCEe
TpU TEMHBIX (pparMeHTa.

[1Ta6ysoH 3agaeTcsi ¢ MOMOILBIO CAEAYIOLIUX Tapa-
METPOB:

— IIMpPUHA CTPOKM, KOTOPAas OIpPENeIsIeTcsl pa3Mepa-
MU U300paKeHNS U 3aJa€TC 1O pPaclio3HaBaHUsI;

Taoauua 3 BapuaHTbl 11a6I0OHOB IIPU AEJIEHUU U300PAXEHUS HA 3 BEPTUKAJIBHBIE TIOJIOCHI

Tun mabmona
CTpok B m1a0JI0HE

IIpocroii

KomOuHMpoBaHHEIH

—

B [ ]
u

Bl
HEE
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— KOJIMYeCTBO (hparMeHTOB, OHO OIpeneIsIeTCs
CJIOKHOCTBIO CTPYKTYPBI CTPOK TEKCTa U 3a1aeTCst
HCCienoBaTelieM JI0 Paclio3HaBaHUs. YBeJIUYeHNe
9TOro MapaMeTpa MOBHIIIAET KaYeCTBO MpeaBapy-
TeJIbHOI 00pabOTKM M COIPOBOXKIAETCS POCTOM
BPEMEHHOM CJIOKHOCTH aJITOPUTMOB 00pabOTKU
JTAHHBIX;

— XapaKTepUCTUKU HOPMUPOBAHHOTO MPOEKIIMOH-
Horo npodusst po(y) CTpoku 3HAKOB U pp(y)
cTpoku (hoHa, KOTOpBIC TOITEXAT OLEHMBAHUIO
0 U300pakeHUSIM;

— BBICOTA CTPOKM 3HAKOB h¢ M BBICOTA CTPOKHU (DOHA
hp, OHU MOIEXAT OLICHUBAHUIO TT0 N300paKeHM -
M.

B nmaHHOIt paboTe XapakTepUCTUKaAaMU HOPMUPO-
BaHHOTO MPOEKIIMOHHOTO MPOMWIs BBICTYNATU CPel-
HUe 3HaUYeHUs SIPKOCTU ceporo pc U pp. COOTBETCTBY-
FOIIIE OLICHKU HAXOMSATCS C TIOMOIIBIO TIPEICTABICHIUS
p*(y) B BUIE cMecH IBYX HOPMAJIbHBIX IUIOTHOCTEH Tak,
YTO CpPEeIHHE JIEMEHTOB CMECH YITOPSIIOYSHBI 10 BO3-
pacranuio py < ps. Torna pf = py n pp = ps. Ecam
Hapsay ¢ U300paXeHUSIMU TEKCTa IO pacro3HaBaHUS
JTOCTYITHBI M300pakeHMST CTPOK TOIBKO (pOoHA, TO MOXK-
HO TIPUMEHHUTH 00JIee TOHKYIO IPOLIEAYPY: TPEIACTaBUTh
pacnpeneneHue p(y) B BuUme cMecu Oojiee YeM JABYX
HOPMaJIBHBIX paclpefesieHuil (TeM caMbIM yaydiias
anmpoKCUMAIIMIO PeaibHOTO pacrpeneieHus). 3ateM
pacilenuTh 3Ty CMeCh Ha IBe COCTaBJISIIOIIMe, OIHA U3
KOTOPBIX COOTBETCTBYET HOPMUPOBAHHOMY ITPOCKIIM-
OHHOMY PO MITIO 3HAKOB, a Apyrasd — ¢oHa [9]. U, Ha-
KOHelI, B KAaUeCTBE XapaKTepUCTHUK 111a0J0Ha B3ITh MO-
MEHTBI BbIJICJIEHHBIX COCTABJISIOIINX CMECH.

OlieHMBaHKE BICOT CTPOKM 3HAKOB M CTPOKM (DoHa
abI0HA PeaTn3yeTCsT C ITOMOIIBIO CIICAYIONINX IIIarOB:

— MoJydeHue MpoeKInoHHOro mpodwist p(y) 1o
BCeil MIMPUHE N300paXkeHUST TEKCTa;

— OWHapW3alus TOCIenOBaTeIbHOCTH p(y) IMyTeM
aTNMpOKCUMAIIMU pacTipesiesieH st p(y) C TOMOIIBIO
CMeCH IIByX HOPMAJIbHBIX pacIipefe/icHui, 3aTeM
HaxXOXIEeHHUEe MOpora JUTsl Pa3ieIeHUsT 2JIEMEHTOB
MTOJTy4eHHOW CMeCH M, HaKOHell, (GopMUpPOBaHE
nocaenoBaTeabHOCTU U3 0 1 1;

— BBIACTeHUE cepuii nByX TUTOB (0-cepmii u 1-ce-
pMii) ¥ TIOJACYET YacTOT BCTPEUAEMOCTH JUIMH Ce-
pUii OTIpe/ie]IEeHHOTO THTIA;

— OIICHMBAHKME BBICOT CTPOK 3HAKOB M CTPOK (Ho-
Ha MyTeM BbIOOpa UIMH CepUii, YaCTOThI KOTOPBIX
SIBIISTIOTCST HAMOOJIBIITUMU.

Takum 00pa3oM, OCHOBHBIMM IIaraMu 0OpabOTKU
MCXOOHBIX M300pakeHU CTAHOBSITCS CAEAYIOLIME:

— oIpeneliecHNe XapaKTepHCTUK ITa0IoHa, IS Je-
IO MIPOBOIUTCS OLICHUBAHUE BBICOT YePEIyIOIINX-
Cd CTPOK M3 TeMHBIX (CTPOK 3HAKOB) M CBETJIBIX

(ctpok (ona) nukcenos. [Ipeanonaraercs, yTo
CTPOKU UMEIOT OIMHAKOBYIO BBICOTY, HO He 00s13a-
TEeJIbHO COBMAAIONILYIO ISl CTPOK 3HAKOB U (hOHAa;

— ompejeieHUe TOJOXEHUM CTPOK Ha OTAEIbHBIX
U300pakeHUsIX.

OrnpeneneHne MOJIOXKEHW CTPOK 3HAKOB BKITFOUAET
CJIENYIOLIVIE NENCTBUA:

— IUIS KaXOOTO BO3MOXKHOTO ITOJIOXKEHUSI CTPOKHU
3HAKOB HAaXOXICHME 3HAYCHUSI Mephl OJM30CTU
MeXIy (parMeHTOM M300paxkKeHMSI, COOTBETCTBY-
JOIIMM 3TOM CTPOKE, W BBIOPAHHBIM 3TAJIOHOM,
XapaKTePU3YIOLINM CTPOYHYIO CTPYKTYPY TEKCTa;

— 0TOOp M3 MOTYYEHHBIX Ha TTPEIBIIYIIEM IIare 3Ha-
YeHUii Mep 0JIM30CTU HAaMMEHbILIET0 3HAYE€HU TaK,
4TOOBI CHOPMUPOBATOCH IMOJHOE H300pasKeHUEe
CTPaHULIBI.

B kauectBe Mepbl OJM30CTU B caydyae MPOCTOTO
1mabjoHa paccMaTpuBaeTcsl KBaapaT pasinyus 3Ha-
YEeHUII HOPMUPOBAHHOIO MPOEKIIMOHHOTO MPOGhUIIs
11T (hparMeHTa M300pakeHMsI, COOTBETCTBYIOIIETO T10
CTPYKType 1 pa3Mepy BHIOpaHHOMY ITa0JIOHY, 1 Cpell-
Hell SIPKOCTU Ceporo JJis 2JIeMEeHTOB InabioHa. [l
KOMOMHUPOBAHHOTO 111abJI0Ha Mepa OJIU30CTU BbIUKC-
JISIETCSI KAK MUHUMYM Mep OJIU30CTH 7151 KaXKIOTo YyacT-
HOTO BHjIa IIa0JI0OHA.

HaunGonpimmme CII0XXHOCTA BO3HUKAIOT TIPU peajii-
3allMH 3Tara 0TOOpa HAMMEHBIITX 3HAYeHU Mep OJIH-
30CTU, YTO CBSI3aHO C HAJIMYMEM MHOXKECTBA JIOXXHBIX
JIOKaJIbHBIX MUHUMYMOB. [lpaBma, MX 4uc/iO yMEHb-
11aeTCsl C POCTOM CJIOXHOCTH 11abjaoHa. Ho B io6om
cyJae TIPUXOIUTCS OTKA3bIBAThCSI OT TTOCIICIOBATEIb-
HO 110 TMHUSIM M300pakeHMS CTpaTeTUN OOHapysKe-
HUsI CTPOK 3HAKOB M 00palllaThcsl K Mpolenype, ar
3a 11aroM BBIIEJSIONIEe HauMeHbllIee 3HAYEHUE MEPhI
OJIM30CTU U3 OCTABIIMXCS U MCKJIIOUEHUEM U3 Jajlb-
HEHIIero pacCMOTPEeHUSI IMHUI M300paXkeHUsI, COOT-
BETCTBYIOIINX HAWICHHONW CTPOKE 3HAKOB M JIMHUSIM
¢doHa, 00paMJISIIOLLIIM 3Ty CTPOKY.

B ta6u1. 4 cBeneHbI pe3yabTaThl 9KCIIEPUMEHTOB IS
10 peanbHBIX U300paXKEHUI CTpaHUL, COAEPKAIIUX B
obmeit cioxaoctr 430 cTpok TekcTa. st olleHnBa-
HUSI Ka4yeCcTBa MPOILEIYPhI BEIICICHMS MO3UINI CTPOK
TEKCTa UCITOIb30BAJINCH CICAYIOIINE XapaKTePUCTUKM:
A — 4uCII0 He HaWACHHBIX CTPOK, B — YKCIIO Hecylle-
CTBYIOUIMX CTPOK (HaWIEHHBIX MPOLEAYPON MO3UIIUIA
CTPOK, HE CoiepKalllnX TEKCT), § — OLIEHKA CMEILEHMS
MO3UINU CTPOK TeKCTa, ¢ — OIIeHKAa CTaHIapTHOTO
OTKJIOHEHUSI CMEIIICHUST TTO3UIINHU CTPOK TeKCTa.

[TosyyeHHBIE pe3yabTaThl MO3BOJSIOT CAEIATh Clie-
JYIOILIME BbIBOJIBI:

— HECMOTpPA Ha HU3KOE€ Ka4€CTBO I/I306pa)K€HI/I$I, yaa-
€TCA INOJIYUYUTDb BLICOKME IMMOKAa3aTCJIN TOYHOCTU BbI-
JCJICHUA CTPOK TEKCTA,
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Tabmmma 4 XapakrepucTUKU MPOLIEAYPbI BHIAEIEHUS CTPOK

Ctpok [TpocToii mabaoH KoMOuHupoBaHHBI 11a0JI0H
Buiabmone | A | B ) o A| B 0 o
1 351 2 0,3 351 9 2 0,3 3,4
2 3211 | -05 2,31 7 1 | =05 2,3
3 26 | 0 0,2 2,1 | 3 0 0,1 2,1
— yCJIOXHeHMe WabioHa (KakK 3a CYET yBeJMYEeHUs JII/ITepaTypa
KOJIMYECTBA BXOASIINX B HETO CTPOK, TaK U TTyTEM
(bparmeHTaMM) IPUBOAMT K SIBHOMY YAYUIIEHUIO 1. Cheriet M., Kharma N., Liu C-L., Suen C.Y. Character
KayecTBa BbIIACJIEHUS TTO3ULUIA CTPOK; recognition systems: A guide for students and practition-
— (pparMeHTAINS aGIOHA SBISETCS MOITHBIM CPE/I- ers. — Hoboken, New Jersey: Wiley-Interscience, 2007.
CTBOM OTTMCAHUS CJIOXKHOM CTPYKTYPbI CTPOKH TEK- 326p.
cra (MOSIBJICHME OTCTYIIOB, HAalWume HermoiHblx 2 MoriS., Nishida H., Yamada H. Optical character recogni-
CTPOK, BHIDABHUBAHME 3arONOBKOB U T. I1.). tion. — Hoboken, New Jersey: Wiley, 1999. 560 p.
3. Sharif A. E., Movahhedinia N. On skew estimation of Per-
sian/Arabic printed documents //J. Appl. Sci., 2008. Vol. 8.
4 3BaKiIoyeHue Is. 12. P. 2265-2271.
4. Saragiotis P., Papamarkos N. Local skew correction in doc-
IIpenioxeHHbIE METOABI O3BOJAIOT P (OEKTUBHO uments // Int.J. Pattern Recognition Artificial Intelligence,
MPOBOAUTH MTPEeNBaPUTEIbHYI0 00paOOTKY pacrno3HaBa- 2008. Vol. 22. No. 4. P. 691-710.
€MOTO TEKCTa, HECMOTPsI Ha HU3KOE KaueCTBO M300pa- 5. HyllJ.J. Document image skew detection: Survey and an-
KeHus. B cutyaunu, Korna sHa4eHUs SIPKOCTU CEPOTro notated bibliography // Document Analysis Systems II. —
JIJISI TIMKCEJIOB 3HaKOB M (hOHA BCE XK€ paziuyaroTcs, Singapore: World Scientific, 1998. P. 40—64.
VIQeTCs1 UCIOJIb30BaTh UICH MPOCKUNOHHBIX IPODU- 6 Rehman A., Saba T. Document skew estimation and correc-
nieit. I[Tpy 5TOM TIPUXOANTCS OTKA3bIBATHCS OT OUHAPH- tion: Analysis of techniques, common problems and possi-
3aLM U UCXOHOTO U300paXKeHUsI, YCIOXKHSTh U BBOIUTh ble solution // Appl. Artificial Intelligence, 2011. Vol. 25.
HOBBIE TIpUEMbI 00pPaOOTKU JaHHBIX (MCMOJb30BaHUE No.9. P. 769—787.
MOJIEJI CMECH pactpesie/IeHUI TIPU aHAIN3e NPOCK- 7. Likforman-Sulem L., Zahour A., Taconet B. Text line seg-
LUOHHBIX IPO(UIIEN, BBEIEHUE IIO3TAITHOIO OLIEHNBA- mentation of historical documents: A survey // Int. J. Doc-
HUS HEU3BECTHBIX XapaKTEPUCTUK CTPOYHOM CTPYKTY- ument Analysis Recognition, 2006. Vol. 9. No. 2—4. P. 123—
pbI TekcTa, hparMeHTaluIo n300paxkeHus ). BaxHbIM 128.
MOMEHTOM TMPEIIOKCHHBIX PELICHUI SIBASETCS BO3- 8. Louloudis G., Gatos B., Pratikakis I., Halatsis C. Text line
MOXHOCTb MX 00O0OILEHMsI Ha CJIy4ail, KOrAa CpefHue and word segmentation of handwritten documents // Pat-
3HAUEHUST SIPKOCTU CEPOro ISl CTPOK TeKcTa U (ho- tern Recognition, 2009. Vol. 42. Is. 12. P. 3169—3183.
Ha MPaKTUYECKW HE OTIIMYAIOTCA U TIPUXOANTCSA 00pa- 9. Kpusenxo M. II. PacuieruieHre CMeCU BEPOSITHOCTHBIX

IaThCA K aHaJIN3y JJOKAJIbHbIX B3aUMOCBI3eH APKOCTU
TTMKCCJIOB.
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MOJEJb C1IYYANHBIX TPAGOB

1711 ONUCAHUA BBAUMOJENCTBUUN B CETU*

A.A. Tpymo!, E. E. TuMmoHuHa>

Aunnoramus: PaccmarpuBaeTcst HOBBIN KJIacC CITydailHbIX rpadoB, TPU3BaHHBIM MOIETUPOBATh (DYHKIITMOHUPO-
BaHMe ceT! BO BpeMeHU. [Ipenmnomnaraercsi, 4To HaGIIOAEHMS 32 CETHIO BEAYTCS C TTIOMOIIBIO «OKOHHOTO» METOIA.
C 1ebIo BBISIBIIEHUSI aHOMAJIMIA UCCIIeMyeTCsl HOpMaJIbHOE TTOBEeIeHUE CTeleHel, KOTOpble MOXKHO HaOJII01aTh
B «OKHaX» paccMaTpuBaeMoii Moxeiau. KMcciremoBaHa acCMMITOTMKA MaKCUMaJIBHOM CTETIeHU BEPIIMH B rpade,

KOTOprﬁ MOPOXIACH «OKHOM» JaHHOI'O pasMepa.

Kiouessie cinoBa: ciyuaiiHble Tpadbl; MOAETMPOBAHNE TJIO0ATBHBIX ceTeil; MH(pOpMallMOHHAas 6€30MaCHOCTD;

AHOMAJIbHOEC ITOBEACHUE

1 Bsenenue

Bo3MoxxHBI pa3iinyHbIe CIOCOOBI pacrnpocTpaHe-
Hus uHdopMaiuu B cetu. Hawubosee u3BECTHBIM
CIoco00OM SIBJISIETCST OOpallieHre K MH(HOOPMAIIMOHHBIM
pecypcaM, BBIJIOKEHHBIM Ha TEMaTUYECKUX CaifTax.
IMouck TakMx caifToB MO HYXXHOW TeMaTuke — 3aja-
Yya MHTEPHET-MOUCKOBUKOB. Jlpyroe HampaBieHUEe —
pacrnpocTpaHeHrue WHGOpPMaAllMKM 1O  3JeKTPOHHOMN
TOoYTe WM Yepe3 HaJlaeHHbIE U CTIIeIUaIbHBIM 00pa-
30M (popmMupyeMmble cBsi3u. K Takum criocobam OTHO-
CATCS CTIaM U YIIpaBJieHUe 00T-CeTSIMMU.

DopmupoBaHue COOpaHUsT EAVMHOMBIIITICHHUKOB
WY TIPEaYTIPEXAeHNE O KaKOM-TTMOO COOBITUN MOTYT
TepenaBaThes JIIOObIM U3 TIEPEYNCICHHBIX BHIIIE Me-
TONOB. B CBSI3U ¢ 3TUM MpeacTaBisieT MUHTepeC Moje-
JIMPOBaHUE MPOLIECCOB IMOCEeI0BaTEILHON Mepenayn
uHdopmanuu. bynem paccmaTpuBaTh BTOPOI CIIOco0
repenayu nH(opMamm.

B npeamnosioxkeHUn o IUCKPETHOCTU BpeMeHU Oy-
JIEM OIMUCHIBATh COCTOSIHUE CBSI3€l XOCTOB MEXIY
co00lf HEOPUEHTUPOBAHHBIM CIy4YalHbIM TpacdoM.
Pebpam rpacda oTBevaroT J0Ormyeckue CBSI3U XOCTOB.
BwMmecTe ¢ TeM nocyieoBaTeIbHOCTU CBSI3EI BEPIIIMH HE
00513aTeJIbHO CBSI3aHbI C paclpocTpaHeHueM UHbOP-
MalliM B paMKax HEKOTOpoil Kopropauuu. B sTom
clyyae TIOCJIEIOBAaTEIbHOCTU CBsI3el (hopMUPYIOTCS
ClyJaiiHO M HEe3aBUCUMO JIPYT OT Apyra. BreisiBneHue
KOPITOPATUBHBIX CBSI3€i B CETU WJIU LIEHTPOB yIIpaByie-
HUSI CBSI3aHO C aHAJIM30M CJIyJaiiHbIX CBSI3€i B paMKax
0OJIBIIIOTO CyJyaitHOTO rpacda ceTu.

Bynem paccmarpuBaTh n3MeHeHUs B Tpade ceTu ¢
TEYEHUEM BPEMEHMU C MOMOILBIO «CKOIb3SIIIET0 OKHA».
Ipad, xoTopblii TosyyaeTcs MpU TaKOM pPaccMOTpe-

HuU, GopMupyetcst UKcalMeil JOrMYeCKX CBSI3Ci,
3aXBaThIBAEMBIX «OKHOM» M OTOOPaKeHHBIX Ha OJHOM
rpacde. Takoii rpad mosryyaeTcst HaJ0KEHUEM BCeX rpa-
(0B B MOMEHTHI BpeMEHHU, IIPUHAUICKAIINE «OKHY», U
00BeIMHEHNEM TTapaJUIeIbHEBIX pedep.

B pabGore omnpeneneHa MareMaTu4yecKast MOJeNb Ta-
KUX CIyJIaitHBIX Tpad OB ¥ KCCIIeIOBAHBI XapaKTepUCTH -
KW, CBSI3aHHBIC C YKAa3aHHBIMU BBIIIC TTPUKIATHBIMHA
3amayamu. [loydeHHBIE pe3yabTaThl HOCSIT aCUMIITO-
TUYECKUI XapaKTep MpPH YCIOBHU, YTO YMCJIO XOCTOB
CTPEMUTCS K OECKOHEYHOCTH.

PaGoTta nMeet ciemylolyio CTpykTypy. B pasm. 2
MPUBEICHBI HEKOTOPbIE OJIM3KUE MOJEIN CIIydalHbIX
rpacdoB. B pasn. 3 onpeaeneHa ocHOBHasI IMHAMUYE-
cKas Momenb. B pasm. 4 mcciemoBaHa acMMIITOTHKA
MaKCUMAaJTbHOM CTEeTIeH! B clTyJaiftHOM Tpade, CBSI3aH-
HOM C «OKHamMW». B pasm. 5 momBemeHBI UTOTU U
HaMeueHbl JaJIbHeUIIIe 3a1aum.

2 Mogenu caydyailHbIX rpaoB

B HayuHoIi uTepaType paccMaTpUBaIMCh MOJEIN
clygaiiHbIX rpadoB, cBsi3aHHBIX ¢ MHTEepHEeTOM. B pa-
oore [1] B KauecTBe OAHOTO U3 TIPUMEPOB PUBOIUTCSI
KJlaccuieckast MoJieJib cityyaitHoro rpada G, ¢ He3a-
BUCUMBIMU peOpaMu, MOSIBISIIOIIUMUCS C OAHOU U TOI
K€ BEPOSITHOCTBIO p. DTOI MOJEIN MOCBSIILIEHO MHOTO
paboT m KHUT [2—13]. W X0Td OocHOBOIIOJIarafonias
crathsl Oppaema M PeHbu [2] cBsg3aHa ¢ HECKOILKO
IPYTUM KJIACCOM CIyJaiHBIX TpadoB, OOJBIIMHCTBO
AHAJIOTUYHBIX PE3YJBTATOB OBLIO TAKXKe JOKAa3aHO IJIsI
rpaoB Gy, Bpadotax [3—6, 8] u 1p. Pa3oBble Iepexo-

*Pabota BbinosiHeHa ipu noaaepxke PODU (nmpoexktsr Ne 10-01-00480, Ne 11-07-00112).

"MHcturyT npo6iieM nHbopmaTiku Poccuiickoii akaneMun Hayk; MOCKOBCKII TOCYIapCTBEHHbIN yHIBepeuTeT M. M. B. JlJoMoHOCOBa,
akyabTeT BBIYMCIUTENIBHON MaTeMaTUKU U KUOEpHETUKH, grusho@yandex.ru
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IIbI B CTPYKTYpE TaKUX rpachoB BIIEPBbIE UCCIICIOBAHbI B
paborax [3—5]. [lepBble MOaEIN C HEPABHOBEPOSITHBI-
MU pedpaMu UccaenoBaarch B padorax [8]. B mepeunc-
JICHHBIX MOJICJISIX TIOSIBJICHUE pedpa He MTOITyCKaJIo ero
ATbHEMIIETO NCYC3HOBCHMSI.

W3meHeHme cayJaitHoro rpaca BO BpeMEHHU B CBSI-
3U ¢ 3amadeit pocta cet MHTepHET paccMaTpuBaIoCh
B pabotax [7, 9, 10].

CrenaibHbIN KJIacc CIydailHbIX IpadoB, MOCBs-
IIEHHBIM MCccenoBaHuio cBs3eilt B MHTepHeTe, 00b-
eauHseT Mmonesu rpadoB uHtepHer-Tumna [11—13]. Onu
OITIPENEIISIOTCS CTEIICHSIMU BePIITUH, SBIISIOIINXCS HE-
3aBUCUMBIMM CIyJIailHBIMU BennmduHaMu. [Ipum aToMm
CBOOOIHBIE KOHIIBI pebep 3aMbIKAIOTCS APYT Ha Jpyra
CJIy4aiiHO M paBHOBEPOSITHO.

3 JluHaMu4yeckasi MOJIeJIb CETEBOIO
B3aMOJICHCTBUS

OrmpenennM OeTaTbHO MOJIETb CETEBOTO B3aWMO-
IEeUCTBUSI, KpaTKO M3JI0XKEHHYIO BO BBEICHUM.

PaccmoTrpum muckperHoe Bpems t = 0,1,2,...
MHOXeCTBO XOCTOB ceTu 0603HauuM A{ai,...,an}.
Jlornyeckas CBS3b XOCTOB @; U G; B MOMEHT BpeMe-
HU t 03HAYaeT JIMOO HAJTMUUE B 9TOT MOMEHT BpeMEHU
ceaHca cBs3M 1o nportokony TCP Mexny a; 4 aj, JIu-
00 TIepemavy OAMHOYHOTO ITaKeTa OT OTHOTO XOCTa K
IPYTOMY B 3TOT MOMEHT BPEMEHH II0 JIIOOOMY IIPOTO-
KOJly 0€3 yCTaHOBJIEHUsI coeAUHEeHUs. [l MpoCTOThI
CUMTAEM, UTO BpeMsI IMPOXOKASHUS MMaKeTa IO CETU paB-
Ho 1. [Tpu 5TOM BEIOpACHIBaIOTCS 3 PACCMOTPEHUS BCE
IIPOMEXYTOUHBIC TIOIEPKUBAIOIINE CETEBBIC CITYKOBI
(TIpoBalimepsl, MapIIPyTU3aTOPHI, aIpPeCHBIC CIYXKOBI
U T.4.). V3 aTux gonyiueHuit mojydyaemM MoAedb Ipa-
¢da cetn. B Kaxablii MOMEHT BpeMeHU t ompenesieH
HEOpPUEeHTHUPOBaHHBIN Tpad (4, BEPIIMHBI KOTOPOTO
COBMAMaOT ¢ MHOXECTBOM A, a pedpa COOTBETCTBY-
JOT CYIIECTBYIOIIIM B MOMEHT BPEMEHU ¢ JIOTUICCKUM
cBsa3siM. M3 ompeneseHust TOrMUecKoi CBS3U CIEIyeT,
4YTO B COCEAHME MOMEHTHI BpeMeHU t u t + 1 cyie-
CTBOBaHME JaHHOTO pedpa B rpade G; u rpade Gy
SIBJITIOTCST 3aBUCUMBIMU COOBITUAIMU. OIHAKO TIpOIIec-
CHI TIOSTBJICHUSI 1 NICYE3HOBCHMST Pa3HBIX pedep MOXHO
CUYNTATh HE3aBUCUMBIMH.

B mpocreitimem cirygae moiraraeM, dYTO IIpoliecc,
OIMUCHIBAIOIINI BOBHUKHOBEHWE M MCUYE3HOBEHUE OJI-
Horo pebpa, SIBISETCS CTallMOHAPHON OJXHOPOIHOM
Lernblo MapkoBa ¢ ABYMSI COCTOSIHUSIMU: | — ecTb
pebpo, 0 — HeT pebpa.

Ha6monenust 3a rpadamu { G} npoucxomsiT ¢ mo-
MOIIIBIO «OKOHHO¥» ccTeMBl. [TycTh 3amaHo HaTypaib-
HO€ YUCJIO r U JUIsl JIIoOOro MOMEHTa BPeMEeHHU t pac-
cMmatpuBatotces rpadbl Gy, . . ., Gy, OSIBIISTIOLIMECS B

MOMEHTBI BpeMeHU [t, t + r]. OnpeneauM oreparuio
00beIMHEHUST ITUX rpacoB

K
Grr = Giri,
i=0

IJie U3 HECKOJBKUX TapajUleJIbHBIX peOep OCTaBIISICT-
cg omgHo pebpo. Ipad Gy, HeceT mHboOpMaLMIO 00
AKTUBHOCTH JIIO0O0! BEPIITMHBI B 3aaHHBIN TTPOMEXKY-
TOK BpeMeHU. ODTU Irpacdbl MPEACTaBISIOT UHTEPEC B
3ajavyax MHGOpPMaLMOHHOI Oe3omacHocTu. Hampu-
Mep, €CJIM BepIIIHA a; SIBISETCS IIEHTPOM YITpaBICHUS
0O0T-CeThIO, TO UCTIOIB30BaHNE OOT-CETH MIJIST OpTaHM-
3armu DDoS aTtaku J0IKHO TTOPOXAaTh B HEKOTOPHIH
MPOMEXKYTOK BpeMeHHU [t, ¢ + r| pe3Koe MOBBIIICHNE
CTENeHM BeplUMHbI a; B rpade Gy ,. Ilpu manbix r n
OYEHb OOJIBLIMX 7 TIPYU HEU3BECTHOM ¢ 3TOT BCILJIECK aK-
THUBHOCTH MOXET OKa3aThCsl HE3aMETHBIM B MacIlTabax
Bceit cetu. IloaToMy mMcciemoBaHNe MOIEIN CIydaii-
HBIX TPpaOB MOXKET MO3BOJIUThH OLIEHUTh BO3MOXKHOCTHU
10 BBISIBJIGHUIO HECIyYallHbIX BCILIECKOB aKTUBHOCTHU
OTIEJIbHBIX BEPLIMH U JaXe AaTh OLEHKY [UISl LIEHTpa
yIpaBIeHUs 00T-CEeThIO.

Ilycth TIOBemeHME KaXXmoro pedbpa OIMCHIBACTCS
CTallMOHAPHOW OOHOPOJHOW Lienblo MapkoBa ¢ MaT-
puUlIeit TepeXOIHbIX BEPOSITHOCTEH

P:(p l—p)’
q 1—q

1>p=p(N)>0, 1>¢g=¢q(N)>0,

U CTallMOHAPHBIM pacmpeneieHueM (po 1 — po).
Torma BEPOSATHOCTH HEMOSIBIEHUS JaHHOTO pebpa
3a TIPOMEXYTOK BpeMeHH [t, ¢ + 7] paBHa

L—pr=(1-po)(1—q). (1)

3Ta BepOSITHOCTb HE 3aBUCUT OT £, MO3TOMY OyaeM 000-
3HayaTh ee p,.. M3 (1) mosyyaeM BepoOsSITHOCTh MOSIBJIE-
HUSI JAaHHOTO pebpa B IIPOMEXYTOK BpeMEHH [t, t + r| B
rpade Gy ,:

pr=1-(1-po)(1—q)".

4  ACUMIOTOTUYECKHUE OLIEHKU
MaKCUMAaJIbHOM CTEIMEHU
B rpadax Gy,

st v € A 0603HauMM yepe3 d(v) CTeneHb BepIIn-
HBl v. OmpenennM WHINKATOPHYIO (DYHKUINIO COOBI-
Tua B:

1(B) 1, ecnu coOblTHE B IIpU301LI0;
0 B IIPOTUBHOM CiIydae.

58 WHOOPMATUKA U EE TPUMEHEHUWS Tom 6 Bbimyck 4 2012



Monenb cmydaitHbIX rpadoB 1Tl OTTMCaHUS B3aMMOAEWCTBUI B CETH

OxumaemMoe YUCJIo COeNMHEHUI y GUKCUPOBAaHHOMN
BEPIIMHBI B OTPaHUYEHHBIN MTPOMEXKYTOK BpeMEHU Ma-
JIO TIO CPaBHEHUIO C OOIIMM YUCJIOM BEpIIMH. ACHUM-
NTOTAYECKU 3TO OTBEYAET YCIOBUIO poN — p > 0,
N — oo. Cepuu equHUIL CBS3aHBI C PEXUMOM yCTa-
HoBJIeHUs coenuHeHus. [loatomy BenuuuHa (1 — p)
MOXeT He cTpeMutbes K 1. Ilyetb ¢ — 0, N — oo, Tak
yto ¢N — A. W3 yclnoBHsSI CTAlMOHAPHOCTU CJIENYeT
COOTHOIIIEHUE:

Do
= 1-— .
1_po( p)

Takum oO6pa3oM, Tosrydaem
woAr Ar
=—+—40|—) .
U A (Nz)
TMonoxuMm o, = p + A\r u 6ynem cuuTaThb, YTO

Ay

pr:N-

O0603HaUUM
X =) I(d(v)>d).
vEA
Torna

vEA

maxd(v)} >d={X>1}.

HWcronb3yst HepaBeHCTBO MapKoBa, MOIyyaeM:
P {maxd(v) > d} <

vEA
SNEZCﬁf>ﬁa—mW1k.(m

k>d

IMycte B(N — 1,k,p,) — dbyHKIMs pacrpernesie-
HUsl GMHOMUMANbHOTO 3aKoHa, B(N — 1,k,p,) = 1 —
— B(N —1, k, p,). 3ameTum, uto B hopmyiie (2) cripaBa
crour NB(N —1,d,p,).

ACHMITOTUYECKHUE OLIEHKH TTPOBOIUM B YCIIOBUSIX

ClnN .

N d= =2 =
—od=maN ¢ 0=

Jlna ouenkn dynxkumu B(N — 1,d,p,) BOCIONb-
3yeMcsl MpeacTaBieHUeM JIsi HerojHoi Oera-hyHK-
muu [14]:

DPr
B(N —1,k,p,) =N (Nk_ 2) /z’f(l —2)Nk=2g,

Wcnionb3yst ¢popmyny Teitnopa, moaydyum mpu He-
koTopoM 0 < @ < 1 cremyromiee MPeACTaBICHUE IS
MaTeMaTUIeCKOTo OXUIaHus X :

ex =N = 1) (V%) 0 1= ey

OTCIO}Ia nojgydyaeM Ciaeayromyro acHMMIITOTHUYCCKYIO
hopmyy:

EX = NA-O) U+, (1 — emrb), (3)

Teopema. /Ipu C > 1, N — 00, d = Cln N/(Inln N),
pr:ar/N

P {maxd(v) > d} —0.

vEA

Hoxka3zaTenbCcTBO ciaemyeT u3 (3).

Takum 00pa3oM, ycTaHOBJIEHA IpaHMIIA 71 MAKCH -
MaJIbHOIi CTelleHU BepluuHbl B rpade G . Ha ocHo-
BaHUU BTOTO pe3yjabraTa MOXHO MOCTPOUTH OLEHKY
LIEeHTpa ympaBieHUus1 00T-ceThblo. Ecau cyiiecTByeT
BepIIMHA, CTENeHb KOTOPOIl MPEBOCXOIUT 3aJaHHYIO
TpaHUILY, TO C BEPOSITHOCTBIO, OJIM3KOI K 1, BBEICOKAS
CTeNeHb 3TOM BepIIMHBI MOJIydeHa BHE YCIOBUIA CTa-
ILWOHAPHOCTU W APYTUX IOMYIIEHWI, KOTOPbie OBLIN
clieJaHbl 111 HOpMaJbHOTO TTOBEAEHUS CETH.

IIpeanonoxum Ternepb, uto C' < 1 U MaTeMaTuye-
ckoe oxuganue EX — oo. TlocTpoum olLeHKY uucia
BEPIIVH, UMEIOLINX CTeMeHb 00Jblle d, TPU YCJIOBUH,
yro EX — oo. C 2Toit 1IeJIbI0 OLIEHUM U CpaBHUM
aucnepcuto DX ciydaitHoit Bemmunnbl X u (EX)2
OueBUAHO, UYTO

(EX)? = N?(1 - B(N —1,d,p,))? =
= N*B (N - 1,d,p,).

CryvaiiHyto BeTuIrHy X MOXHO MpPEACTaBUTh B BUJIE:

X=>"1. )

rae I; — unaukarop cobbitust d(i) > d. Torma us (4)
CIIEIYET:

(2

N
EX2=E < 1i> +E|2) LI | =
i=1 i<j
=NB(N - 1,d,p,)+2> P(L,I; =1).
i<j
I1o (hopmyre moIHOI BEepOSITHOCTH
Py =1)=p, B (N —2,d—1,p,) +

+(1—p)B(N=2,d,p,).

Paccmorpum pasnoctb EX? u (EX )2, HecnoxHbie
BBIYMCJIEHUS IPUBOIAT K BBIPAXKEHUIO:
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EX? - (EX)% =
= NB(N —1,d,p,)(1 — B(N — 1,d,p,)) +
+ N(N = 1)(1 — p)p,b*(N - 2,d,p,),

roe
N -2 o
v =2, = (V) st - po e,

I1pennonaranock, yto EX — oo. Torna

DX 1
(EX)?  NB(N —1,d,p,)
(N — 1)b3(N —2,d, p,)

NB(N —1,d,p,) ) '

(B(N - 17d7p7‘) +

+ ar(l - pr)

W3 npenpinyinx olieHOK UMEeeM, YTO

NO(N —2,d,p,) =0 (Nl—C) :

NE(N —1, d,pT) = N(lfc)(l'f‘o(l))ar (1 _ e—are) '
Ortcrona clIeayeT, 4To

DX
(EX)?

=0 (N, C<1.

Bocnonbssyemcs ciencteusimu 4.32 u 4.33 u3 pa-
ootel [15]. IlomydyaeM, 4TO C BEpOSITHOCTBIO, CTpe-
mseiicss K 1, 0 < X u orHomrenue X/(EX) — 1.
D710 03HavaeT, uto Tipu C' < 1 ¢ BepOATHOCTBIO, OJTM3-
KOii K 1, CyllecTBYeT BeplliMHa cTeneHu Oojblie d u
YUCJIO TaKMX BEPLIMH COBIAJAeT ¢ MaTeMaTUYECKUM
oxmnnanuem X .

5 3axiiroyeHue

B xone peleHust mocTaBAeHHBIX B JaHHOM padoTe
3a/1ay MOSIBUJIOCh MHOTO HOBBIX HalpaBIeHUIi, KOTO-
pBI€ 3aCITy>KMBAIOT OTACJIBHOTO BHUMaHUSA. B nmaHHON
paboTe uccaenoBaHoO MOBEAEHUE OONBIIUX CTENIEHEHN B
rpade, COOTBETCTBYIOLIEM (PUKCUPOBAHHOMY <«OKHY».
EcrecTBeHHO, XXenaTeJbHO 000OIIUTh 3TU PE3YIbTaThl
Ha CJTy4ail CKOJIb34IIETO «OKHA».

IloBenenue rpacdoB MHTEPHET-TUIIA YACTO HEJIb3s
CUMTaTh CTAallMOHAPHBIM. Bo3HUMKaeT 3amaya aHanau3a
«OKOHHBIX» TpaoB B yCIOBUSIX HECTALIMOHAPHOTO TO-
BeneHus cetu. [lepeyeHb mpoGieM, BO3HUKIIUX MPU
TAaHHOM MCCJIEIOBAHUN, HE UCYEPITBIBACTCS JAHHBIMU
NIByMSI 3ala4aMU.
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Ob OIITUMAJIbHOM KOPPEKTHOM INEPEKOAMPOBAHUNA
HEJIOYUCIIEHHBIX JAHHBIX B PACITO3HABAHU U™

E. B. Tiokosa!, A. B. Cusos?, P. M. CotHe30B?

AHHOTalll/lﬂ: HCCJTGI[YIOTCH BOIIPOCHI IMTPUMEHECHMUA JIOTUYECKUX IMPOLUECAYyp paCrio3HaBaHHWA 110 IMPpEeUCACHTaAM B
ciy4dac BEILECTBEHHO3HAYHOU I/IH(I)OpMaL[I/II/I U LEJTOYUCITICHHON I/IH(I)OpMaL[I/II/I BBICOKOM 3HauHOCTU. PaccmoT-
PE€Ha 3ada4a KOPPEKTHOIO MOHMKEHUA 3HAYHOCTU JAaHHDbIX. PaBpa6OTaHbI TCHECTUYCCKUE aJITOPUTMBbI ITIOUCKA
ONTUMAaJIbHOM KOppeKTHOﬁ NEepEKOANPOBKIN MCXOIHOM I/IH(I)OpMaI_II/II/L npOBeI[eHO TECTUPOBAHUE aJITOPUTMOB

Ha p€aJIbHbIX JaHHBbIX.

Kirouessie cii0Ba: pacrio3HaBaHKMe 00pa30B; KOPPEKTHasI TEPEKOIMPOBKaA; TIOKPBITUE OYJIeBOI MaTPUIIBI

1 Bsenenwue

OnuH 13 TIOIXOJ0B K PEIIeHUIO 3a1a4i pacIiio3Ha-
BaHU I10 TIpeLieIcHTaM CBOJIUTCSI K KOMOMHATOPHOMY
(JTormaecKoMy) aHAJIM3Y MCXOTHBIX ITPU3HAKOBBIX OITH -
caHMit 00beKTOB. [Ipy maHHOM MMOAXOIE TSI KaXKIOTO
Mpu3HaKa ornpeaesseTcss OuHapHas QyHKUMST OJ130-
CTH MEXIy €ro 3HaYeHUSIMU, TI03BOJISIIONIAs pa3invarh
00beKThl M ux moponucaHus. OcobeHHO 3¢ deKTu-
BeH KOMOMHATOPHBIH ITOIXO B CITy4ae IeJI0UNCIICHHON
nHOpMaIINM HU3KO 3HAYHOCTH, HaIpuMep OMHap-
Hoii. [ToaTOMY aKTyaabHOM SIBIISIETCS 3aHada KOPPEKT-
HOTO TTOHWKEHUSI 3HAYHOCTH MCXOMHBIX TaHHBIX.

Mycerte {1,...,2,} — cucTeMa NPU3HAKOB U
€j,€j > 0, — TOYHOCTb M3MEPEHUs MpPHU3HAKA Zj,
je{1,2,...,n}. lycrb nanee S;; = (aiy1,--.,0i1n) 1
Siz = (@iy1, .-+, Aiyn) — OOyYaIOILIME OOBEKTHI (31ECH
a;,; — 3HaYeHMEe NMpU3HAKa x; A1l o0beKTa S;,, t €
e {1,2},5=1,2,...,n). onoxum

1 e
57 (Si175i2) = 07 j:::f{lah] a12.7| > €5

Oyukumst 6;(S;,,S;,) HazpiBaeTcsl (yHKUMEH Onu-
30CTU OOBEKTOB S;, U S;, TI0 MpU3HaKy ;. [Ipeamnona-
raeTcsi, 4To obyJaroIre 0ObeKThl U3 Pa3HbIX KJIACCOB
UMEIOT pa3Hble OMUCAHMUS, T. €. IS JTIOOBIX S;, 1 S;,,
MPUHAIJIEKAIINX Pa3HbIM KJlaccaM, CYIIECTBYET XO-
Ts1 Obl ONVH MPU3HAK ; TaKoii, uTo §;(S;,,S:,) = 1.
B ciyyae 6uHapHoil MHGOpMaLuy nojarawor €; = 0,
je{l,2,...,n}.

OnuH 13 crocoO0B MOHWXKEHYS 3HAUHOCTH JaHHBIX
COCTOWT B IMPeoOpa30BaHUK UCXOTHON BEIOOPKY ITyTeM

pa30MeHusT MHOXECTBA 3HAYCHUI KaXKIOro Ipu3Ha-
Ka Ha MHTEepPBaJIbl MoporaMu. 3HAYEeHUST MPU3HAKOB,
MOMAaBIINX B OAWH WHTEPBAJl, CUMTAIOTCS OIM3KUMU
W KOTUPYIOTCS ogHUM 4uciaoM. OmHAKO IpHU IIPOM3-
BOJIbHOM BBIOOPE MOPOroB 00yUYaroLINe O0BEKTHI, MPY-
HaJuIexXalliie pa3HbIM KjlaccaM, MOTYT CTaTh Hepas-
auuuMbiMU. [lpu maHHOM criocobe mpeoOpa3oBaHUs
nHOOPMAIIUY BaXKHBIM SIBJISIETCS TOHSATHE KOPPEKTHOM
MMepeKONNPOBKH JAHHBIX, T. €. TAKOTO ITPeOoOpa30BaHMST
oOyyatolieid nH(popMalu, TpU KOTOPOM OOBEKTHI U3
Pa3HBIX KJIACCOB OCTAIOTCS Pa3IMYMMbBIMU.

0. . KypaBieBbIM mpemIokeHa MeTOINKa KOp-
PEKTHOTO TIepEeKOANPOBAHNS NCXOMHBIX TaHHBIX. [1o-
Ka3aHo, YTO 3ajavya IIOCTPOCHUSI KOPPEKTHOM Tie-
PEKOJIMPOBKM MOXKET OBITh CBelEeHa K ITOCTPOCHUIO
CITeLIMaIbHOTO BUJIA TTOKPBITHS OYJIeBOI MaTPUIIbI, KO-
TOpast CTPOUTCS T10 00yJaroIIeit BEIOOPKE.

B [1, 2] npemyioxkeH TOAX0, TTO3BOJISIOLINI BbIOM-
paTh HaWJIYYIIIYIO B CMBICJIE KauecTBa pacrio3HaBaHUs
KOPPEKTHYIO TlepeKoanpoBKy. HemocTaTok mmogxoma —
ero 0oJTbIIIast BEIYUCIUTEIbHAS CIIOKHOCTb.

Llenbio naHHON pabOTHI SIBISIETCS Pa3BUTUE METO-
JIOB KOPPEKTHOTO TTePEeKOANPOBAHUS JTAaHHBIX U CHU-
JKeHHE BBIUMCIMTEBHON CIOXHOCTH 3THX METOIOB.
B pabote mpenioxeHsl 0ojiee 3(pHeKTUBHBIE CITOCO-
OBl OLIEHKM KauyecTBa MepeKoaupoBoK. st cokparle-
HUSI TIepebopa MpU MOMCKE ONTUMAaIbHOM KOPPEKTHOMI
TMepeKOIMPOBKY MCITOIB30BaH TEHETMYECKMI TTOIXOI.
ITpuBeneHBI pe3yabTaThl TECTUPOBAHUS TEHETUICCKIX
aJTOPUTMOB TIOMCKA ONTHUMAIbHOW KOPPEKTHON TIie-
PEKOIMPOBKM Ha peajbHbIX MPUKIATHBIX 3amavyax 13

perno3uTopusi cucteMsl «Pacro3HaBaHue», ONIMCAHHON
B [3].

*Pabota BbInosHeHa 1pu ¢huHaHcoBoi omnepxke PODU (ipoekt Ne 10-01-00770) u rpanTa [1pesuaerta PO no noauepxke BeayIINX

Hay4yHbIx mkos HII-7950.2010.1.

' BbrancmuresnbHblil LeHTp Poccuniickoil akaneMuu HayK uM. A. A. Jloponnuibiza, edjukova@mail.ru
2MoCKOBCKHIA TocyIapcTBeHHBII yHuBepeuteT M. M. B. JloMoHocoBa, box.sizov@gmail.com
3 BerurcauTe b BT LIeHTp PoccuiicKoil akaneMun HayK uM. A. A. JIopomHMIIbIHA, rom.sot@gmail.com
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2  OcHOBHEBIE 0003HaUECHUI

PaccmoTrpuM 3amady pacro3HaBaHMsI 10 MIPELEIeH-
TaM ¢ JABYMSI HelepeceKalolnmMucs KiaccaMu Ki u
K> [4]. Hycte T = (a;j)mxn — OOyyarowiast Tabnu-
ua, a;; € R, R — MHOXeCTBO ACHCTBUTEIbHBIX YM-
cen. Cronbuam tabauiibl 7' COOTBETCTBYIOT MPU3HAKU
T1,%9,...,2Ty, 4 KaXIasl CTPOKA SIBJISETCS HabOpOM
3HAYEHUII MIPU3HAKOB, OIMMCHIBAIOLIUM OIMH U3 00Yy-
yaromux o0bekToB. [Ipeanonaraercs, uro B Tadauue 1’
HET CTOJIOLIOB, COCTOSIIIIMX 13 OMMHAKOBBIX YHCE.

IMyctsb S;, U S;, — obyyarolre oObEKTbI, MPUHA/-
Jiexarliue pa3HbeIM KiaceaM, j € {1,2,...,n}.

Onpenenenne 1. Yucno (a,,; + a;,;)/2 Ha3zoBeM Io-
pOroM [UIsi TpU3HAKa xj, €CIu B 1 He CyIIEeCTBYeT
3JIEMEHTA a;j TAKOTO, UTO a;; € (a5, Qisj)-

Yepes DY) 0603HaUMM MHOXECTBO BCEX MOPOTOB
I mpu3Haka zj;, j € {1,2,...,n}. CyMMoil AByX
3JIEMEHTOB a;, ; U a;,; Tabmuiibl T 1o nopory d € D),
je{1,2,...,n}, HazoBeM uncno (a;,; ® aiyjlq), pas-
Hoe 1, eciu a;, j W a;,; JI€XaT 10 pa3Hble CTOPOHBI OT
nopora d, u paBHoe 0 B IpoTUBHOM ciydae. [lycTb
DU = {d9 .. d9)y.

Yepes [] Oynem o6o3Hayath MocienoBaTeIbHOCTh

seex moporos diV, ..., d) dP, .. d3), . d™.
-7d1([:1)7 rae u; = |D(7)| HpI/Ij = 1727 oo, N CyMMOfI

IIBYX CTPOK Tabmuubl ' ¢ HOMEpaMH i1 U iz IO TO-
CJIeIOBATEIbHOCTH TIOPOTOB | [ HA30BEM CTPOKY (a;, 1P
D ai21|d§1)7 -+ Qi1 D ai21|d211)7 aiy2 B ai22|d§2)7

oy gy2 @ai22|d;22)7 y @ipn®

S ai2n|d5&))-

IlycTb m1 ¥ mo — 4KCIO 00YYaIOLIUX OOBEKTOB U3
knaccoB Ky n Ky coorBeTcTBeHHO. [locTpoum OyieBy
Matpunty L. Matpuua L umeeT pasMmepbl h x N, rie
h = mima, N = |[DM| + ... + |D™|. Kaxnas ee
CTpOKa 00pa3yeTcs B pe3yJIbTaTe MOMAPHOTO CIOXKEHUS
CTPOK TabJMIIbl 1, OMUCHIBAIOLINX OOBEKTHI U3 Pa3HBIX
KJIACCOB, TI0 TocienoBarebHocTH 1oporoB [[. [lo-
PSIIOK BbIOOpA Map MOXET ObITh 3alaH MTPOU3BOJbHBIM
o6pazom. MuoxecTsy noporos D), j € {1,2,...,n},
I10 ITIOCTPOEHUIO COOTBETCTBYET IPYIIIIA U3 U CTOJIOLIOB
MaTpulbl L, o6o3Havaemast uepes G .

y Qign D ai2n|d§n>7 e

Onpenenenne 2. Habop cTonduos H Matpuubl L Ha-
30BE€M KOMUPYIOIIUM TTOKPBITUEM, €CIU BBITTOJTHEHBI
cienytonye asa yciaoBus: 1) H sBasieTcsl TOKPHITH-
em L, T.e. st m000# cTpoku MaTpuilbl L B Habope H
MOXHO yKa3aTh XOTsI Obl OJWH CTOJIOEL, UMEIOIINiA |
Ha MepeceyeHnt ¢ 3Toi cTpokoil; 2) H N G # < npu
7=12,...,n.

Omnpenenenne 3. Komupyroliee IMOKPHITHE HAa30BEM
HETPUBOIMMBIM, €CJIM HUKAKOE €ro COOCTBEHHOE MO -
MHOXECTBO KOIUPYIOIINM ITOKPBITUEM HE SIBJISIETCSI.

max
jEfL,2,n

3HAYHOCTbIO KOAUPYIOHUIETO IMOKPLITHUA H.

Onpenenenue 4. Yricio , |HNG,|+1HazoBeM

Kommpytomiee mokpeiTie H 3amaeT OYEBUIHBIM
06pa3oM rpeobpaszoBanue Tabnuisl T B Tabmuiy T Ha
ocHOBe 3aMeHbl aieMeHToB T uncnamu u3 {0, 1, ... k—
1}, rne k¥ — 3HauyHOCTh H. [leiiCTBUTENBHO, TYCTh
Gpj — TIPOM3BOJIbHBIN 3J€MEHT Tabmuubl 1’ U MyCcTh
{di,...,d,} — MOpOTH, COOTBETCTBYIOINE CTOIOIAM
w3 HNGj, mpuaeM dy < ... < d, mv < k. BO3MOXHEI
TPU CITydasi:

1) Qpj < dl;
2) d; < Qpj < dt+1,t€ {1,2,...,1)— ].},
3) dy < ap;.

B cnyyae 1 sneMeHT ay; xogupyercs yuciom 0, B
ciyyae 2 — 4YUCIOM t , B ciayvae 3 — yuciaoM v. Jler-
KO BUIIETh, 4To B Tabauue T onucanust 06beKTOB U3
Pa3HBIX KJIACCOB pa3InyHbl. B mansHeiimem T Gynem
Ha3bIBaTh KOPPEKTHOM TTePEeKOIUPOBKOM TaOIHIIEI 1 .

Takum 00pa3oM, KaxkaoMy KOTUPYIOIIEeMY TTOKPHI-
TUIO0 MAaTPULIBI L COOTBETCTBYET KOPPEKTHAsI TTEPEKOAM -
poBKa. MOIIIHOCTh MHOXKECTBA KOAUPYIOLIUX MOKPBI-
TUI MaTpulbl L 3KCHOHEHIMAIBHO PAaCcTET ¢ POCTOM
pa3mepoB 3amaun. [103ToMy CITOXKHOI B BEIYUCITATEITb-
HOM IUIaHe SBJISIETCS 3amada BRIOOpa HAMJIYJIIeil 1o
KayeCcTBY paclo3HaBaHUsI KOPPEKTHOM MepeKoanupoB-
ku. [anHas 3amada paccMotpeHa B [1]. B ykazanHou
paborte noctpoeH anroput™ KOJI1 noucka onTumMab-
HOM KOPPEKTHOUN MEPEKOANPOBKU.

3 AJITOpUTM ITOMCKAa ONTUMAJIbHOM
KOPPEKTHOM MEPEKOIUPOBKU
KO/1

BBeneM noHATHE TUITMYHOTO JIEMEHTA b;; B Ta0JINU-
e TH = (b”)an HYCTI) bij =auqg,te {1,2}, —
ypciao cTpok B TH, yMelolmux a B MepeceyeHuu co
CTOJIOLIOM C HOMEPOM j U OIMUCHIBAIOIINX OOBEKTHI U3
kiacca K;. DieMeHT b;; HazoBeM TUn4HbIM B T 11s
Kiacca Ky, ecim

q q2
K] ]

Toe /i, ft; > 0, — 3aJaHHBIIA MOPOT TUIIMYHOCTY 3HA-
YEHMIi MPU3HAKA T ;. AHAJIOTUYHO BBOIUTCS TOHATHUE
TUIIMYHOTO 2JIeMeHTa ISl Knacca Ko.

TMonoxum

1, ecmmb;; =a;
IZ" a) = 9 ¥} )
J( ) 0 wuHaue.

Mycts D € DY), Qj — MHOXECTBO BCeX TMITUYHBIX
3J€MEHTOB j-ro cTonoua T .
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06 onTUMaTbHOM KOPPEKTHOM IMEPEKOANPOBAHNU LIEJIOUYUCICHHBIX JTAHHBIX B paCIIO3HABaAHUN

J1s1 KaxX[aoro Mpu3HaKa x; 3afaguM LieJoe YUCTIOo
k;j, 0 < kj < uj;, n ons kaxgporo p, p € {1,...,k;},
MOCTaBUM 3a1a4y MAaKCUMU3aLUK (YHKIIMOHAIA

1 « ,
F(D)=—3 > ILj(a), |D|=p,DCDY.
i=1 acQ;

TakuMm 00pazom, A1 KaXI0ro NpuU3Haka x; U I
Kaxmnoro p, p € {1,...,k;}, BbIOMpaeM TIOOIMHOXe-
CTBO TOpPoroB Dy Takoe, uto F(Dy;) = max F'(D),
|ID| = p, D € DY, MHOXeCTBO MepeKOaMPOBOK
MpU3HaKa x; yMOPsSiIOYMBaeM MO YOBIBAHWMIO 3Haye-

HUM F(D;j). bynem cumTarh, 4TO MEpPEeKOAUPOBKA
_ * * *
Hy = {D;,1,D},5,..., D} .} cn*e/:[yeT 3a MepeKoin-
~ _ * *
poBkoit Hy = {D7 1, Dy 5,..., Dy}, ecin

Z F(DZ”-) = Z F(D;jj) ’
j=1 j=1

B 3amaHHOM mopsiike TocienoBaTebHO MpocMa-
TpUBaeM BCEBO3MOXKHbBIE MEPEKOAUPOBKY TaOJULIbI T .
IlepBast Mo nmopsiAKy KOppeKTHasi MEPEKOIUPOBKA CUM -
TaeTcs ONTUMAIbHOM.

Crnoxnocts anroputva KOJI1 GbIcTpo pacTeT ¢
pOCTOM pa3MepoB 3a1auu. B cienytonieM pasnene mo-
CTPOEHBI AITOPUTMBI, B KOTOPBIX UCIOIb3YIOTCS Py~
e KpUTepUr ONMTUMAJIbHOCTH KOAUPYIOIIETO MOKPhI-
. 7151 cOKpaleHUsT BEIYMCIUTETLHOM CIIOXKHOCTH
paccMOTpPeH TeHETUYECKUIT TTOIXO .

4 OpgHOKpUTEpHUATIbHbBIE
T€HEeTUYECKME aJITOPUTMbI ITOMCKa
OIITUMAJIbHOM KOPPEKTHOM
nepexkoavpoBku KOJ12, KO/ 3,
KO/14

Iyctbej, j € {1,2,..., N}, —4nCI0 €ANHUL B j-M
cronbie MaTpulibl Ly, x v, Ri(H) — MHOXECTBO HOMe-
POB CTOJIOLOB L, BXOASILIMX B KOAUPYIOLIEE IIOKPBITHE
H, Ry(H) — MHOXECTBO HOMEPOB CTOJIOLIOB MATPHIIbI
L, He BXOIAILINX B Kogupyolee nokpeitre H. Torma

fi(H) = Z Cj3
JER2(H)
1 1
fo(H) == > —.
|H| Cj
JER1(H)

[Toctpoensr anroputmbl KOI2, KO3 u KO/14.
B reneruueckom anroputMme KOJI4 ocobsiM cooTBeT-
CTBYIOT KOIMPYIOIINE TOKPBHITUSI, a B aJrOpUTMax
KO/J2 n KO3 0cobsgM COOTBETCTBYIOT HETTPUBOIM-
Mble KOIUPYIOIIUe MOKpbITUsL. Pojb dyHKIMKU mpu-
CITOCOOJICHHOCTH UTPaeT OJWH 13 ABYX (YHKIIMOHAJIOB:

f1(H) st KOA2 m fo(H) st KOA3 n KO4. ®yHk-
LIWST TIPUCTIOCOOJIEHHOCTH OCOOU SIBJISIETCSI KpUTEPUEM
KavyecTBa KOIUPYIOIIETO TTOKPHITHUS B ITEPEUUCIEHHBIX
aJIrOpuUTMax.

JIa peanu3aiiiy TeHETUUECKUX aJlTOPUTMOB B3SI-
Ta cXeMa T'eHeTHMYeCcKOoro ajaroputma us [5], koTopas
ajanTUpoBaHa K YCJIOBUSAM 3amayr. OCHOBHOM 0OCO-
OCHHOCTBIO 3a7au MTOMCKa KOAMPYIOIIETO MOKPBITHS
SIBJISIETCST YCJIOBHE BKITIOUEHMSI B TOKPBITHE XOTSI ObI OJ1-
HOro cTo6ua u3 Habopa cronouos G, j =1,2,...,n,
MaTpuIIbl L. J1J1s BBITTOJTHEHUSI 3TOTO YCJIOBUST BHECEHBI
COOTBETCTBYIOIIME U3MEHEHHS B TIPOLIEAYPY BOCCTaHO-
BJICHUSI JOITYCTUMOCTH PEIICHUS.

B paGote mcmosib30BaH OPUTMHAIBHBIN OTlepaTop
MYTAIINU C TIEPEMEHHBIM YUCIOM MYTUPYIOIINX TeHOB,
YTO TO3BOJIIET MMUHUMU3MPOBATH BIIUSTHWE NAHHOTO
orieparopa Ha 0co0b Ha paHHUX 3Tarax padoThl U YCH-
JINBATh €T0 BJIUSHUE C YBETMYCHUEM YKCIIa UTEpalnid.

5 JIByXKpuUTepUaJIbHbIN
TEHETUYECKUI aJITOPUTM TTOMCKA
ONTUMAJIbHOM KOPPEKTHOM
nepekoarpoBku KOJI5

PaspaboTaH [BYXKPUTEPUATbHBIA T€HETUYECKUIA
AJITOPUTM, OCHOBAHHBIN Ha CXeMe OJHOKPUTEpHATb-
HOTO FeHeTHYeCKOro rmoaxona. OTIMYms 3aKITI0YaloTCst
B TIPOLIEAYpe BhIYMCICHUS (DYHKIMM MPUCTTOCOOICH-
HOCTH Y MIpoLieype H00aBIeHUsT 0OCOOU B TIOMYJISILIUIO.

Ha kaxnom stare ajist KaX10i 0COOU BEIYUCISIIOTCS
3HaueHus GyHKMoHaNoB f1(H) u f3(H), tne fs(H) —
3HAYHOCTh TEPeKOAMPOBKU. Ha ocHOBe MoTydeHHbIX
BekTopoB 3HaueHuii v(f1(H), f3(H)) mpousBoautcs
BbIUMCIIEHUE paHTOB. ITycTh V' — MHOXECTBO BEKTO-
POB v, BBIYMCIICHHBIX JUISI KaXIIOW OCOOH MOMYJISILIMH.
Panrom BekTopa rg(v), v € V, Ha3pIBAETCS BEIUYM-
Ha, PaBHasl YUCIY BEKTOPOB, CTPOTO JOMUHUPYIOIIIX
JaHHBIA BeKTOp. B ciyyae eciu Takux BEKTOPOB HET,
paHT BeKTopa v PUHUMAETCs paBHBIM 1. B KauecTBe
HYHKIMM TPUCTIOCOOIEHHOCTH UCTIONB3YeT sl

f(v) = max(rg(w) —rg(v)) + 1.

B mpouenype oOHOBIEHUS] MOMYJISILIMU 3aMEHSIETCS
0co0b, MMeEIoIIasi caMblif HU3KWI paHL. AJTOPUTM
paccMaTprBaeT TOJIBKO HETIPUBOIMMBIE TIOKPBITHSI.

6 PesynbraThl 5KcriepuMeHTOB

[MocTpoeHHbIe B HACTOSIIIEH pabOTe TeHETUYECKUE
aJITOPUTMBI OBLUTH TIPOTECTUPOBAHBI HA PEATHHBIX TaH-
HBIX U cpaBHUBanuCh ¢ anroputMamu KOJ1 u rpa-
JNEHTHBIM aJlrOpUTMOM. B KadyecTBe pacrio3HaoIero
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Taomuma 1 Xapakrepuctuku 3agay

N mi,ma,n Z
1 90,42,9 112
2 60, 71, 13 97
3 30, 30, 33 51
4 50, 50, 19 78
5 70, 80, 24 133

Tabmuna 2 3HauHOCTL ONTUMAIBLHBIX IIEPEKOIMPOBOK

N | KOOl | KOA2 | KOA3 | KOA4 | KOAS
1 39 31 27 30 24
2 26 24 12 22 11
3 24 20 11 18 10
4 29 23 17 23 15
5 — 21 15 20 13

Tab6amma 3 KauecTBo pacrio3HaBaHUs

Ao | Ao | A1 | Ax | As | As | A5
54 1 66 | 67 | 67 | 76 | 72 | 73
63 | 83 | 88 | 92 | 93 | 92 | %4
58 | 70 | 72 | 72 | 82 | 80 | 81
53 ] 68 | 71 73179 | 72 | 75
57 | 66 — | 67 | 76 | 74 | 78

[ NV SR B

Tabmmma 4 Bpewms cuera

N mi,ma2,n AS Al Ag
1 90,42,9 6 59 | 10
2 | 60,71,13 8 244 | 17
3 | 30,30,33 | 13 415 | 29
4 | 50,50,19 9 194 | 17
5 70,80,24 | 24 — 67

aJIrOpUMTMa MCITOJIb30BaJach Mpoleaypa rojJOCOBaHUS
MO MpeACTaBUTEIbHBIM HabOpaM ¢ OTpaHUYEHUEM IO
muHe Habopa. CpaBHEHHE IIPOBOMIOCH Ha peaylb-
HBIX 3a/1a4yax M3 Perno3uTOpHrs MPOrpaMMHOMN CUCTEMBI
«Pacmio3naBaHue», ONMMCaHHOM B [3].

Pesynbratel cyeTa mnpenctaBieHbl B Tabda. 1—4.
B atux Tabnuuax BBeAeHbI CAEAYIOIIMe 0003HAUEHUS:

N — HOMep 3a1auu;

mq, Mo — YUCTIO OOBEKTOB B KJIaccax;

7, — YUCJIO TIPU3HAKOB;

Ay — aJITOPUTM TOJIOCOBAHUSI T10 TIPEACTABUTEIb-
HBIM HabopaM, TMOCTPOEHHBIM MO MCXOAHON oOydYa-
[olIeit BLIOOPKE;

A{ — pacrozHalollInii aITOPUTM, IPUMEHEHHBII K
JIaHHBIM,, TIEPEKOAMPOBAHHBIM IPAIMEHTHBIM aJITOPUT-
MOM TTOMCKa HEMPUBOINMBIX KOAUPYIOIINX TOKPBITUIA;

Ay — pacIio3Halouuii aJirOpUT™M, TTIPUMEHEHHBIH K
nepekoarpoBaHHbIM anroputMoM KOJI1 naHHBIM;

Ao — pacIio3HAOIINI aITOPUTM, TIPUMEHEHHBIN K
mepeKonnupoBaHHBIM anroputMoM KOJI2 naHHBIM;

As — pacIio3Haloluii aJirOpUTM, TPUMEHEHHBIH K
nepekoarpoBaHHbIM anroputMom KOJI3 naHHbBIM;

A4 — pacrio3Halouuii aJlrOpUTM, TTIPUMEHEHHBIH K
nepekoaupoBaHHbIM anroputMoM KOJ/14 naHHBIM;

As — pacIio3HaIINI aJITOPUTM, IIPUMEHEHHBIN K
rnepexkoanupoBaHHBIM anroputMoM KOJI5 manHbIM;

Z — 3HAYHOCTb UCXOMHBIX TaHHBIX.

B Ta6. 1 mpuBeaeHbl XapaKTepPUCTUKY 3a1a4; YHC-
JIo o0yJarmnX 00BbEKTOB B Kjlaccax M YMCJIO TpU3Ha-
KOB. B ciydae BemiecTBeHHO3HAYHOI MHGMOpMaLNN
3HAYHOCTD OIPEAeISIeTCS 10 YMCITY Pa3IMIHbBIX 3HAUe-
HUI IPU3HAKOB B 00yYarolleil BLIOOPKE.

Tabnu1a 2 conep>KuT 3HAYHOCTh MOJTyYEHHbIX aJIr0-
puUTMaMM TiepeKoaupoBoK. [Tpouepk o3HavaeT, uTo aj-
TOPUTM ObLT UCKITIOUEH U3 IKCIIEPUMEHTA M3-3a CIAUIII-
KOM OOJIBIIIOTO BPeMEHU BBITIOTHEHUS (0oJiee OTHOTO
yaca). HerpymHo 3aMeTUTh, YTO HAaMMEHBIIAsT 3HAY-
HOCTb JocTurHyta aiaroputMoM KOJIS. JaHHBII pe-
3yJbTaT OOYCJIOBJIEH MCIMONb30BaHUEM (YHKIIMOHAIA
f3(H) B 9TOM ajroput™e.

B Tab6in. 3 mpuBeIeHO KAa4eCTBO pacTio3HABaHUS B
MIPOLIEHTAX, IOJIYYEHHOE aJTOPUTMAMK Ha CKOJb3SI-
leM KOHTpOJIE.

W13 npuBeneHHBIX B TabJ. 3 pe3yabTaTOB CIIEOYET,
YTO BCE MPETOKEHHBIE CITOCOOBI TEPEKOINPOBAHMS
JAHHBIX YJIYy4IlIal0T Ka4eCTBO paciio3HaBaHus. M3 Tex
K€ pe3yJIbTaTOB CJIEAYET, UTO PELIECHMS alTOPUTMOB As
u Ay He XyxXe 110 Ka4yeCTBY paclIO3HABAHMSI, YEM pe-
LIEHUs] arOpuTMOB Ag, Af§ n Aj, a anropuT™sl A
n As TIPEBOCXOASAT APYTHE aJTOPUTMBI IO KadyecTBY
pacIio3HaBaHMSL.

HeTtpyaHo 3aMeTUTh, YTO YCJIOBHME HENPUBOLU-
MOCTH KOAMPYIOIIETO TOKPBITHSI OKAa3bIBAeT Cyllie-
CTBEHHOE BJIMSIHUE KaK Ha 3HAYHOCTh MEPEKOTUPOB-
KM, TaK M Ha Ka4yecTBO pacriozHaBaHus. CoriacHo
JaHHBIM, TIPUBEACHHBIM B Ta0. 3, ydmmmu HyHKIM-
OHaJIaMU OLICHKH KayeCTBa MEePEKOIUPOBKH SBISTIOTCS
f2(H) n napa dyukunonanos fi(H) u f3(H), Tak KaK
PE3YNBTATHI AITOPUTMOB A3 U A5 OKAa3aIUCh TYYITUMU
BO BCEX PACCMOTPEHHBIX 3a/1avax.

AJNTOPUTM A3 TIpeB301IIe]T aITOPUTM A5 B 3amavax I,
3, 4, TO3TOMY MOXHO CIC/IaTh BHIBOM, YTO MCHBIIIAS
3HAYHOCTh TNepekoanpoBku (byHkunoHan f3(H)) He
BCerma O3HayaeT, YTO MEepeKOAUPOBKa Jydllle MO Ka-
YECTBY pacIio3HaBaHUSI.

B Tabn. 4 npuBeaeHo BpeMsl cuyeTa aJrOpUTMOB B
CeKyHJIax.

[Mpouepk o3HaYaeT, YTO aAJTOPUTM ObLT UCKITIOUYEH
M3 DKCIIEPUMEHTA 13-3a CJIUIIKOM OOJIBIIIOr0 BpeMe-
HU BBITIOJIHEHUS (OoJiee ogHOro yaca). B tabmnuiie He
TIPENCTaBICHBI AJITOPUTMBI Ao, A4 1 A 10 TOM TPUYM-
He, YTO BBIYMCIIUTENIbHAS CJIOKHOCTh 3TUX AJITOPUTMOB
AHAJOTWYHA BBIYMCIIMTEIBHON CIOXKHOCTH aJITOPUTMA
As, a cienoBaTeIbHO, BpeMsl cueTa MPakKTUYeCKH He
OTJIMYaeTcs.
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W3 pe3yabsraToB ciiefyeT, 4To pacro3Haolue ajaro-
PUTMBI, TOJlydeHHbIe Ha ocHOBe ajaroputMoB KOJI2,
KO3, KOJ4 u KOJ/I5, mo cpaBHEHHIO C pacrio-
3HAOIIMM aJTOPUTMOM, OCHOBAaHHBIM Ha aJITOPUTMeE
KO/11, BEINTPHIBAIOT HE TOJBKO IO KAa4eCTBY pEIIeHNS,
HO U MO CKOPOCTU BhIMOJIHEHUSI. Kpome Toro, Kaue-
CTBO peIIeHUS MOTYYEHHBIX aJITOPUTMOB CYIIIECTBEHHO
JIy4lle, YeM KauyecTBO PelIeHUsT aJlfropUTMa rojiocoBa-
HUS TI0 TIpeACTaBUTEIbHBIM HabopaM, IIPUMEHEHHOTO
K HEIIepeKOIMPOBAHHBIM JTaHHBIM.
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OLUEHUBAHUWE TMITEPIIAPAMETPOB JIMHEMHBIX
PETPECCUOHHLIX MOJEJIEN ITPU OTEOPE
LTYMOBbBIX 1 KOPPEJINUPYIOLLIUX [TPU3HAKOB*

A. A. Toxmakosa', B. B. Crpuxos?

Annoramusa: PemraeTcs 3amada oT6opa MPU3HAKOB MIPU BOCCTAHOBIEHUY JIMHEWHOM perpeccuu. [lpuHsara ru-
roTe3a 0 HOPMAJILHOM pacrpe/e/ieHM BEKTOpa 3aBUCUMON MEPEMEHHOM U MapaMeTpoB Moaeiu. s oueHKu
KOBapHallMOHHOW MaTPUIIbI TApaMeTPOB MCIOJIb3yeTCs anmpoKeuMarvs Jlarutaca: jorapudm GyHKIIMKA OO~
KU Tipubmkaetcst GyHKIMEH TUIOTHOCTH HOPMAaTbHOTO pactipeneneHusi. Mccnemyercs: mpobieMa MpucyTcTBUs
B BBIOOpPKE IIYMOBBIX Y KOPPEIUPYIOIIMX MPU3HAKOB, TaK KaK MPW MX HATMYUKM MaTpHUIla KOBapualuii mapa-
METPOB MOJIEJIM CTAHOBUTCS BBIPOXKIEHHOM. [IpeaiaraeTcst airopuT™, TPOU3BOISIINI OTOOP MHGOPMATUBHBIX
MPU3HAKOB. B BEIYMCIUTEIBHOM 3KCIIEPUMEHTE TIPUBOJISTCS PE3yIbTaThl UCCIENOBAHMSI HA BpDEMEHHOM psifie.

Kirouessie coBa: 6aiiecOBCKMiT BBIBOM; KOBapUAlIMOHHASI MaTPUIIA; TUTIEPTIApAaMETPhI MOJENN; OTOOp TIpU3HA-

KOB; perpeccust

1 Bsenenue

YacTo npu aHaM3e BPEMEHHBIX PSIIOB TpeOyeTcst
paccMOTpeHue OOJBILIOrO YKCa MprU3HaKoB. B cBs3u ¢
STUM BO3HMKAIOT MPOOJIEMBI, CBI3aHHBIC ¢ HATTINEM
B BBIOOPKE OOJTBIIOTO KOJTMIECTBA MYJIBETUKOPPETUPY-
FOIMX TTPU3HAKOB MJIN C BHICOKOU 3aIlyMJICHHOCTBIO
BbIOOPKU. B paboTe BbIIBUHYTA rMIIOTE3a O HOPMasb-
HOM pacnpeleIeHUN BEKTOPa 3aBUCUMOM ITEPEMEHHOM
1 BeKTopa MapameTpoB moaenu [1, 2]. Heobxomu-
MO OILICHUTH KOBapHallMOHHBIC MAaTPHIIBI 3TUX PacIipe-
IeJICHWIT W YCTAaHOBUTDH CBSI3b MEXKIY ITPOCTPAHCTBOM
JaHHBIX W MPOCTPAHCTBOM I1apaMeTpOB, YTO TO3BO-
JIUT TIPOM3BECTU OTOOP IIIYMOBBIX M KOPPEIUPYIOIINX
MPU3HAKOB.

PazBuTtue mMeTonoB ordbopa MprU3HAKOB UMEET 0O-
rarylo ucroputo. HaumnHasg ¢ 1960 1. akTMBHO pas-
BUBAIMUCH 11aroBeie MeToAbl (Stepwise Regression) [3].
[naBHast umest 3TUX METOIOB COCTOUT B OTOOpE MpPU-
3HAKOB, BHOCSIIINX HAMOOJBIINI BKJIAJ B 3aBUCHMYIO
nmepeMeHHyIo. BBommTcs KpuTepwuii, Ha OCHOBAaHUU
KOTOPOTO aJITOPUTM ITO0aBISET MM yaalsdeT Mpu3Ha-
ku. llInpokoe npuMeHeHUe MOIyYUId YaCTHBIE ClTydaun
maroBoit perpeccuu — anroputmbl LARS (Least Angle
Regression) [4] m LASSO (Least Absolute Shrinkage
and Selection Operator) [5].

Anroputm LARS 3akiiouaercst B mocjaeaoBaTesb-
HOM J00aBjieHMU Mpu3HakoB. Ha kaxmoM Iuare Beca
MPU3HAKOB MEHSIIOTCSI TaKMM 00pa3oM, 4TOObI oOec-
TIEYNTHh HAMOOJIBIIIYIO KOPPEIISIIINI0 BOCCTAHOBIICHHO-
TO BEKTOpa 3aBUCHMBIX TIEPEMEHHBIX C BEKTOPOM pe-

I'PECCMOHHBIX OCTATKOB. AJITOPUTM TTO3BOJISIET COKpa-
THUTH KOJTMIECTBO CBOOOIHBIX TIEPEMEHHBIX 1 M30eKaTh
Mpo0JIeMbl HEYCTOMYMBOM OLIEHKU BECOB.

Meton LASSO BBOZMT oOTrpaHUYEHUS Ha HOP-
My BeKTopa KO3 ULIMEHTOB MOJAEIN, YTO TMTPUBOAUT
K 00pallieHUIO B HOJIb HEKOTOPBIX KO ULIMEHTOB MO-
neau. MeTton mpuBOIUT K MOBBILLIEHUIO YCTOMUYUBOCTU
MOIENIN U TI03BOJIIET OTOMpATh MPU3HAKM, OKa3bIBa-
oIIe HauOOoJIbIlIee BIUSIHIE HAa BEKTOP OTBETOB.

OaHoO# U3 MPUYMH BO3HUKHOBEHUS 3aJauyu OTOO-
pa TIPU3HAKOB SIBIISICTCST MX MYJIBTHUKOJUTMHEAPHOCTD.
[lepBble 1IarM IO pelIEHUIO 3TOI TPOOJIeMbl OBLIU
caenanbl B 1963 1. A. M. TUXOHOBBIM, KOTOPBIA BBEJ
TOHSITUE PETYISIpU3aLMU — JOIMOJHUTEIBLHOIO Orpa-
HUYeHUs Ha 3amauy [6]. B pabore [7] BBemeHo 1O-
HSITUE PETYJISIPU3ALIMU 1 ONTUMCAaH 00U METO, pelie-
Hus 3agad. Ho mockonbky paboTel TuxoHOBa ObLIM
OITyOJIMKOBAaHBI Ha 3arraje TOJIbKO Jniib B 1977 1., B
1970 . Hoerl u Kennard npeajioxunu MeToa rpedHe-
Boii perpeccuu [8]. B MuHUMU3Mpyemylo (BpyHKIIMIO
BBOIMJIOCH JOTIOJTHUTEIFHOE ClaraeMoe, 9YTO MOBBIIIIA-
JIO YCTOMYMBOCTD pellieHus [9], omHaKo He TO3BOJISLIO
IIPOM3BOIUTEL OTOOP TTPU3HAKOB.

[lo3gHee cTamm TOSIBISATBCS METOIBI, MCITOJIb3Y-
JoIMe KaueCTBEHHO WHOM MOIXOM K PeIIeHUI0 Mpo0-
JIeMbl MYJIbTUKOJUIMHeapHocTu. Hamnpumep, Belsley
MPeIoXUa MeTon I yaajeHusi npusHakoB [10],
HCTIONBb3YIOIIMI CUHTYISIPHOE Pa3ioXeHUe MaTpUIlbl
IU1aHa. AJTOPUTM HaxXOAUT KO3 UIIMEHT, XapaKTe-
PU3YIOIINIT CTeTIeHb 3aBUCUMOCTH TIPM3HAKOB APYT OT
npyra. [lo3nHee mosiBuiicst Mmeto hakTopa MHOISIIUNA

*Pabora BbITioTHeHa TIpy opiepkke PODU, rpant Ne 10-07-00422.
'"MockoBcKuit pU3MKO-TeXHUYECKUi MHCTUTYT, aleksandra-tok@yandex.ru
2 BBI4MCITUTEbHBI LeHTp PoccniicKoil akaneMuy Hayk, strijov@ccas.ru
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nucriepcuu (Variance Inflation Factor) [11], oueHuBa-
IOIIUI yBeJIMUEHUE AUCIIEPCUM 3aJaHHOTrO Koa(du-
LIMEHTa PEerpeccuu, YTO CBUAETEJbCTBYET O BBICOKOM
KOPPEJISIIINN JaHHBIX.

B nmannoi1 pabore ajist 0TO00pa MPU3HAKOB JIMHEM -
HOM perpecCMOHHOM MOIeIU MpeiaraeTcs BEIMOTHUTD
aHaJIM3 MPOCTPaHCTBa MapaMeTpoB. BekTop mapamer-
POB paccMaTpuBaeTcsl Kak MHOTOMepHas ciaydaitHas
BenmunHa. OlLIEHWBaeTCS HanmboJIee BEPOSITHOE 3HAUC-
HUe TapaMeTpoB. [1pu olieHKe MCIIOb3yeTCsI CBSI3HBIM
OaiiecoBckmii BeIBOA [12, 13].

OCHOBBIBasICh Ha TUMOTE3¢ O HOPMAaJbHOM pac-
npenejeHu TapaMeTpoB Moneau [2], olLeHuBaeTcs
KOBapuaIMoHHas MaTpHIIa pacIIpeAesieHIs ImapaMeT-
poB [1, 14]. Ha ee rmaBHOI TMaroHaanu CTOSIT JUCTIEp-
CHU CITyJalfHBIX BEJIMUMH, YTO TTO3BOJISICT YCTAHOBUTH
CTereHb 3HAUMMOCTHU JaHHOTO KOHKPETHOTO MapaMeT-
paBMozenu. [Tpu TakoM nmoaxone K oT00py MpU3HAKOB
He BO3HUKAeT HEOOXOAMMOCTU pa30MeHUs] BBIOOPKU
Ha o0y4eHUe U KOHTPOJIb. JIJIT OlleHKM KOBapHaIllOH-
HO¥ MaTPHIIBI B pab0Te UCITONIB3YETCST allITPOKCUMAIIIS
Jlannaca [15]. Jlorapudm pyHKUMM OLIMOKU MTPUOIK-
kaeTcsl GyHKIMEH MIOTHOCTY HOPMaJIbHOTO pacripe-
JeJIeHUs, U TOSIBISIETCSI BO3MOXHOCTb BBIUMCIEHUS
HOPMHMPOBOYHOM KOHCTAHTHI.

2 Ilocranoska 3agauun

HaHa perpeccroHHast Beibopka: D = {x;, y; }, =
= (X,y), tne x; € R", ¢ = 1,...,m, — BeKTOpbI
HE3aBUCUMON MepeMeHHol, ay; € R, i =1,...,m, —
3HAYEHMsI 3aBMCUMOIi IiepeMeHHoIi. Peraercs 3amava
BOCCTaHOBJIEHUST PETPECCUM

y =f(w,X), 1

rie f(w, X) — HekoTopasi mapaMeTpruyecKasi BEKTOP-
¢yukuums. [lycte MHOTOMEpHast CiiydaiiHasi BETUYM-
Ha y IMeeT HopMaJIbHOE pacipeaeacHne:

y ~ N(f7 U2I’m) ’

e f — BeKTop-GyHKLUS, 02 — AUCIIepCcUs pacipee-
senus, I, — eTMHWYIHAS MaTpUIla pa3MEePHOCTH M.
Tpebyercst npubmusuts dynkuuto f(w, X) napa-
MeTpUYECKOi (PyHKLMEeH f(X , W) U3 33JaHHOTO KJIac-
ca F (nuHeiinbie GyHKIMK), npudeM |F| KOHEUHO.
Oro6paxkenue f : R™ x W” — R™ 0OyneM Ha3bI-
BaTh Moaenblo. 3nech R™ — MPOCTPaHCTBO NaHHBIX,
a W C R™ — mpocTpaHCTBO MapaMeTpoB. B 3ana-
ye JMHEHOI perpeccuu 3aaavya npuoauxkeHus: GyHK-
uuu f(w, X ) sKBUBaJIeHTHA 3a/1a4e 0TOOPa IPU3HAKOB.
B manHOM cirydae MoJiesTh OTIpeAeIIsieTCS ITapaMeTpaMu,
KOTOPbIE COOTBETCTBYIOT MHOXKECTBY MHIIEKCOB aKTUB-
HbIX pu3HakoB A C 7 = {1,2,...,n}. Takum oGpa-

30M, TIpY BLIOOPE MOJIEIN TPeOYeTCsT HAlTU TAKOe MHO-
3KECTBO MHIEKCOB A*, KOTopoe ObI 00eCITeunBaIo M1-
HUMYM (PYHKLIUU

*: . f *D
A argfrpglr}S(Alwv )

rae S(flw, D) — dyukuust ommbku, £4 — napamer-
puyeckas BeKTOp-(GYHKIMSA, BEIYUCIAEMas TOJIBKO Ha
MHOXECTBE aKTUBHBIX IIPU3HAKOB, 3aJaHHOM WHIEK-
camu u3 MHoxectBa A. Ilpu sToM mapamerpsl w*
MOJIEJIH JTOJDKHBI 00eCeunBaTh MUHUMYM (DYHKLIAN

= i £4,D).
w* = arg min S(wlfs, D)

3  Bung pyHkumu ommbKku

TTonb3ysich MpeanoaoXeHUeM O TOM, UYTO BEKTOP
3aBUCHMOM TIEPEMEHHOM — MHOTOMEpHas ClaydaiiHast
BeJIMYMHA C HOPMAJIbHBIM pacripefie/ieHUeM, 3auiliemM
KOHKPETHBIH BUI DYHKIWY OIIMOKY S (W) IUTs TTOCTaB-
JIEHHOM 3a1a4u.

ITycTb MHOTOMEpHas cilydyaiiHast BeJIMurHa y UMEEeT
HopMaJibHOe pacrpenesieHue. O6o3HauuMm S = o2,
Torna pacnpeneieHre 3aBUCUMON MEPEMEHHOMN y MOXK-
HO TIpeACTaBUTD B BUIE:

p(y) =

— (27Tﬁ_1)7m/2 exp (—l

5y =07 By - f)) )

PaccMmoTpuM byHKIMIO MPaBAONOg00MST TaHHbBIX, KO-
TOpasi UMeeT BUII:

exp(—=BEDp)
Zp(B)

3necy Ep — dyHkuusa omnbku. M3 BeipaxkeHuit (2)
u (3) onpenenum ee Kak
1

EDZE(y_f)T(y_f)'

p(y|X, w,8,£) & p(D|w, 8,f) = 3)

KoadbduiimeHT Zp HOpMUpPYET TUIOTHOCTh HOPMasb-
HOTO pacrnpeieieHns U paBeH

Zp(B) = (2rB~H)™/2. 4)

PaccmoTtpuM paBeHnctBo (1). CieBa cTOUT MHOTO-
MepHasl cilyyaliHasg BeJIMYMHA Yy, UMeIoLas HOpMasib-
Hoe pacnpeneneHue. Marpuiia X He sIBJsIeTCS Caydaii-
HOW BEJIMUYMHOM, O3TOMY MPEATIONOXUM, UTOW € W
TaKXKe ABJISETCI MHOTOMEPHOM CITyYailHOM BEJIMYMHOMN
C HOPMAaJIBHBIM pacnpenenaeHuemM. [lapamerpamu 3Toro
pacripeneneHuss OyayT MaTeMaTUYECKOE OXUAAHUE W
M MaTpuua Kopapuaunii A= 1:

—Ey)

ex
p(wlA,f) = P Ew)

(4) ©
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OnpenenuM QyHKIUIO-IITpad 3a 00JbIIOE 3HAYE-
HUE MapaMeTPOB MOJEIU JIJIsl TPUHSITOTO pacmpeaese-
Hust Kak By = (1/2) (w — wg) " A(w — wo). Hopmu-
pyioliiast KOHCTaHTa Zy, B 9TOM CJiydyae paBHa

Zw(A) = (2m)"/2|ATHY2, (6)

AHOCTepI/IOpHOC pacnpeacjiCHue nmapamMeTpoB MOACIN
JUTST 3aJaHHBIX A 1 5 NMECT BUM!

p(Dlw, 5, £)p(w| A, f)

PWIDA,0,8) = B T ()
p(D|w, B, f)p(w|A,f)  exp(=BEp)exp(—Ew)
p(DIA, 3,f) B Zp(B)Zw(A)
_exp(=(BEp + Ew))
 Zp(B)Zw(4)

B BoipaxkeHuu (7) MpUHSTHI ClieayIolIe 0003HAYSHMS:
p(w|D, A, 3, f) — anocTepropHoOe pacrpeneieHue ma-
pametpos; p(D|w, [, f) — dyHkims npaBromnonoous
naHHbix; p(w|A, f) — anpuopHoe pacrnpe/eieHue mna-
pametpoB; p(D|A, 5,f) — dyHKIUS paBIoOnogoous
Mofenu. 3anucbiBast GYHKIIMIO OIIMOKM Kak

1
S=Ew+pEp = E(W_WO)TA(W_WO)—F

1

+5 =0 Ay 1), ®)

ITOJIYUYMM CJICAYIOIICC BbIPA’KCHUE OJIdd alTOCTECPUOPHO-
T'o pacnpeaciCHuA nmapaMmeTpoB:

exp (—5(w))
Zs(A,B)
rne Zs = Zs(A, f) — HOpMUpPYIOLIHii KO3GGOUIIUEHT.

OlieHKa HOPMUPOBOYHOTO KO3 dUIIMEeHTa TTPOU3BO-
JIMTCSI C TIOMOIIIbIO anmnpokcumManuu Jlammaca.

p(w|D, A, B.f) =

4 Annpokcumauud Jlarutaca

Anmnpokcumainus Jlangaca Mo3BoJISIET OLIEHUTH
HOPMUPOBOYHBIN KODOULUEHT 1151 HECHOPMUAPOBAH-
HOM TJIOTHOCTH BeposITHOCTU. IlycTh 3amaHO HEHOP-
MUpOBaHHOE pacrpeneieHue p* (w). TpeOGyeTcst HallTh
HOPMUPOBOUYHYIO KOHCTAHTY

z2= [ wyiw,
npy KOTOpoil pacrpenenenue p(w) = Z 1p*(w).

[penmonoxum, 4to p*(W) MMeeT MaKCUMYM B TOY-
K€ wo, T. €.

[Mpomorapudmupyem u pazioxum p*(w) mo Teitmopy
B OKPECTHOCTU W():

Inp*(w) =Inp*(wo) +0 —
1

—§(w—w0)TA(w—w0)+---, 9)

rie matpuua lecce A = ;] onpeneneHa Kak

., = lnp*(w)
E 811)1'811)]' _ ’
W=Wq
Te. A = —VVInp*(W)|w=w,,» THe V — TpaaueHT

GyHKIINUA.

OtOpackiBasi BCE WIEHBI BHINIE KBaIpaTUYHOTO
B Pa3JIOXEHUN U Oepst SKCITOHEHTY 00enX YacTeil BbI-
paxeHus (9), MOTyInM:

p*(w) ~ p*(wg) exp <—% (w— WO)T A(w — W0)> .

Torma HOpMaIbHOE pacrpeseieHre p(w), MpUOIKa-
folllee HOPMUPOBAHHOE pacripeneierne p(w), UMeer
BUJIL:

Plw) = N(wo, A7) = ————
(2m)"/2 |A7Y

X exp (—% (w—wo)" A(w— W0)> :

172 %

CiienoBaTeIbHO, HOPMMPOBOYHASI KOHCTaHTa WMeEET
BUI:

(27T)n/2
7 = prwo) ZL
|A|1/2

5 OueHka KOBapUalMOHHBIX
MaTpuIlL

Ananusupyst GyHKIMO omnoku S(W), MoCTpouM
aJITOPUTM, TIO3BOJISIIOIINI BBISIBIISITH IITYMOBBIC M KOP-
peMpYyIoIIne MPU3HAKH.

[lycTh HaM U3BeCTeH JIOKATBHBII MUHUMYM S(W)
U OH HAXOOWUTCS B TOUKE Wg. PaccMOTpuM MaTpuiLly
Tecce dynkimu ommbok H = —VVS(W)|w=w,, TI€
V — rpaaueHT ¢yHkuuu. [Ipu nosisieHuun B BbIOOP-
Ke IIYMOBBIX WJIM KOPPEIUPYIOIINX ITPU3HAKOB IIPO-
HCXOINT pe3KOoe BO3pacTaHMe HEKOTOPBIX 3JEMEHTOB
Matpuilel H. HeobXonuMo ycTaHOBUTDH CBSI3b MEXIY
KOMITOHEHTaMM MaTpulibl [ecce U KoBapHallOHHOM
MaTpuIleif mapamMeTpoB, UISI TOTO YTOOBI ITPOM3BECTU
OTOOp aKTUBHBIX MTAPaAMETPOB A 1 TTIOBBICUTH YCTONIM -
BOCTb PEIICHUS.

Paccmotpum psa Teitnopa BToporo nmopsiaka jora-
pudma yucautens (7):
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1
—S(w) ~ —S(wq) — 5 AwTHAw , (10)
rme Aw = w — wg. B Beipaxkenunu (10) Her ciara-
€MOr0 IIEPBOTO MOpPsIaKa, TaK KaK IIPEANoIaracTcs, 4To
TOYKA W( JOCTABJISET JIOKAJIBbHBIA MUHUMYM (DYHK-
uuu S(w). CienoBaTesnbHO,

0S(w)
ow

=0.

’W—Wo

IpumeHsIsT SKCMOHEHTY K O0eMM YacTsSM BbIpaxke-
Hus (10), ToxydnM HeoOXOaMMOe TIPUOIKEHIE:

exp (=S(w)) ~

~ exp (—S(wyp)) exp (—% AWTHAW) . (1D

ITpu nmosyueHHOM TipUbIMXKEeHUM BhipaxkeHue (11) Oy-
IIET BBITJISIACTD CIICAYIOIINM 00pa3oM:

p(w|D, A, ) =
- &xp (—=S(wo))exp (—(1/2)Aw" HAw)
ZS(Aaﬁ) 7

rne Zs(A, 3) BBICTyIaeT B poJI HOPMUPOBOYHOTO KO-
a(ddulIMeHTa MIOTHOCTU BEPOSITHOCTHOIO pacrpene-
nerus. OmneHka i KoadduimeHnta Zg moaydeHa ¢
ITOMOIIBIO armmpokcuMaimy Jlamiaca (ITOSICHEHUS CM.
BT 4):

(12)

exp (—S(wo)) (27)"/2
]2

Zs = (13)
IMoncraBus (13) B (12), mojsy4yuM OIIEHKY TTPaBAOTOI0-
Oust MOzie M, Ha OCHOBAaHUHY KOTOPOU OyaeM Mpon3Bo-
TIATH OTOOP ONITUMATTBLHBIX TUTIEPTIAPAMETPOB MOJIEIN

|H|'?exp (—(1/2) AwTHAw)

p(W|D,A,B) - (271’)"/2

Bripaxkenue (12) onpenensieT BEIOOp Hanbojee mpas-
JOTMoA00HOM Momenu. sl HaXxoXIeHUsl Threprapa-
METPOB BOCIIOJIb3YeMCsI IPUHITUIIOM MaKCUMyMa IpaB-
nomnono6ust p(D|A, §) oTHocuTenbHO A 1 (3. 3anuiem
p(D|A, ) B cienyioniem Buse:

p(D|A, B) = /p(D|W,A,6)p(W|A) dw .

Hcnonw3ys BeipaxkeHus (5) u (3), nepenunieM hyHK-
LIMIO TTPAaBIONONI00US B BULIE:

p(DIA, B) =
= /exp(—S(w))dw. (14)

M3 coobpaxkeHUT HOPMUPOBKU MHTErpana BbIpaxke-
Hus (7) paBeH eAuHULE, T. €.

[ rtwin, i = [ LI,

CremoBaTeTbHO, MHTETPA B IpaBoii yactu (14) B TOU-
HOCTH paBeH Zg. [ToaTomy

=1.

p(DIA, B) =
1 1
- - _ n/2 —-1/2
00 Zo ) O S0 ) T (1)
IMoacraBuB 3HauyeHue Zy, u3 (6) u Zp u3 (4) B (15),
TTOTYYUM:

p(D|A, B) = (2m) "2 ATHTV2(2m) /2 (372
x exp (—S(wo)) (2m)"/2|H|~Y/2.

ITonyunMm ouieHKY Jlorapudma mpaBaoIog00Us:
1 1 m
lnp(D|A, B, f) = ~3 In|A™"| - ) In 27 +
1
+ % Ing~! = S(wo) = 5 n|H|. (16)

[MoouepenHo mMpupaBHUBAsI YacTHBIC ITPOM3BOIHbBIE
mo A u 3 Beipaxenus (16) K Hy/mO, HalieM MakKCH-
MyM (16) 110 ruTIepnapamMeTpam.

Ilycts matpuiia A nuaroHanbpHa. BBemem 0003Ha-
YyeHUe a = |aq,...,q,|T 118 BEKTOpA, COCTOSILIETO
W3 3JIEMEHTOB JAuaroHaau matpuibl A. TlpeactaBum
reccuaH B BUJIE:

H = —VVS(w) = ~VV (BEp + Ew) =
=—-0VVEp —VVEy =Hp + Hy,

rne Hp 3aBucut ot 3, a H,, 3aBucut ot A. Tak
KakK VVEwl = (82/811)1) ((1/2)0&1(11)1 — ’LUol')2) = 4y,
TO 4YacTh reccuaHa Hy, auaroHanbHa. [Tokaxkewm, 4To
MPY HEKOTOPBIX IOMYIIeHUsSX Hp Takke OyoeT aua-
TOHAJBHOU MaTpwileil. IS 3TOr0 pacCMOTPUM JIIBa
CITyJast:

(1) ecnu Bce mpu3HaKU HE3aBUCUMBI, TO MaTpula Hp
OyleT MMaroHaJbHOM, TaK KaK HelWaroHaJlbHbIE
9JIEMEHTBI MATPUIIBI [€CcCe OTpaXaloT CTETNeHb 3a-
BUCHMOCTH U3MEPSIEMbIX BEJTMUMH;

(2) TIpy HATMYWH B BEIOOPKE IITYMOBBIX MJIN KOPPEITH -
PYIOILIMX TTPU3HAKOB OyIeT HaOI0aaThCs BO3pac-
TaHWE IUarOHAJBHBIX 3JIEMEHTOB MaTPULIBI (IKC-
Mepcuil MPU3HAKOB), B CPABHEHUM C KOTOPBIMU
HeIUAaroHaJbHBIMU 3JIEMEHTAMU MOXHO MpeHe0-
peub; T.e. ¥ B 9TOM cliyyae MaTpuly Hp MOXHO
CUYMTATh TMArOHAJIBHON (Ha AWMAroHajiu — co0-
CTBEHHBIE UMCIa).

WHOOPMATUKA U EE TPUMEHEHUWS Tom 6 Bbimyck 4 2012 69



A. A. Tokmaxrosa, B. B. Cmpuoicos

Wrak, npeactaBum Hp B caeaytoiiem Buae: Hp =
= diag (h1,. .., hy) . [ BBISBICHUS CBSI3U MEXITY TTa-
paMeTpaMu W TureprapaMeTpaMyd MOJEIU PacCMOT-
puM BeipaxkeHue (16). Bocronb3yemcs: HEOOXOTUMbBIM
yCJI0OBEM MUHHMYyMa M TIpUpaBHIEM K HYITIO TIEPBbIC
MPOU3BOAHBIE BhIpakeHus (16) Mo ay:

1 1

— — (w; — wp)?

'
o Bh; + o

HanHoe ypaBHeHHe mMMeeT aBa KopHs. OmHako
OIMH U3 HUX HE MMeeT cMblcia, Tak Kak A~' — nua-
TrOHaJbHasl KOBapHalMOHHAas (ITTOJIOKUTEIBLHO OIpe-
JeJIeHHas1) MaTpulia, CJIeIOBaTeIbHO, IO KPUTEPHUIO
CunbBecTpa (CMMMETpUYHAs KBaapaTHas MaTpulla
SIBJIICTCS TTOJIOKUTETBHO OIIPEIeICHHOM TOTIA 1 TOJTb-
KO TOT/a, KOT/Ia BCE e¢ TJIABHBIC MUTHOPHI TTOJIOKUATEITb-
HBI) HE UMEET OTPUIIATSIbHBIX KOMITOHEHT:

i 1+ -1, (17)

1
oy = — —_——
2 (wl — ’w())z/\i

rae \; = Bh;.
[IpupaBHSB pou3BoAHYIO 10 (3 BhipaxeHus (16),
HalimeM oNTuMaIbHOe 3HAaYeHUe J:

m 1
— —FEp——~v=0
Zﬁ D Y )

roe
w
Aj
v = —.
j; /\j +
Takum o6pazomMm,

m-—-°
2FEp

B = (18)
Bripaxkenust (17) 1 (18) He TTO3BOISIIOT SIBHO BBI-
YUCTUTH 3HaYeHUs o u 3. [losTomMy uTepanloOHHBII
MPOLIECC OPTaHU3YeTCsI ClIeAyIoInM oopa3om. Ha kax-
JIOM Iare BbIYUCISIEM W (MUHUMU3UPYS (DYHKIIMIO
olrOKY 13 BbIpaxxeHus (8)), majnee, MCMOAb3YS TO-
JIydeHHOEe TPUOIMXKEeHUe, HaXOAWM BEKTOp TUIIep-
MapaMeTpoB «, 3aT€M 3HaueHWe TureprapaMerpa [.
[pouenypa mpomomkaeTcst 10 CXOMUMOCTH Kak Tapa-
METPOB, TaK U TUIepIapaMeTpoB, T. €. 10 CXOAUMOCTHU
dbynkmm npasnononodust Mmogenu p(DI|A, 5, w).

[Mpu mosIBIeHNN TITyMOBBIX MW KOPPETUPYIOIINX
MPU3HAKOB TPOUCXOIUT BO3PACTAHME ITUATOHATBHBIX
971eMEeHTOB (0OJbIIIOE 3HAUEHWE MUCTIEPCUM CBUIE-
TEJIbCTBYET O HeMH(OPMaTUBHOCTU NTpu3Haka). Benen-
CTBUE BTOT0 HEeIMArOHaJbHbIE JEMEHTbI CTAHOBITCS
HaCTOJIbKO MaJlbl, YTO MOXHO CUYUTaThb MaTpuiy Hp
nuaroHasbHOU. [ToaTOMYy HEOOXOIUMO TIPUHYINUTEb-
HO 3aHMXAaTh BO3PACTAIONINE TUATOHAIBHBIE JIEMEH-
Thl, TEM CaMbIM TMPOM3BOJsI OTCEUMBAaHUE IIIYMOBBIX U
KOPPEIUPYIOIINX TPU3HAKOB.

Hwixe mpuBeneH nceBIoOKOI aJIrTOPUTMAa OLIEHKH 1~
MeprapaMeTpoB PerpecCUOHHON MOIEIH.

Bxoa: BeKTOp 3aBHCHMOIl TIEPEeMEHHOW y, MO-
nenbp mdl(w, X)
wo = 0;
w = 0;
A = diag(n, 1);
f=1
s k = 2, ..., MaxIterations
BBIYACTHTb A, 3, W :
w = FindParameters(S(w), A, 3, w, wq,y);
s g = 2,. .., MaxIterations
JOOUTHCS CXOAUMOCTH A 1 3 IPU JAHHOM BEKTOpe
w:
H = CalcHessian(S(w), A, 3, w, wq,y);
ecan max(H)/min(H) > 10° 1o
idx = find(max(H)); {uHmekc cTpo-
KH/CTOJIONA (IMATOHAJBHBINA 3JIeMEeHT) ¢ max
3JIeMEHTOM }
3aHYJUTh CTPOKY H cToJ0en ['eccnana, conep-
JKale MAKCUMAIbHBII 3JIEMEeHT;
BBIXOJI;
A = [« diag(H);
4
(W — wo)?\
ecimidx # 0 1o
3aHYJIUTh COOTBETCTBYIONIHE IHATOHAJIBHbBIE
3J1eMeHThI MaTpuibl A (He00X0auMO IS CXO0-
UMOCTH TUNepnapamMeTpa «v);
BBIXOJI;
Aj

Y= Em;
f = mdl(w, X);

Ep = %(y —£)T(y —f);

- 2Ep ’

ecm > (o, — ag—1)? < Convergency u (B —

Br—1)? < Convergency; 10
32KOHYMThH BBINOJHEHHE LMK/JIA HA TeKyIeil
ATePALUH;

BBIXOI;

ecim j = MaxlIterations To
BBIBECTH COOOILIEHHE 0 BeIHYHHE OMIHOKH U 3a-
KOHYHTH BbINOJIHEHHE NPOTPAMMBI;

BBIXOI;

ecn Y (wy, — wy—1)? < Convergency T0
32KOHYHMTH BbINOJIHEHHE IPOTrPAMMBI;
KOHeIl

1

ITPOLIENYPA FindParameters((S (w) ,
Aa ﬁa W, Wo, Y)
MOKA He HaiiieH MUHUMYM (yHKImH S (W) m0 W
f = mdl(w, X);
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S(w) = (1/2)(w — wo)TA(w — wy)
+(1/2)(y — £)TBI(y — £);

BBIXOJI;

BEPHYTb W;

IMPOITEAYPA CalcHessian(S(w), A, 3, w, wo,y)
h = 10~5; {mar pa3HocTHOl cxembI }
mai=1,..1
maj=1,..,1
MOCYUTATH dJIeMeHT MaTpuibl ['ecce:
e; = 0; {BeKkTOp NpupameHus }
e;(1) =1;
e; = 0;
e;j(j) =1;
H(i,j) = (S(w+ (e; + €;)h) — S(W + eih) —
— S(w +ejh) + S(w)) /h?%;
BBIXOJI;
BBIXO]I;
BEPHYTb [1;

6 AJropuTMbI 0OTOOpA MPU3HAKOB

st Toro 4ToObl MOAYEPKHYTh OCOOEHHOCTH OIU-
CaHHOTO B paboTe ajJropuTMa, IIPUBEAEM IIPUMEPHI
paHee MpeaIoKeHHbIX METOIOB perysipu3auuu, mpu-
BOJSIIIVX K ITOBBIIIIEHUIO YCTOMYNBOCTH PEIICHUST U OT-
0Oopy NMpU3HAKOB B 3afaye JIMHEIHOI perpeccui |5, 8].

I'peGHeBas perpeccusa. 3anmineM (PYHKIIUIO OIINO-
KU JUTsI TWHEHOM Monenn Buaa (1):

Q(w) = ||Xw —y|*.

J1st MUHUMM3aLUU (GYHKIIUU BOCIIOIb3yeMCsl HE00XO0-
MIMMBIM YCJIOBUEM MUHUMYMa

9 T

oTkyna cienyet, uto X' Xw = XTy. Eciau marpu-
na X T X He BBIPOKAEHA, TO PELLIEHUEM CUCTEMBI SIBIISI-
eTCsI BEKTOP

w' = (xTx) " xTy.

Ecnu xoBapuaunoHHast Matpuua X © X UMeeT He-
MOJIHBIN PaHT, TO ee oOpallleHue HEBO3MOXHO. Takke
BBIIESIOT Cydyail MYJbTUKOJUIMHEAPHOCTU: MaTpu-
na X TX vMeeT MOJHBII PaHT, HO 6JIM3Ka K HEKOTOPOit
MaTpulle HeNojHoro paHra. B aToMm ciydae yBenu-
yuBaeTcsl pa3dopoc KoabhGbUIIMEHTOB W™, TIOSBISIOTCS
OoJIbIIIME 110 a0COJIFIOTHOM BeJIMYMHE KO3(PMUIIMEHTHI.
PenieHre cTaHOBUTCSI HEYCTOMUYMBBIM (HEOOIbIIINE U3-
MEHEHMsT MaTpUlbl X BeayT K OOJbIIMM U3MEHEHUSIM
BEJIMYMHBI W*).

Jist pelieHust TpoOIeMbl MYJTBTUKOJUTMHEAPHOCTH
K (yHKIMOHaY () 100aBSIOT peryiasipuszaTop, LITpa-
dyro1uit 6oJbliIve 3HaUeHUsI HOPMbI BeKTopa w: (), =
= [|Xw — y||* + 7||w]|?>. PelueHuem noaydeHHoON 3a-
JTAYU SIBIISIETCS] BEKTOP

w = (XTX +7L,) " XTy.

VBenuueHne 7 MPUBOAUT K YMEHBIICHUIO HOPMBI
BEKTOpa W, OJTHAKO IPY 3TOM HM OIWH U3 MapaMeTPOB
He oOpalaercs B HOJIb. DTO O3HAYAeT, YTO, TTOBHITIAS
YCTOMYMBOCTh MOIIEIH, TpeOHEBasT perpeccust He Mpo-
HM3BOIUT OTOOP TTPU3HAKOB.

Jlacco Tubmmpann. B naHHOM MeTOZEe BMECTO IO-
OaBieHUs1 1ITpahHOro ciaraeMoro K (yHKIUOHATY
KavyecTBa BBOIMTCS OrpaHUYCHHUEC-HEPABEHCTBO, 3a-
npelaroliee 0oJblIre adCOJIOTHBIE 3HAUYeHUST KO3~
(ULIMEHTOB:

= X — 2 1 M
Q(w) = |1 Xw — y* — min

w

> lwj < 6.

j=1

Yem MeHbIlle 3HaYeHUe A, TeM OoJblie Koadhdu-
LIMEHTOB w; OOHYJISIETCS, TAKUM 00Pa3oM MTPOMCXOANUT
HUCKJIIOYeHMe j-ro npu3Haka. HegoctaTkoM aToro me-
TOIA OTHOCHUTEJIBHO aJITOPUTMa, IPEACTABIEHHOIO B
paborte, SABIASIETCS HEOOXOAUMOCTb B pa3fe/ieHUN BbI-
OOpPKM Ha JBE YaCTH: JJIsI O0YIeHUS] 1 KOHTPOJIS.

Takske TIpU MCITOJIB30BAHUM METOIOB PEryIsipr3a-
LI BO3HUKAET ITpobieMa BBIOOpa KOHCTAHTHI peryisi-
pusaumn. Jis ee BBIYMCIEHUS OOBIYHO MCIOJB3YIOT
CKOJIB3SIIINIA KOHTPOJIb, YTO 3HAYUTEIBHO IOBBIIIAET
TPYAOEMKOCTb BCEil 3a1a4X B LIEJIOM.

7  BpraucauTenbHBINA 3KCIIEPUMEHT

Pe3ynbraToM  BBIYMCAWUTEIBLHOTO SKCIEPUMEHTA
SIBJIIETCST OTOOP LIYMOBBIX U KOPPEJIUPYIOIIUX TPU-
3HAaKOB. TeCTMpOBaHUE aJIrOpUTMa MPOU3BOIUTCS Ha
BPEMEHHOM psiie TIpOAak Hape3HOro xyieba B 3aBU-
CUMOCTHU OT BpeMeHUu. Psn comepxut 195 3amuceii.
Mogenb, anmnpokcumupylomas psn: y = 0,2256 +
+0,1996£+0,0496 sin(10€), rae &€ € R™ — perpeccMoH-
Hast BbIOOpKa. BBeneM ciemytoinye o003HAYCHUS: SO,
¢! — 3HaueHMe KaXxIOro 3JIeMEHTa BHIOOPKM B HyJle-
BOIl M TMEpPBOM CTENEHW COOTBETCTBEHHO, sin(10€) —
M03JIEMEHTHOE TTPUMEHEHUE JIeMEHTapHOU QYHKITUU
K BekTopy £. Ha puc. 1 npeacraBieHbl BbIOOpKa U
annpoOKCUMUPYIOLIAS €€ MOJEINb.

Ilycte MaTpuua miaHa X mpencraBieHa B CIeLy-
fonieM Bune X = [x1, ..., Xn], TIe X € R™. B naHHOM
CJlydae OHa COCTOMT M3 TpeX cTosouoB: £2, ¢4, sin(10€).
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1,0 .

Puc. 1 [lanubie (TOYKM) M aNmpOKCUMMPYIOLIAs MOAE/b
(KpuBasi)

Ot0op mymoBbIx mpusHakoB. IllymoBast BbIOOp-
Ka cpopMupoBaHa MpU MOMOIIM 100aBAEHMS CTOIOLA
CITyJaliHBIX YMCET C HOPMAJbHBIM pacIpeie/IeHUEM.
Mopnenb, anmpoKCUMUpYIOIasi JaHHbIE B IKCTIEpU-
MEHTe: y = wi X1+ W2 X2+ wsX3+waxa, tae x1 = &£°,
x2 ~ N(0,2), x3 = &%, x4 = sin(10€). Mpu Hanuuuu
B BBIOOPKE LITYMOBOT'O 3JIeMEHTa MPOoLefypa CXOAUTCS
3a BoceMb uTepanuii. Ha puc. 2 nmpountiocTpupoBa-

Hbl U3MeHeHus1 MaTpulibl [ecce H Ha KaxmoMm Iuare
MPOLEAYPHI.

Ha 2-it utepaunu HaGnromaeTcsl pe3koe OTIndue
JNMaroHajbHOro »jeMeHTa (2,2). B TeueHuwe wute-
pauumit 2 m 3 OH TpomoJKaeT BO3pacTarh, MOKa He
JIOCTUTAeT KPUTUIECKON OTHOCUTEITLHON BETUYMHBI
(TTpuHSITa SMTIMpUYecKast OlleHKa OTHOIIEHUS MaKCH-
MaJILHOTO 3JIEMEHTA MaTpULBl K MUHUMaIbHoMy 109).
Hanee Ha 4-ii UTepally BBITIOJHSIETCS €ro 3aHYyJIEHUE.
TakuM 00pa3oM TMPOUCXOAUT BBISIBICHUE IIYMOBOTO
TpU3HaKa.

Ha puc. 3 u 4 npencraBieHbl AMarOHATbHBIE dJIe-
MEeHTBI MaTpulibl A. PucyHox 3 miutiocTpupyeT nsme-
HEHUS BTOPOTO AUArOHAIBbHOTO JIEMEHTA (vo , KOTOPbIN
COOTBETCTBYET LIIYMOBOMY TMapaMeTpy Moaeau. Peskuii
CKa4yoK OOBSICHSIETCSI TeM, UYTO Ha JAaHHOW UTepaluu
QJITOPUTM HAXOMUTCS BOJU3U JIOKATbHOTO MUHUMY-
Ma Wo W, HECMOTPSI Ha BO3pacTaHWE JMATOHATBHBIX
5JIEMEHTOB MaTpuIlbl H, 3HaMeHaTelb (hopMyibl (17)
Maj. [lanee mpoucxoauT 3aHyJeHUE JIEMEHTOB MaT-
puisl [ecce W COOTBETCTBYIONIMIA TUMEpHapaMeTp o
CTAaHOBUTCSI PABHBIM HYJIIO.

Ha puc. 5 u 6 npencraBieHbl CKaJsIpHBINA TUIIEP-
mapamMeTp 1 TIpoliecc M3MEHEHUsI TapaMeTPOB MOJIe-
JIA w; COOTBETCTBEHHO.

1 2 3 4

Puc. 2 WrepaunonHblii npouecc i MaTpuLbl [ecce (ciydaii iyMOBOro mapamerpa)

1 2 3 4
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2,0

1,5F

a,/108
S
T

|
0’01 2 3 4 5

Wrepanus

Puc. 3 Daement MaTtpulibl A, COOTBETCTBYIOLIMIA IIyMOBO-
My TTapaMeTpy MO

160
140
120+
100
@ 80
60
40+
20
0 | |

1 2 3
Wrepanus

S
(9}

Puc. 5 Cxansapusiii runepnapamerp 3 (ciydaii aryMoBoro
napamMerpa)

450
400
350
300
250
3 200
150
100

o3

oy

Oy

- | 1
501 2 3 4 5

Wrepanus

Puc. 4 DnemenTsl MaTpULBl A, COOTBETCTBYIOIIUE HELLY-
MOBBIM TTapaMeTpaM MOIeIn

0.30
Wy
0251 "
0201
+0,15
0.101
0051 "3
0,00 : : .
1 2 3 4 5

Wrepanns

Puc. 6 TIlapamerpnl Momean w (Clydail LIyMOBOTO Iapa-
MeTpa)

In

I [ [TOe—

8 10 12

1 2 3 4 1 2 3 4

Puc. 7 WrepaunonHblii nmpolecc a1 MaTpulbl [ecce (cirydail KoppeupyoLmX NapaMeTpoB MOIETH)

14 16 18

1

1 2 3 4 1 2 3 4
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2,5

T

2,0

15k

a,/10°

1,0

0,5

! I ! |
0’01 2 3 4 5 6 7 8

Urepauns

Puc. 8 Dnementsl MaTpuLbl A, COOTBETCTBYIOLIME HE3ABK-
CHMBIM ITapamMeTpaM MOIeNN

160
140
120}
100

= 80

60
40
20
0 1 1 1 1 1 1

1 2 3 4 5 6 7 8
Hrepanus

T

T

T

Puc. 10 Cxansipubiii runepnapamerp 3 (ciiyyaii 3aBUCUMBIX
napamMeTpoB)

OT10op KoppeaMpylUMX NpH3HAKOB. BriOopka c
KOpPEIUpPYIOLIUMHU TIpU3HAKaMu cpopMUpoBaHa Mpu
MOMOILM J00aBJIeHUS B MATPUILy IJIaHa cTooua 1,3 3.
Takum oOpa3zoM, MOJeNb, anMpOKCUMUPYIOIIas AaH-
HBIE BOKCIIEPUMEHTE: § — W1 X1+ W2 X2+W3X3+WaX4,
e x1 = €% x2 = &', x3 = 1,3¢", x4 = sin(10€).
Ha pwuc. 7 mosaeMeHTHO TPOMIITIOCTPUPOBAHA MaTPH-
1a lecce H.

[Tpy HaTMUUM KOPPETUPYIONINX ITPU3HAKOB TAKKe
HabJIoaeTcsl BO3pacTaHue AUaroHaIbHbIX 2JIEMEHTOB.
DTO MPOUCXOAUT U3-3a TOTO, YTO aATOPUTM BbIOMpAET
OMKANIINIIT BEKTOP X K BEKTOPY y (B IIPOCTPAHCTBE
BEKTOPOB MaTPHUIIBI X ), a KOPPETUPYIOUIHI C HIM CUM -
TaeT ITyMOBEIM.

Ha puc. 8 m 9 mipencraBiieHbI AMaroHaJIbHBIE 3JI€-
MEHTBI MAaTPUIIEI A.

Ha puc. 10 npeacraBieHbl U3MEHEHUSI CKaJISIPHO-
ro runeprapamerpa (. Ha puc. 11 mpenctaBiieHBI
M3MEHEHMUS TTapaMeTPOB MOJIEIN w; B TeUeHUE UTepa-
LIMoOHHoOTO Tpouecca. Koppenupyoluii mapaMeTp ws

Urepauus

Puc. 9 Dinement Marpuiibl A, COOTBETCTBYIOLIMIA KOPPEIK-
pylolieMy rapaMeTpy MOAETN

0,30

0,25

0,20

20,15

0,00 | | | I T T |
1 2 3 4 5 6 7 8
Hrepanus

Puc. 11 Bexrop napameTpoB Moaen w (CIydaid 3aBUCUMBbIX
ImapaMeTpOB)

CHayaJia BO3pacCTacT, a 3aTEM CTPEMUTCA K HYJIIO. DT0
IPpOUCXOoaUT M3-3a TOro, YTO NMPOCTPAHCTBO MMapaMeET-
POB MOJECIN MHOI'O3KCTPEMAJIBLHO.

8 3axirroueHue

B paGore mpeaoxeH criocod oTceMBaHUS IIYMO-
BBIX U KOPPEIUPYIOLINX MPU3HAKOB, a TAKKe aJITOPUTM
OLIEHKM KOBapHallMOHHOI MaTpULbl TapaMeTPOB MO-
nmenn. JIaHHBII alTOPUTM UMEeT CIICAYIOIIe TTPeruMy-
IIecTBa Tepel MeToaaM1, OITMCAaHHBIMU BO BBEICHUM:
(1) HET HEOOXOIMMOCTH pa3aeIeHUS TaHHBIX Ha 00yJa-
JOIILYI0 U KOHTPOJIbHYIO BBIOOPKY; (2) aJITOPUTM HE CO-
JIep>KUT HUKAKUX MapaMeTpoB, KOTOPbie HEOOXOAUMO
OlLIEHMBaTh WU 3aJaBaThb JOIMOJHUTEIbHO (Kak, Ha-
IIpUMep, B MeTomax peryisipu3annu); (3) moOuBasich
CXOIMMOCTH KaK ITapaMeTpoB, TaK M TUIIepIapamMeT-
POB, MPEIJOXEHHBbI aJIfTOPUTM TMOBBILIAET YCTONUYM-
BOCTb BEIOpaHHOI pEerpecCUOHHON MOAEIN.
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HOLOGRAPHIC CODING BY WALSH-HADAMARD
TRANSFORMATION OF RANDOMIZED AND PERMUTED DATA*

S. Dolev!, S. Frenkel?, and A. Cohen?

Abstract: Holographic coding has the very appealing property of obtaining partial information on the data from
any part of the coded information. In the paper, holographic coding schemes based on the Walsh—Hadamard
orthogonal codes are studied. It is proposed to randomize the data so that the coefficient of the Walsh—Hadamard
code would be approximately uniform and thus ensure, with high probability, a monotonic gain of information.
The data are xored with randomly chosen bits from random data that have been stored during a preprocessing
stage or pseudorandom data produced by a pseudorandom generator. Statistical properties of the truncated sums
of the Inverse Walsh—Hadamard Transformation (IWHT), taking into account the “white-noise nature” and the
mentioned above holographic, is considered. Furthermore, an enhancement of the algorithm, based on random
permutation and block coding is suggested. The results are compared to the Rate Distortion function and jpeg

compression.

Keywords: holographic coding; Walsh—Hadamard transformation; Shannon bound

1 Introduction

Holographic coding has the very appealing property of
obtaining information on the entire data, from any part
of the coded information [1]. Thus, intuitively, any
portion of holographic coded information (which is any
subset of the corresponding codewords) represents a
blurred image of the entire data. Traditionally, the blur-
riness is considered as a graceful degradation of a picture,
just like the elimination of some Fourier components of
high frequency from a picture spectrum. For a binary
input vector, the error measure that is considered is the
fraction of erroneous bits in the reconstructed file. In
this case, the blurriness is defined as a uniform distri-
bution of the errors, namely, errors in the reconstructed
input vector are uniformly distributed over the entries.
The goal of this work is to consider the use of
the holographic property to provide the robustness of
transmission to loses and erasures and to facilitate com-
pression when possible. The possibility of using data
randomization and Walsh—Hadamard coding is inves-
tigated. Walsh—Hadamard tramsformation and WHT-
based codes of digital random sequences are widely used
in many computer and data transmission tasks, for ex-
ample, for image data transmission [2]. Recently, the
present authors proposed a method which combines the
WHT with a randomization process that xors the data
with bits of random data (organized, say, as a pseudoran-

dom vector) that have been stored during a preprocessing
stage [3]. Namely, each bit of the output vector is the
exclusive or (xor) of the corresponding bit of the orig-
inal binary vector and a bit of the pseudorandom data
sequence.

As a result, an uncorrelated random sequence with
almost uniform spectrum (with properties of a discrete
white noise) was obtained. The decoding was performed
in a reverse manner, namely, inverse the WHT in or-
der to get the xored sequence and then xoring with the
(same) pseudorandom sequence to reveal the original
data file.

As it was shown, this coding can be interpreted as
aholographic code. Itis holographic in the sense that any
portion of the coded information (which is any subset
of corresponding codewords) represents a blurred image
of the entire data. The Hamming distance between the
original and the reconstructed binary files is considered
as a blurreness measure.

In this paper, statistical properties of the truncated
sums of the IWHT are presented, taking into account
the white-noise nature of the xored state output and the
mentioned above holographic properties of this encoding
method and considering the performance of the method
based on the theoretic Rate Distortion bound. Using this
performance measure, an improvement of the authors’
previous WHT-based holographic encoding method is
suggested.

*Partially supported by Rita Altura trust chair in computer science and by the Russian Foundation for Basic Research (grant RFBR

12-07-00109).

IDepartment of Computer Science, Ben-Gurion University of the Negev, Beer-Sheva, Israel, dolev@cs.bgu.ac.il
21PI RAN; Moscow Institute of Radio, Electronics, and Automation (MIREA), fsergei@mail.ru
3Department of Communication Systems Engineering, Ben-Gurion University of the Negev, Beer-Sheva, Isracl, coasaf@cse.bgu.ac.il
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2 Holographic Encoding

In Fig. 1, file Fisxored with a pseudorandom binary ma-
trix PN, then WHT is applied to the xored output to get
the [ first largest coefficients together with their indexes,
then CC Block either sends the outcome to a channel
or writes the outcome to a memory device (depending
on the purpose of the encoding) a total [ of n WHT
coefficients, where [ is predefined for the encoding of
the given binary file E Rxored is the reconstructed xored
vector. Each of the components of the file Rxored is
rounded to 0 or 1 and then xored with the PN to obtain
a reconstructed blurred version R file of the original file.

Thus, the scheme is represented by the following
encoding algorithm:

(a) compute the xored randomized data by xoring each
bit of the original file with a pseudorandom sequence
PN,

(b) compute the WHT coefficients ¢;;

(c) choose the I < n first largest WHT coefficients for a
predefined [;

(d) transmit the pairs (¢;, 7) of these [ coefficients; and

(e) request for additional WHT coefficients if the re-
constructed file resolution (estimating the values of
all missing coefficients to be 0) is insufficient for the
specific application requirements.

The number of coefficients [ that are chosen depends
on the application requirements.

The decoding algorithm (Fig. 1b) is based on the
IWHT and a threshold rule for deciding on the bina-
ry value of the reconstructed xored random data which
should be reconstructed by [ coefficients of n (see below).

This method has the following features: (i) Walsh—
Hadamard based coding that uses only additions and
shifts, implying low processing complexity; (i7) input
randomization for obtaining blurred, information re-
vealing of the data at a positive rate, starting with more
than half of the data correctly revealed after the ar-
rival of a very few coefficients; and (ii7) encryption of
information transmitted through the channel.

@m

3 Reconstruction by a Subset
of Waslh—Hadamard Coefficients

The WHT is based on a complete set of orthogonal
functions. That is, if b = (b1,be,...,b,,) is a bina-
ry file (modeled as a binary vector), then n-character
encoding of b can be represented as ¢ = bW, where
c = (c1,...,¢n), n = 2F, for an integer k, are the
Walsh—Hadamard coefficients. Table 1 depicts the eight
(0—7) first WHT entries. Note that the sum of the entries
in each row (and column), except the first one, is zero.

In more details, the spectral coefficients of WHT are
n—1

cn = (1/n) > b;W(h,i), and the inverse transform is
i=0

n—1

bi = > ey W(h,i).
h=0
Let b = bg,ba,...,b,—1 be a random white-noise

maximal entropy sequence of n bits that is obtained
by xoring the original binary vector with a predefined
pseudorandom vector, Prob (b; =1) = Prob (b; =0)
=1/2.

For compression, only the [ < n largest WHT co-
efficients ¢y, ..., ¢; are used for the original sequence
reconstruction. Correspondingly, each bit b; of the ran-

domized sequence b is estimated by the WHT mentioned
. l
above as b; = > ¢;W(j,1), j is the ordered index of

Jj=0
the first  largest coefficients, and b; = b; + e; (1), where
n—1
ei(l) = > cgW(gi).
q=Il+1

The goal is to compute a metric that captures the
difference of the bits b; and b;. The result may depend
on the coefficients chosen for reconstruction and the
requirements of the application in hand. Each coef-
ficient ¢; is transmitted/stored with its index 4 in the
WHT matrix, namely, the pairs (c;, ) are stored as the
representation of the data.

Due to paper size limit, an intuitive explanation for
choosing the [ largest coefficients for reconstruction will

@PN

Rxored
IWHT
— > XORing ————> WHT /——_>{ CC Block F——= > —> ané.l_ —— > ng;sge —>
. rounding
File F Xored {C Blurred {cx Iy R file
randomized file {C* I}
data v
Walsh—Hadamard
function W(i, j)
(@) ()
Figure 1 Walsh—Hadamard transformation based holographic encoding (a) and decoding (b)

NH®OPMATUKA U EE IPUMEHEHUS Tom 6 BbITlyck 4 2012 77



S. Dolev, S. Frenkel, and A. Cohen

Table 1 Walsh—Hadamard matrix

WO5=]1] 1] 1] 1] 1] 1] 1] 1
Wa,5= 1] 1] 1]|-1] 1] -1] 1] -1
W= |1] 1] -1]-1] 1] 1]-1] -1
WGH= | 1] —1] -1 1] 1] -1]-1] 1
W@Es= 1] 1] 1| 1] -1]-1]-1] -1
WGEH= 1] —1] 1| -1] -1 1]-1] 1
We5= | 1] 1] -1]-1]-1] -1 1] 1
W@H= 1] 1] -1 1] -1] 1| 1] -1

1.00
0.95
0.90

0.85

£0.80

£0.75
Q
£0.70

35 0.65
0.60
0.55

0.50 1 1 1 1 1 1
0 100 200 300 400 500 600
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700

Figure 2 Fraction of correctly reconstructed bits of pseudo-
random binary vector vs. number of [ first largest coefficients
of a 1K bits pseudorandom vectors

be just sketched. In a few words, the choice of the [ largest
coefficient is a consequence of the Parseval Identity:

n—1 n—1
2 2
n g b; = g c; .
1=0 =0

That is, as the [ coefficients in the right side are bigger,
then faster is the estimations b; convergence to the ac-
curate (original) values b;. This is a common technique
in data compression.

Figure 2 illustrates the accuracy of the xored ran-
dom vector reconstruction using only the first largest
coefficients (partial sums) of the IWHT.

As it can be seen in Fig. 2, a fairly small portion
of the coefficients can provide a rather large fraction
of correct bits. Therefore, it would be interesting to
have a probabilistic characterization for the relationship
between the [ largest coefficients and the reconstruction
error probability.

The estimation of a bit b; = round (I;i), where b;

is the estimation of the ith value before rounding (see
Fig. 1b), computed by a partial sum of IWHT, is deter-
mined by the following random events:

ey (bl = 0), e : (bl = 1), that is, the bit b;
of randomized file b is 0 (event eg) or 1 (event e;y),
vio : b < 1/2, v b; > xo (defined on the space of the
rational values b;), where xg is the threshold used for the

rounding. For example, xo = 1/2 if standard rounding
function is used.

Let Pre,—0(¢) be the probability that the actually
zero bit b; was erroneously reconstructed as b; = 1, and
Prey—1(i) be the probability that the bit b; = 1 was
erroneously reconstructed as b; = 0.

Both probabilities Prob (v;0) and Prob (v;1) are the
probabilities that the partial sums mentioned above have
values that exceed/not exceed 1/2.

Formally, in order to estimate error of the sequence
reconstruction by truncated number of coefficients, one

should know the joint distributions of the sum of [
l
terms of the WHT S; = 3~ ¢;W(j,i) and the sum
N
of the residue Sg = >
j=n—I41
ing into account that the sum S; + Sg is the exact
value b; = 0 or 1, the conditional error probability
can be characterized by Prob (S; > Tr/S; + Sg = 0),
Prob (S; < Tr/S; + Sk = 1), where Tr is the threshold
value.

In accordance with Theorem 6.4 in [4], the WHT
coefficients are distributed (asymptotically) as some in-
dependent normal random values with zero mean and
dispersion of n x f(i), where i is the WHT coefficient
index and f(¢) is the (dyadic) spectral density of b.

However, as the largest coefficients are used in the
partial sums mentioned above, this Gaussian asymptotic
cannot be used directly for relatively small number of
coefficients, as the joint distribution of maximal values
of an ordered random sequence is not normal.

In order to get, nevertheless, an idea about the dis-
tributions, histograms of the partial sums S; of the [ first
largest coefficients for different values of [ have been
computed (Fig. 3).

¢;W(j,i). Then, tak-

4 Probabilistic Features
of the Walsh—Hadamard Spectral
Coefficients and Partial Sums

Figure 3 shows the histograms of the partial sums (trun-
cated IWHT) for the different number of coefficients
used.

Apparently, the distributions of sums yielded by small
I’s (out of the n possible) coefficients are far from nor-
mal, which, in turn, corresponds to the fact that the
first largest coefficients have non-Gaussian distribution.
Moreover, as the fractions [ /n increase, the distributions
convergence to a mixture of two normal distributions
with meanings 0 and 1, respectively.

Next, an analytical model is presented to explain
these results. Obviously, when [ is equal to n, the val-
ue .S, is the original xored binary random value b; with
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Figure 3 Histograms of partial sums with 80 (a), 280 (b), and
500 (c) first largest coefficients of 1K vector

Prob (1) = Prob (0) = 1/2. That is, any random value
of the partial sums S; with [ < n such that all n bits
of the original xored vector are reconstructed correctly
after rounding is a bounded (clipped) random value that
forms a nonlinear function:

y(m)z{l e

0 z<uxzp.

For the standard round function, z is equal to 1/2.
That is, the partial sums behavior looks like a clipping

to the levels 0 or 1 of a random value (signal, random
process) with the values from domain outranking (0,1)
(see Fig. 3¢).

The probability density of the random variable y is

W(y) = [1 = F(xzo)lo(z — 1) 4+ F(x0)d(x)

where F( ) is the cumulative probability function of S;
that is, Prob (S; < ).

The proximity of the mixture components to the
normal distribution can follow from [5], where it was
proved that the sum of the largest n — k out of n normal
random variables is normal asymptotically under some
conditions for the ratio k/n, n — oo with k remaining
fixed. Comparisons are made as well with the asymptotic
distribution as both n and k — oo with k/n — o > 0
(these issues are not considered in this paper).

Further, as the shape of the partial sums distribution
with rather small [/n does not look like a mixture of
distributions, it would be interesting to consider a possi-
bility of using the normal approximation of these sums
for the error reconstruction prediction.

Assume that it is possible to estimate the proba-
bility distribution functions of the S; sums. Then, in
order to compute the error probabilities Prob (v;0) and
Prob (v;1), one should know the conditional probabil-
ities of the sums (that is, the bit values estimations b;)
given the random value b;. But, obviously, the ran-
dom values S; = b; cannot influence b; as the bits are
produced independently by a predefined pseudorandom
sequence, and vice versa. Thus, it is enough to estimate
only the marginal distribution of the partial sums, that
is, the bits estimations b;.

Let use the normal approximation of the IWHT
sums. Then, one gets that the error probability can
be expressed as the probability of a normal distributed
random variable v, taking the values in accordance with
the events v;0 and v;; that falls into an interval [, b], that
is (see Fig. 3c¢):

Prob(agvgb):q)<b_7E(v))

Sy

where s, = sqrt (Var (v));

Prob (vi) = Prob (bmin Sv< %) ; (2)
1
Prob ('Uil) = Prob (5 <o < bmax) (3)

where by,in and by« are lower and upper bounds on v.
Note that in this computation, the sampled variance

sy used as an analytical computation of the variance

is difficult to compute, seems impossible, as the first
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Figure 4 Computed variance of the partial sums (/) and the
theoretical variance (2) (under independence assumption)
vs. number of coefficients for a file of size 4K

largest [ components of the ordering statistics corre-
sponding to the set of all n coefficients are dependent.
Indeed, Fig. 4 depicts that the curves of the variance
values computed via simulation and the variance ana-

Var (S;) = Var (l;z) = Var (2[: qW(j,i))

j=0

Iytically

= Var (Xl: ((1/n) n;l biW(hvi))W(jai)> = l/(4n)]

j=0
computed assuming independence of the first large co-
efficients and taking into account that Var (b;) = 1/4
(Bernoulli trial with parameter p = 1/2), are far from
each other unless [ is close to n, that is, the first largest
coefficients are strongly dependent.

A divergence between the formulas (1)—(3) and the
experiments (Fig. 5) in the vicinity of 100 percent accu-
racy is a consequence of the fact that the partial sums
after achieving the correct (0, 1) values that takes place by
l/n < 0.3—0.4 are not dependent on the values [ and 7,
whereas the authors’ formulae considers the partial sums
as a normal distributed random values.

Standard intervals based on +o can be used for by;n
and bmax. Then, the number of correct reconstruct-

ed bits as n <Z Prerr(i)> is computed. Thus, using
i=0

i=
Egs. (1) to (3), one may compute the probability of er-
roneous reconstruction, which depends on the number
of transmitted coefficients [, the relationship between [
and the length of the vector n, and the coefficients values

l
lc;])-
7=0

(i.e., the value of the sum

Thereby, when the number of coefficients is about
25%—30% of n, as in Fig. la, the historgrams of the
truncated IWHT sums disintegrate into a mixture of
Gaussian distributions that is the result of the clipping
effect mentioned above.

< < < iy

% o o o

S S oy S
T T T

o

%

[«
T

Fraction of corrected bits

0.70 | | | | | | | | |
100 200 300 400 500 600 700 800 900 10001100
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Figure 5 Fractions of correctly reconstructed bits (for a 2K
bit file) vs. number of coefficients: solid curve — theoretical
(Egs. (1)—(3)) and dashed curve — experimental results

5 Comparison with Rate Distortion
Curve

In order to estimate a general measure (criterion) of
the performance of the method, the theoretic Rate-
Distortion curve is considered:

R=1— hy(D)

where R is the rate; h,(D) = —Dlogy(D) — (1 — D)
x log,(1 — D); and D is the fraction of erroneous bits.

The value R is the minimal rate of transmission
which provides transmission of a message of size n
bits. Thus, this equation is considered as a per-
formance measure for the data transmission (cod-
ing) systems, based on reduction of spectral coef-
ficients number transmitted to a receiver (or stored

in memory) as this equation, in fact, connects
25 —
- g
L -
+ 20 B/
= --5
£ 15+
O
[
N e
R K N
£ ~<_
=3 S
“ 051 S~
0.0 i—
0.0 0.1 0.2 0.3 0.4 0.5

Fraction of erroneously reconstructed bits

Figure 6 Comparison to the rate distortion curve (4K file):
1 — Shannon; 2 — largest coefficients, then 128, 512, 1024,
2048, 3500 blocks; 3 — largest coefficients only; 4 — blocks
only; and 5 — JPEG
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the number of correctly reconstructed bits and resources
needed for receiving appropriate information by a user,
which, in fact, allows to integrate the reconstruction
accuracy metric and size of code (number of the code
bits).

As it can be seen in Fig. 6, the usage of the [ largest
coefficients (the curve “largest coefficients only”) is not
effective for rather suitable reconstruction error proba-
bility. Below, it will be shown how to improve the per-
formance by adding some additional block (portions) of
the xored randomly permuted file.

6 Enhancing Performance
of Holographic Coding

In order to improve the previously considered algorithm
which deals with the [ first largest Walsh—Hadamard
coefficients of the xored original file, the present authors
suggest an algorithm based on both transmission of the
first large coefficients and sending actual blocks of the
xored and randomly permutated (original input) file. A
block of xored and permuted bits of the original file
allows recomputing (the conditional, in fact) the proba-
bility to improve the correct reconstruction of randomly
chosen bit of the file. At the sender, the [ largest coef-
ficients are chosen, and both the probability of correct
reconstruction 1 — D and their rate (number of bits in
the coefficient transmitted) are estimated (computed)
taking into account that the coefficients indexes must be
known in order to compute the b; by the IWHT. In this
case, the number of R bits is the size of (C})+index(C)),
which is the sum of bits spent to represent the coefficients
and their indexes.

The usage of the largest coefficients implies a certain
fraction of correctly reconstructed bits 1 — D. Then,
if the receiver receives k < n actual bits (the sender
transmit a k-block of original file of size n bits), the
probability to reconstruct correctly the whole file is
(n — (n — k)D)/n. Then, the Walsh—Hadamard co-
efficients may be recomputed (at the receiver part of
the channel) for the left block (of size n — k bits) as
the bits of the sent portion can be extracted from the
Walsh—Hadamard coefficients equation (see section 3).
Note that thanks to the permutation, the bits of the sent
block from the beginning of the (xored and permuted)
file may correspond to arbitrary indexes of original file,
that is, the independence of the reconstruction process
of indexes is not violated and the blurriness property of
“holographic” reconstruction is obtained.

Proposition 1. Let C' = (C1,Cy,...,C,), where n is
the size of the original file, be the set of all n WHT co-
efficients of the binary vector, modeling xor-permuted
file obtained from the original file (as mentioned above).

Eliminate from the whole vector a subset of the compo-
nents P of size k bits. Then, one can reconstruct the bits
of the rest of the vector using the following modification
of Walsh—Hadamard coefficients recomputed as

CP=Ci =Y b;W(ji)

jepP

and the rest of the bits of the vector (rest part of the
file modeled by this vector) b\ P, where \ is the set
difference, may be reconstructed as:

b = C; — Z b;W (3, )

jel/P

where [ is set of the b vector components (bits) indexes,
I =1, n. Indeed, if the bits of P are replaced by zeros,
one gets n = 2*-bit vector for which a WHT may be
defined, but it is obvious that

Cf =Ci =Y b;W(G,i) = > bW(ji)

jep jel /P

if all items corresponding to indexes of P are zeros.

Proposition 2. Let the sender transmit a k-block (k < n)
of the original input file and D is the previous error.
Then, the probability to reconstruct correctly the entire
fileis (n — (n — k)D)/n.

The receiver does the following steps, upon receiving
the identities of the (already stored and mutually agreed)
chosen pseudorandom sequence:

(a) follows receiving the first coefficient and recon-
structing the entire xored permuted file, by estimat-
ing the values of all missing coefficients to be 0;

(b) the xored-permuted file is reversed permuted to ob-
tain the xored-only bit vector and then, in the last
step, the receiver xors this vector with the original
pseudorandom vector PN obtaining the original
vector (see Fig. 1). Later upon receiving a signal
for stopping coefficient usage and starting blocks of
k bits, the receiver reconstruct the file by the coef-
ficient and replace the first k& bits and updates the
already received coefficient by eliminating the con-
tribution of the received blocks to these coefficients;
and

(c) continue according to the procedure and flags sent
by the sender.

The process may stop by either the sender or the
receiver upon reaching a quality criteria, for example,
appropriate value of R, or/and, for example, an appro-
priate degree of blurreness of a picture transmitted. Note
that since there are used the already sent coefficients,
updating them to be a function of only the rest of the
file, they become more and more accurate.
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Let illustrate this approach by a simple example. As-
sume the original file is of 8 bits: 01001110. Let perform
the following steps: (a) choose a pseudorandom number
of 8 bits, say, 10010110; (b) then xor the original file
bits with the pseudorandom number to get 01100101;
(c) choose a random permutation, say, 8,4,2,7,5, 3, 6,
1, and permute the result of the previous step according-
ly to get 10100110; (d) compute the Walsh—Hadamard
coefficients which are (see Eq. (1)): (4/8, 2/8, 0,2/8,
0,2/8,0,2/8); and (e) send the largest coefficient C; = 4
and check the result of reconstruction comparing with
the desired 10100110. In this case, in accordance with
the equation above, one gets all components b; = 4/8,
i=(1,2,...,8), that is, the reconstructed vector is (1,
1,1,1,1,1,1, 1), that is, error rate 1 — D = 1/2 (note
that this rate can be achieved just with xor-permuted
random file). Therefore, one should continue by send-
ing the next largest coefficient or sending an actual block
of 10100110. The next largest coefficient 2/8 provides b;
vector (6/8, 2/8, 6/8,2/8, 6/8,2/8, 6/8,2/8), that is,
the reconstructed file is (1, 0, 1, 0, 1, 0, 1, 0) for which
the Hamming distance from the WHT-file is 2, and the
errorrateisl1 — D =1—-6/8=1/4.

Let consider how the reconstruction accuracy will
change if a block consisting of the first 2 bits of the
xored-permuted file is sent after sending the coefficient
C and the first largest coefficient C¥ is recomputed
by the formula of Proposition 1 for the rest of file, that
is, P = (01). In this case, the rest six reconstructed
bits (in accordance with formula 8) b; = 1, and as the
first two bits of original xor-permuted vector are known,
one obtains its reconstruction as 10111111. In this case,
1— D = 5/8. It is worse than in the case of using
the 2 first largest coefficients, but, on the other hand,
it requires essentially less bits to send the data, that is,
8 bits (2 bit for the 2-bit portion and 3 + 3 bits for
the coefficient CY and its index) instead of 12 bits in
the previous case. Therefore, it is necessary to define
the trade-off between the factor of code rate and the
accuracy as a performance measure.

Having the Shannon performance measure men-
tioned above, it is possible to guide the process of the
coefficients/blocks sending by examining which of the
two implies better revealing probability and act accord-
ingly. Assume the block (portion of bits P) is found to be
more efficient, then a flag of changing transmission to
blocks is sent to the receiver and then the first block (say,
10) is sent, then continue as if the xored permuted file is,
in fact, the rest of the file 100110 rather than 10100110
and the values of the coefficient(s) sent so far are re-
calculated (subtracting the related information sent in
blocks according to the formula mentioned above).

As it can be seen in Fig. 6, the usage of the [ largest
coefficients (curve 3) is not effective for rather suit-
able reconstruction error probability, but adding some

additional block portions of the xored randomly per-
muted file can reduce the error probability dramatically,
what shows the gap between the curves 3 and 2. The
point of the curves divergence corresponds to starting
of blocks sending. Curve 4 shows that up to very high
values of accuracy (about 85%), the present approach
is more effective than JPEG. Note that JPEG does not
limit the operations to addition and does not achieve
a blurred image during sequential transmission, provid-
ing the suitable quality of the information requested by
different devices. JPEG is not holographic coding in
the sense that a lost part of the JPEG file can lead
to destruction of the decoded original file rather than
blurreness. Note that the method suggested herein sums
up to diverging from the distortion curve of the “largest
coefficients first” compression method and continues in
a straight line representing uncoded transmission. As the
original curve is convex, the optimal point to diverge is
simply the point where the resulting tangent is the lower.

7 Discussion and Concluding
Remarks

The probabilistic features of the recently suggested holo-
graphic WHT-based encoding of binary sequences [2, 6],
generated from an original binary data set has been stud-
ied. These sequences (vectors) are random ones thanks
to a pseudorandom transformation of the original data
by bitwise xoring with a predefined pseudorandom se-
quence, and this generated pseudorandom with almost
uniform Walsh—Hadamard spectrum, used to ensure
symmetric encoding of the original data. The goal of this
research was to study the possibility of error in the data
reconstruction using the IWHT truncated by the first [
largest coefficients. It is important that the result of the
computations of the truncated IWHT are performed in
the real domain whereas the estimation metric is formed
for the Hamming distance of d(x;y) = |b — b that is an
object from GF(2).

It was shown that this effect can be modeled by
the clipping-like nonlinear transformation of the par-
tial (truncated) inverse Walsh—Hadamard sums. It was
shown that for the computation of rather accurate ap-
proximation of the probability, it is enough to estimate
only marginal distribution of the partial sums, that is, the
bits estimations b;. Still the estimation of the marginal
distribution for rather small values of //n remains very
actual for future studies. Thanks to the symmetry prop-
erty of the spectral Walsh—Hadamard coefficients, they
have actual holographic properties, namely, any portion
of this set defines a blurred image of the original file.
Blurred information is received which becomes less and
less blurred and more definite during a sequential trans-
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mission of the encoded data. Therefore, the definition
of a measure for the blurriness is of independent im-
portance. Along with this characteristics, the authors
consider the performance of this method using the shape
of Rate Distortion Curve (Shannon bound). Using this
performance measure, an enhancement for the authors’
previous WHT-based holographic encoding method is
suggested. This enhancement is provided by adding
both a permutation of the xored file and a recompu-
tation of the Walsh—Hadamard coefficients during the
coefficients transmission.

Note that there can be an ambiguity in the definition
of the choice of [ largest over absolute values coeffi-
cients if there exist a pair of coefficients ¢;, c;, such that
abs (¢;) = abs(c;). Indeed, there is a question in this
case, which of the two coefficients should be includ-
ed in the [-set. It is possible to use an identification
of all WHT coefficients indexes that contribute signif-
icantly to the binary sequences energy. Following [7],
there is a polynomial-complex algorithm for choosing
the coefficients.

Thus, in both ways, the coefficients are kept in ac-
cordance with the mean square (energy) criterion, but
an L metric is used in order to approve them. Further, if
the ordered WHT coefficients are considered as an order
statistic, the problem of the original file reconstruction
by ! < n coefficients can be reduced to a known method
of a linear combination distribution estimation [8].
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MATHEMATICAL FOUNDATION, APPLICATION,
AND COMPARISON OF GENERAL DATA ASSIMILATION METHOD
BASED ON DIFFUSION APPROXIMATION WITH OTHER DATA

ASSIMILATION SCHEMES

K. P. Belyaev!, C.A.S. Tanajura?, and N. P. Tuchkova?

Annotamusa: Data assimilation methods commonly used in numerical ocean and atmospheric circulation models
for weather and climate prediction produce approximations of state variables in terms of stochastic processes. This
approximation consists of random sequences of Markov chains, which converge to a diffusion-type process. The
conditions for this convergence are investigated. The optimization problem associated with the search of the best
possible approximation of the state variable and the results of a numerical experiment are discussed. It is shown
that the data assimilation method can be used in practical applications in meteorology and oceanography. Several
applications of the methods as an example of the modern operational data processing system with the ocean
circulation model HYCOM and data from ARGO drifters are performed and the results as well as comparisons with

other assimilation schemes are presented.

Kmouessie cioBa: sequence of Markov chains; diffusion stochastic process; data assimilation methods; HYCOM,;

ARGO drifters

1 Introduction

In numerical modeling of geophysical systems, such
as an ocean, an atmosphere, or a climate system, the
data assimilation is a common and popular approach.
It produces the initial conditions for weather and cli-
mate models and complements monitoring by correct-
ing model variables in the direction of observations.
Therefore, data assimilation methods have a substantial
impact in weather forecast modeling and, consequently,
in several human activities that rely on weather and cli-
mate forecasts, such as agriculture, water resources, and
others.

Actually, the observed data such as the sea level, the
ocean temperature, the salinity, and other tracers are
collected from different sources including satellite mea-
surements, merchant ships reports, specially designed
ocean moorings and drifters, scientific expeditions re-
ports, and so on. The processing of such enormous
number of observations in the on-line regime requires
to develop both the technology of data transfer and
methods of their analysis. It implies a further advance in
information technologies and their applications, parallel
computations, mathematical methods of data analysis,
etc.

In practice, the data inflow from all sources are
subject to the data quality control which filters out poor-
ly known and/or wrong observations, their preprocess
analysis, further transfer to computers, and then their
parallel calculations. This complex information system
requires reliable and fast data assimilation methods in
conjunction with circulation models.

The correction of the model output by observational
datais generally based on a scheme of the following type:
a system of partial differential equations usually repre-
sented in the finite-difference or finite-element form is
considered within a time interval (¢g, 7"). In general, ¢
canbe associated with 0, while 7" can be considered as in-
finity provided it is large enough. The interval (¢g, T') can
be divided into intervals (to,¢1), (t1,%2), ..., (tn, tn+1).
Within any time interval (¢,,%, + 1), the model starts
at the moment ¢,, with the initial state-vector ©,,, inte-
grates forward until the moment ¢,,..1, when it produces
(predicts) the state-vector ©7", ;. Here and further, the
superscript m indicates that the system state has been
obtained only by the model integration without any
other source of information. During the time interval
(tn,tn + 1), a series of observations enters, represent-
ed by the vectors &7, . . ., &} independent of the model,
where the index k denotes the vector within the nth time
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interval. Usually, the vector &}’ is a subset of the state
vector O, since only a part of the model state can be
observed. Then, the model output ©7, ; is corrected by
observations according to

k
Ont1 =074, + Zai(ﬂl —&").
n=1

Here, £ denotes the model variables, corresponding to
observations, calculated at the observation time frame.
The weight functions «; also depend on time and may
be either known a priori or determined by some appro-
priate algorithm. The corrected state vector ©,,1, the
so-called objective analysis, is taken as the new initial
condition, and the model integration resumes.

Under the name of data assimilation methods, var-
ious versions of this scheme are commonly used in
geophysics. In particular, the Kalman filter approach
determines the optimal weight-coefficient utilizing the
statistical properties of observational data [1, 2]. Al-
ternatively, the observations may be not considered as
random. In this case, the optimal weights can be de-
termined according to the variational or adjoint data
assimilation technique [3]. The integration intervals can
be considered as given, e. g., the model produces fore-
casts every 24 h or at random. For instance, in modern
coupled ocean-atmosphere models the correction may
be applied as soon as the model temperature difference
between the ocean and the atmosphere exceeds a certain
a priori chosen limit.

Despite these and other differences, all these meth-
ods in essence follow the scheme outlined in the above.
Alternatively, it could be interesting to review these tech-
niques from a different point of view. At the “moment
of assimilations,” the time series of variables ©,, under-
goes a jump of its trajectories. What will happen if the
interval between consecutive assimilations approaches
to zero along with the values of the jump? How does
the limiting behavior of the trajectories depend on the
number of state variables and their distributions? Under
which conditions does the limiting distribution of ©,,
exist as 71" goes to infinity and what is it? If it exists,
it is called a stationary distribution. These and similar
questions attract interest not only from the theoretical
point of view, but also for quite practical reasons. For in-
stance, knowing the limiting behavior of the time series
for Aty = ti41 — ty — 0, it becomes easy to calcu-
late various parameters needed for the weather forecast,
while the knowledge of stationary distribution enhances
the reliability of a climate prediction. In addition, the
knowledge of this limit can simplify the optimization
problem for weight coefficients, which generally are the
extremum of a given function, e. g., the error variance.

One of the aims of the present paper is to prove
that under appropriate conditions, the trajectories of

the objective analysis ©,, as a function of time converge
to the trajectories of the stochastic diffusion process.
These are continuous functions satisfying the Fokker—
Planck (FP) equation. Their characteristics provide a
tool for the determination of properties of the limiting
trajectories, such as their maxima. Furthermore, the
optimization problem of the best weight coefficients sat-
isfying the unbiased and minimum variance estimator is
solved. Finally, to illustrate the feasibility and useful-
ness of this method, several numerical experiments are
performed. The main idea of this study is based on the
classical theorem of convergence of Markov chains to
diffusion process [4], and its recent generalizations [5].
It is a continuation of the works by the authors [6] and it
generalizes some results previously obtained in [7].

2 Main Definitions and Notations

Let the system of equations

00(t)

5 = A(O, 1) (1)
be considered on the time interval (o, 7"). Without loss
of generality, ¢o in further references will be associated
with 0 while 7" may be both finite and infinite. In (1),
O(t) represents the random state-vector of dimension r
defined on a given probability space, A(x,t) denotes
nonrandom generally nonlinear operator acting in R",
which does not explicitly involve temporal derivatives,
and n denotes the random variable with zero average
and finite covariance function. Symbol { * } denotes a
transpose of a corresponding vector and/or matrix, the
symbols | | or || || represent a vector or a matrix norm,
respectively. A sequence of time series is considered
such that in each series the interval (0, T') is divided by
time points (0 = t1,n,t2 ny - -+, tion, - - - ), Where the first
index denotes the order number of the corresponding
point while the second index refers to the time series.

It is supposed that in each series within the interval
Aty = tgyi,n — tkn, @ number of random vectors
(€&r,...,&"), I = 1,v7, with dimension ¢,q < r, are
observed, where v is also a random integer variable
with given distribution p]' = P(v™ = [) independent of
the vectors &;'. Knowing the solution of the system (1),
©;"(t) for initial vector O (¢) within entire interval
Aty n, the observed variables £;*, as well as a realization
of the random index v, the newly constrained variables
are introduced by the formula:

=Y (& —65m). )
=0

In (2), the matrices «;,, with dimension r x r referred
to as weight coefficients are supposed to be known and
depend on the time series.
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Remark. The matrices «; , in (2) are supposed to be
known, but arbitrary enough. Their specific determina-
tion with respect to some criteria is a matter of another
problem.

For the consistency of (2), it is necessary that in (2)
the vectors & and ©;"" (¢) have the same dimension ¢
which may differ from the dimension of the vector ©(t)
of the dimension r. However, without loss of a general-
ity, it will be assumed that ;' has the same dimension
as O} setting the “dummy” components of vectors &/
and ©;""(t) to zero. Ultimately, the new state variables
©k+1 are defined by formula

tht1
ortt —ek 4 [ AOF, 7)dr + ¢} (3)

ty

and ©%*1 is taken as the initial conditions in (1) for the
continuation of the integrations.

In this manner, it becomes possible to obtain the
sequence of trajectories ©"(t) defined over the en-
tire interval (0,7). Starting from some known ran-
dom vector ©f (t), the solution of (1) for each interval
Aty = ti41,n —tk,n Withbreaks at moments ¢y, ,, can be
evaluated. The goal of the present paper is to determine
the limiting behavior of the solution (3) when n — oc.

3 Formulations

The following notions are introduced below.
AO0. The time lattice Aty , = tj+1,n — tk,n iS consid-
ered as nonequidistant, with real values in each series.
Al. The intervals Aty , — 0 approach zero uni-
formly with respect to k, i.e., max Aty — 0,1 — o0.

A2. The probability distribution for random vari-
ables v™ satisfies the conditions: p;, = P(v™ = 1)

= Aty + 0o(ten), I > 0, forany k, and = Y Ip;
=1

< Q.
A3. Random vectors &7,...&0, ... have 2 4§
moments for positive § for each n, ie., EE!

= A1, B(EPE) = A, BIE P < oo, and these vari-
ables are uniformly bounded with respect to n, i.e.,
lim |\ | < oo, lim|[y74]| < 0o, yjs =¥, 4,5 = 1,2,...

A4. The operator A(z, ) is a continuous function of
its arguments.

AS5. The set of weight coefficients oy ,, is uniform-
ly bounded with respect to n, i.e., lim||ay || < oo,
1=1,2,...

A6. The sequence of distributions of random vari-
ables 6 converges to the distribution of some random
variable 0, i.e., P(0) < x) — P(6y < x), n — oo, for
each x.

Without loss of generality, the limit values of variables
Af1,Viy» and aq , when n tends to infinity are supposed
to exist and to be equal to A;1,7:5, and «g, respectively.
Otherwise, the corresponding subsequence can be cho-
sen to provide the convergence to the limit points, which
exist as a consequence of the conditions A3 and AS.

Theorem 1. Let the conditions AO—A6 hold. Then, the
sequence of finite-dimensional distributions of random pro-
cesses 6™ (t) converges to the stochastic process, which will
be a solution of the stochastic differential equation

t t

0(t) = 6y + /a(s, 0(s)) ds + /b(s, 0(s)) dw(s)

0 0

where

00 l
a(t,x) = Zpl Zaj(/\jl —z)| + Az, t); 4
I=1 j=1

m(m+1)

Y aihy
ij=1

Pt = o
m=1

— (zA]; + A ) + x| o b &)

The Wiener process w(t) is the defined on interval
(0,T) and it is independent of the random variable 0.

Proof. The sequence of random variables 67, k
=0,1,..., forms the Markov chain for each series n.
Hence, the general statements about the convergence of
Markov chains can be applied. The proof of theorem
is based on the results [4], which have been generalized
in [5]. To examine the conditions of convergence given
in [4, 5], the following statements have to be proved:

I There are vectors ax(x) and matrices By (x) such

that
! 7 (v—2)dpin (L) — (@) —0
B DAV N
Atk,n ) €T pk,n z ag\T )
1 i / Y
s [ o (2)

— 00

— Bk(x)

— 0

for each k, when n — oo.

Here and further, py,,(y/x) denotes the transi-
tional probabilities of Markov chains in each time
series, i.e., P(HZH =y/0} = x) = prn(y/x).
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This equality is correct for both discrete and abso-
lutely continuous random variables &*and 6} (t).
In the latter case, this equality applies for the
corresponding probability densities.

II The convergence of sequences

o 92)24’_5 n—oo 0 .

)

E(0F+1

P<|sz—£§+p|2+5> -
3t

for any k, p, when n — oo, has to be shown.

IIT The sequence {|ax(x)|/||Br(x)||} is uniformly
bounded.

As in [4, 5], these conditions provide the basis of
the proof of the theorem. The transitional probabilities
prn(y/x) are directly calculated as

fxﬂal—y/%y_x)_pn<y)

T
tr41
=P GZ—I—/A( T AT+ =y/0) =
tr
thit
=P Q,?—i—x—l—/A(w,T)dT:y
tr

tht1
/ Az, 7)dT ] .

ty

[ =0 =y—x—

=P ) oun(¢
=0

Then, this equality may be extended to

St

pn(y/x) = Zal" & —x— (x,7)dr
/*
tht1
=y—x— Az, 7)dr (6)
/

where s;,81 < so < -+ < §, 1 = 0,1,...,0v", are
chronologically ordered moments within the interval
(tg,tx+1). Using the continuity condition A4, the

s
integrals in (6) can be represented as [ A(z,7)dr

tr
= A(z,7)(s; — tr). On account of this relation, one

obtains from the conditional probabilities (6):

(Erse

=y—x— At Az, 7o) + Z(Sl — tn)A(x, T*yk)>

=0

where 7, €
average E(y

(tx, ;). Using this relation, the conditional
— z)p(y/x) may be written as

oo

E(y — 2)pa(y/z) = / (v — ) dyp

— 0o

<Zal" —z)=y—x— Aty oAz, 7e)

+) (s - tkyn)A(a:,T*_,k)>

=0

/ <Z + Atk_’nA(I, To) - Z(Sl - tk,n)A(Ia T*-k))

=0

X d,p <Z (& —x) z)
/ zd,p (Z (& — ) z) + Aty Az, 7o)

— 0o

— 00

(@, 7ek) (7)

— Z(Sl — tkyn)A
=0

Since the last two terms are independent of z, they can
be taken out of the integral. The first term on the right-
hand side of Eq. (7) is the expectation value of a series
of random terms. It may be expanded as

(Zaln —:v) zpmnzaln )

because the term with m = 0 vanishes. Inserting this
expression into Eq. (7), the equality is obtained:

E(y — z)pn(y/)

- menzaln
m

- Z Pmn 3 (51— trn) M@, 7). (8)

=1

—z) + At A(x, 7o)

Similarly, for conditional variance FE(y — z)(y
—z)'pn(y/x), one arrives at the relation (omitting inter-
mediate calculations):

men

E(y —x)(y —2)'pa(y/z) =

m(m+1)
n / / /
X E Qin [7” 96/\1 AT o ] Oy
4,j=1
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2<At;m T,Te) melz — tkn)A fCT*Jc))
m=1

X E(y - x)pn(y/x) + (Atk,nA(x77—')

2
—melzsl—tkn CCT*,k)) )
m=1

Now, the last term in right-hand side of (8) can be
estimated as

o0 m
E pmnE (st — ten)A(2, Tu k)
m=1 =1

o0

< Z Pm,nMaX¢y, <7 <t) 1y | Az, 7)[m(s

m=1

< Alg pmaxy, <<ty M@, 7)[ (1850 + 0(Alg,n)) -

m_tk)

Similar, in (9),

oo m
(Atyn (2, 70) menz st = ten)A(@, Tu k)
= 1

=
= (Atk,ﬂmaxtk <T<tk+1 |A(‘T’ T)lﬂAtkm)z .

From (8), (9), conditions A2, A3, A4, and the last
inequalities, one finally yields when n — oo that

'E(y — 2)pn(y/2)

= > pmy_ il —x)+ Az, t);
m=1 =1

(Atkm)i

(Atn) " E(y — 2)(y — 2) paly/x)
— Aty n(E(y — 2)pa(y/x))?
o m(m+1)
— g Pm Z o ['Yij — 1'/)\1,1’ — /\173‘&6/ + ZCCL'/] a;-
m=1 i,j=1

Hence, condition I is satisfied.

For the proof of the entire theorem, it is necessary
to verify the convergence conditions II and I1I. How-
ever, it is readily seen that the condition II is satisfied
as a consequence of the continuity of the operator and
conditions A2 and A3. Finally, the condition III follows
from the existence of a uniform bound of weight coeffi-
cients (AS) and the nonzero variance, if the distribution
of the random index v is not zero with probability 1.
This proves the theorem completely.

Remark. All parameters p, «, A, and v depend, in
general, on both ¢ and . To avoid the overloading of the
text and to simplify the notation, this dependence is not
explicitly shown.

This theorem may be generalized on the case when
a random index v is a vector with different distributions
for each component, i.e.,

p(v=1)

Corollary 1. If no observations are assimilated,
a(t,x) = A(t,x) and b(t,x) = 0. Thus, the limiting
diffusion process coincides with the initial model state,
which should be expected.

=pri=1l,...0. =1).

Corollary 2. The probability distribution of the tra-
jectory is determined by the Fokker—Planck equation
(Kolmogorov’s second equation)

Ip(t, r)
ot

Oa(t,2)p(t, ) 1 POt

Ox 2 ox

l( %) (10

with the initial conditions p(0,z) = p(fy = x) and
boundary conditions p(t, +0c0) = 0.

In Eq. (10), the drift vector a(t, z)and the diffusion
matrix b% (¢, ) are given by (4) and (5).

4 Optimization Problem

Above, the convergence of a sequence of random vari-
ables was considered with all parameters fixed. However,
in practical applications, some parameters may be un-
known, but rather be sought according to given criteria.
The most relevant physical problem is the determination
of optimal weight coefficients «;. By Theorem 1, the
limiting trajectories will be those of a diffusion process
with the drift vector a(t,z) and the diffusion matrix
b%(t,r), which determine the mean and its variance.
More precisely, the following equalities are valid:

%E (%) = 7 a(t,x) dap(t,x);

— 00

%var (%Z)) = 7 b2 (t, ) dup(t, x) .

These relations render it sensible to investigate the opti-
mization problem under the following constrains.

Let the unknown “true” field #; be estimated by
observations and by the model from the aforementioned
scheme. It is supposed that the unknown field is gov-
erned by the equation df, = C' dt +ndW with the initial
value 6y being known. The problem is to define the
coefficients so that the variance of the estimator is min-
imized while the average remains unchanged. This is
the well-known problem of constraining the unbiased
estimator with minimum variance.
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Theorem 2. Let the conditions of theorem 1 Al—
A6 hold. Also, let af,, be the coefficients that pro-
vide the minimum norm of the conditional variance
(Ati,) Y| E6F) — EOR)OF — E67Y/00)l| while the
conditional average (Aty. )" E[(0})/00] remains fixed
andequals to C in each series. The numerical sequence oy ,,
will then converge to coefficients o, satisfying the system

of equations with the unknown vector ® = (1, ..., ¢r):
oo J
i (Lo + 0, — B )
j=1 1=1
=0 foreachi=1,..., (11)

where Gi; = Vij — (1‘/\/171 — )\1,]-:10') + ,Tl'/, and

o 1
oo D> o —a2)| +A@ ) =C. (12
=1 j=1

Equation (11) is a matrix equation with unknown
matrices «;, the equality is valid for each element of
the corresponding matrices. At any given constant C,
the system (11), (12) has a unique solution for o and
® if and only if the observations as random vectors are
linearly independent of each other, i. e., no observation
can be represented as a linear combination of the others.

Remark. Statistically, the constant C' measures the mod-
el bias with respect to the observations. This bias can
be eliminated from the algorithm if it is known and/or
previously determined.

Proof. The expression for the extremes is obtained by
utilizing the method of Lagrange multipliers. For this, it
is necessary to determine the minimum of the following
function of o and &:

F(a,®)
=||E(0 — E§ — (0, — E6,))(0 — E6 — 6, — Eb,))"]|
L O(EI— E6) (13)

where @ is a r-dimensional unknown vector. The mini-
mum of this function requires a minimum of the sum of
the elements in each row of matrices o; forall: =1, ...
The scheme of the proof is as follows: (7) insert-
ing into Eq. (13) the explicit expression for 6 and 6
according to (4) and (5); (i7) taking the derivatives of
Eq. (13) with respect to «; and ® and setting them to ze-
ro; (z47) substituting of matrices g;; and g;; because they
are identical; and (iv) performing ordinary calculations
which lead to Egs. (11) and (12). The convergence of the
extremes is proven along the same line of arguments as
in the proof of Theorem 1. Actually, it is only necessary
to prove the existence and uniqueness of the solution
of (11), (12) if all matrices g;; are linearly independent.

Indeed, system (11), (12) is a linear one. For large m,

the residual of the sums _ p; go to zero. Thus, it is

=m
sufficient to consider only a finite number of equations
in (11), (12). Let [ equations be considered. The matrix
in system (11), (12) has the rang 721 + r. Namely, it
consists of matrices gxp, = gnk, k,n = 1,...,1, with
symmetrically attached last row and column:

g11 912 - gu f1
921 922 -+ 92 f2
qir qi2 - 9u fi
fi for i O

Therefore, the determinant of A does not vanish, if
rows or columns of matrix A are linearly independent.
The variances form the diagonal of this matrix while co-
variances are placed outside of the diagonal. Because of
linear independence of observations, all rows are linearly
independent. This completes the proof of Theorem 2.

Theorem 2 states that at each small time interval,
once the initial conditions and observation statistics are
known, the optimal weight coefficients are to be deter-
mined by formulae (11) and (12). However, in practical
applications, it is desirable to define these coefficients
once and forever, knowing only the initial values and the
temporal properties of observations, such as the forecast
of their mean values and covariance. The most rele-
vant physical problem in this case is to minimize the
functional 7!

/THE {(9@) — EO)(0(t) — EOY

% ]H e (14)

T
with conditions T~ [ E [(6(t)) /6] dt = C.
0

Theorem 3. Lef the same scheme of constraining the tra-
Jjectories be considered and all the conditions AO—A6 hold.
If the limiting average vectors \1 ; and covariance matrices
7i;j are continuous in time, then, starting from the known
vector 0y, the optimal trajectories with respect to criteria of
Theorem 2 will be given by formulae (11) and (12).

Proof. After passing the limit under integral, the func-
tional (14) takes the form of (13) where all parameters
will be considered as functions of time ¢. The classical
Euler equation for optimal trajectory of functional (14)
with respect to «;(t) coincides with the system (11),
(12). The limiting transform under the integral is proven
by the continuity of limiting functions and upper bound
conditions of functions «;. Ultimately, the initial con-
ditions 0(0) = 6y simply «;(0) = 0 and, hence, no
constants should be added to obtain system (13). This
proves Theorem 3.
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5 Applications to the Ocean
Circulation Model HYCOM
and ARGO Dirifter Data

In this section, several numerical experiments are con-
ducted as illustrations of the applicability of Theorems 2
and 3 .To realize the assimilation scheme, the Hy-
brid Coordinate Ocean Model (HYCOM) was used.
HYCOM solves five prognostic equations: two for the
horizontal motion, one for the continuity equation, and
two for the thermodynamic conservation that can be the
salinity and the potential temperatures [8, 9]. The model
is structured with a hybrid vertical coordinate system to
solve the prognostic equations associated with the shal-
low water physics. It uses isopycnic coordinates for the
open stratified ocean, which reverts to terrain-following
coordinates in shallow coastal regions, and z-level co-
ordinates in the mixed layer and over unstratified ocean
regions.

The data from ARGO drifters available from the site
http://www.coriolis.eu.org were assimilated according
to the aforementioned scheme. The data selected for the
experiments were those daily assimilated during January
2008 in the Atlantic Ocean. The assimilation technique
based on the covariance evolution is rather applicable
to each model vertical layer than in a fixed depth. It is
consistent to suggest that the real link between the physi-
cal variables is propagated mostly along isopycnic layers.
This allows exploiting the similarity of physics within the
same layer due to the concept of identity of water masses.
Therefore, the covariance among physical variables in
the same water mass depends mostly on the properties
of this water mass and on the distance in isopycnic layer
between two considered points. This makes the physical
justification of the mathematical formalism described
above.

The computations were performed on the IBM
cluster “Neptune” by using multiparallel computation
scheme. The entire Atlantic was divided into 64 subdo-
mains, and all computations were carried out indepen-
dently in each domain with a parallel technology from
MPI library with the exchange of the current information
among pProcessors.

Two functions have to be determined prior to solving
the system. These are the bias C' and the covariance
9ij = Yij — (v, B} — E¢;x}) + ;2 or simply the ma-
trix G of the covariance of the error between a pair
of observed vectors &; — H;0 and &; — H;0 where H;0
and H;0 are the projections of the prognostic model
state 6 onto the observational points 7,5 = 1,..., N.
The number of observations N has been given at the
day of assimilation so that the probability distribution of
the random index v was set up as P(v(t) = N) = 1,
P(v(t) = L # N) = 0. Equations (11) and (12) are

similar to the standard Kalman filter theory, but include
explicitly the model bias. If the bias is zero, the covari-
ance g;; will be the error covariance matrix widely used
in the Kalman filter theory. Additionally, it is necessary
to set up the covariance E&;n dW between an arbitrary
grid point and observations at the point i.

Three different approaches were used to constrain
the matrix of covariance G and the covariance E¢;n dW .

(A) A common way to define this matrix is through
the extended Kalman filter approach (EKF), which is a
version of the Monte-Carlo scheme [2]. The observa-
tions are supposed to follow Eq. (2) with zero average
and the variance of the noise part being known. En-
semble experiments are conducted with different initial
conditions and the error covariance matrix is estimated
from the series of model outputs. This approach re-
quires substantial computational costs and its accuracy
increases with the square root of M where M is the
number of ensemble members. However, the generation
of an adequate ensemble set is a challenge, since for
practical applications, only a relatively small number of
members may be used, and this may not lead to a good
estimation.

In the present work, 10 ensemble members were set
to realize the EKF scheme to constrain the covariance.
The method of their contraction was the following: the
model was initialized with the World Ocean Atlas tem-
perature and salinity fields at rest. It was integrated for 40
years with atmospheric forcing from the Comprehensive
Ocean-Atmosphere Data Set (COADS) climatological
monthly mean fields available at http://icoads.noaa.gov
as the spin-up run. After that, each January 1 of the
last 10 years of the spin-up was used as initial condition
to create a 10-member ensemble. Ten members were
forced by 6-hour reanalysis data from the U.S. Nation-
al Oceanic and Atmospheric Administration/National
Centers for Environmental Prediction (NOAA/NCEP)
with 1 degree horizontal resolution during 13 months,
from January 1, 2007 until January 31, 2008.

Knowing the model output for all grid points after
10 independent runs, it is easily to estimate the covari-
ance matrix simply as

110

, 1 10
9 =15 ; (6! — E6;) (6 — E0;) ; EO; = i ;95

where 6! is the value of the Ith model output at the
grid pointi, ¢ =1,L,1 =1,...,1,0, and L is the total
number of grid points. Since the model temperature and
salinity are considered, » = 2. The numerical consump-
tion regarding this scheme is very high due to the huge
size of this matrix, however this scheme can be realized.
The issue of the numerical realization and its cost is out
of the scope of this paper. The bias value C' was zero for
this scheme.
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(B) The scheme of the creation of the matrix G stems
from the limit approximation as diffusion-type process
of the model output # and, hence, the representation of
this matrix through the solution of the FP equation

ap(t,u) o _B(Ap) l az(Bp) . (15)
o ou 2 gu®
9ij = / (ul — E6‘l)(’u7 — E9j)p(t, Uq , ’U,j) duiduj

where p(t, u) = p(t, u;, u;) is the joint probability den-
sity of the error between points i,j, i, = 1,...,N; ¢
is the time; and A and B are the drift and diffusion
coefficients, respectively. All pairs for temperature—
temperature, temperature—salinity, and salinity—salinity
are considered. These coefficients are defined through
the model output and data as it is done in [6]. Briefly,
their calculation scheme is the following: at time mo-
ment ¢, all grid points where temperature and/or salin-
ity values are equaled to u = (u;,u;) are marked.
Let this value be L(u). Then, at the time mo-
ment ¢t + dt, among the marked grid points, take
all grid points in which the considered variable is
equal to v = (v;,v;) and let this number be L(v).
Then, the ratio p(v/u) = L(v)/L(u) is taken as the
estimation of the conditional probability p(t,v/u)
= p(0(t + dt) = v/0(t) = w). Following [4], the drift
o0

coefficient is A(t,u) = (dt)~' [ (v — u)p(v/u)dv and
diffusion matrix is B(t,u) = (dt)™' [ (v — uw)(v
—u)'p(v/u) dv — dtA%(t,u). In the current work, the

diffusion coefficient was prescribed and equaled to
N

B = (1/(N —-1)) l Zl(éi — Hi0)(&; — H;0)".
J=
the coefficients are determined, Eq. (15) are solved with
the boundary conditions p(t,u) = 0,u — 400 and the
known initial conditions, p(0, u) = §(u—u°), 6(u) is the
Dirac delta-function. The latter condition means that
at the initial moment, the error was known and equaled
to u. The bias C at an arbitrary grid point was set up as

Once

N
C = (1/N) Y (& — H,0) if the distance between the lo-
=1
cation of &; and the considered grid point did not exceed
the selected cut-off radius and N denotes the quantity
of observed points within this circle. For remote grid
points where the locations of observed points exceeded
the cut-off radios, the bias was set to zero.
(C) The matrix G was prescribed and set up as

9ij = 02 exp(—)\dij)

where d;; denotes the grid distance between points ¢
and j, i.e., all neighboring points in any horizontal

direction have the distance equaled to 1, and A is a
known dimensionless factor (normally varying between
0.1 and 0.3). The bias was set up as in scheme (B).

6 Results of Experiments
and the Comparison
of the Data Assimilation Scheme

For illustration of the feasibility of the considered as-
similation schemes, Fig. 1 presents the results of the
modeling with and without assimilation. This fig-
ure shows the snapshot of the sea surface tempera-
ture (SST) taken on January 30, 2008 for all four
assimilation schemes and for the control run, i.e., a
model run without assimilation. It also contains the
Reynolds SST analysis from remote sensed and in situ
data on the same day. Data were retrieved from the site
http://www.nhc.noaa.gov/aboutsst.shtml. The control
run overestimated the temperature in the tropics and in
the North Atlantic mid-latitude. This can be seen by
the area covered by the 27, 24, and the 21 °C isotherms.
Also, the 21 °C isotherm to the west of Southern Africa
associated with the Benguela Current does not match
observations. All assimilation runs produced substantial
reduction of temperature in the tropics and cooling to
the west of southern place of Africa around 30°S. This
correction makes all analysis closer to the Reynolds SST
in many regions. However, the correction in the equa-
torial western Atlantic and in the Caribbean Sea was
intense, and the analyses produced cooler values than
Reynolds SST in these regions. The EKF produced the
strongest cooling. The FP result is in between the EKF
and OI run.

In order to numerically compare the skill of all meth-
ods, the time behavior of the variance for each method is

N

\/Z(&‘ — H;0)?/(N - 1)

presented in Fig. 2. Let 0 =
i=1

be the root mean squared error (RMS) averaged over
all observations. Along with the variable o, two other
variables, o, and o,, are considered where oy, is the
RMS for the one-day forecast error, i. ., the deviation is
considered between the one-day forecast run made after
correction and the data at this moment; and o, is the
RMS for the analysis error, i.e., the deviation is con-
sidered after correction at the instant of the correction.
These two variables are calculated for all assimilation
methods independently and for each day from January 2
until January 30, 2008.

Figures 2a—2c show the time behavior of o, 03, and
o, for the temperature according to the EKFE, the OI,
and the FP schemes, respectively. The EKF forecast
error in the beginning of the assimilation run is larger
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Figure 1 Sea surface temperature (in °C) modeled by HYCOM with and without correction on January 30, 2008 and SST
observed by satellite on the same day: (a) control; (b) OI; (¢) EKF, (d) FP; and (e) Reynolds SST

92 UH®OPMATUKA U EE IPUMEHEHUS Tom 6 BhIMyck 4 2012



Mathematical foundation, application and comparison of general data assimilation method

Temperature RMS / °C

AN Y R IO SO RO B
12 14 16 18 20 22 24 26 28
January 2008

(a)

0.0

Temperature RMS / °C

T N B B
10 12 14 16 18 20 22
January 2008

(b)

0.0

[
24 26 28

Temperature
T

e~

-
N - ~.-

| | | | | | | | | |
8 10 12 14 16 18 20 22 24 26 28
January 2008

(©)

Figure 2 Root mean squared error of temperature over the
period January 2—30, 2008 for all assimilation schemes: solid
curves — control run; dotted curves — the one-day-forecast
error, and dashed curves — the analysis error: (a) OI; (b) EKF;
and (c¢) FP

e e
o W o o

T =,

’

~

7

\

’

\

than the error of the control run. In the second day,
the one-day forecast error is already smaller than the
control run error, and there is a substantial reduction
of the forecast error in time from around 1.5 °C in the
first day to 0.8 °C in the end of the month. The EKF
analysis errors have similar behavior, starting around

1.0 °C and reaching a minimum smaller than 0.3 °C few
days before the end of the experiment. The OI forecast
errors (see Fig. 2b) oscillated in the beginning of the
experiment between 0.6 and 1.4 °C. However, it does
not decrease in time, so that the forecast error by the
end of the experiment is of the same magnitude as in
the beginning. The OI analysis error has almost exactly
the same variability of its forecast errors, but with values
about 0.1 °C lower along the whole period. The FP
forecast errors (see Fig. 2¢) oscillated from 0.7 to 1.5 °C
in the first 15 days and then it went down to lower values
by the end of the experiment. The FP analysis error is
the smallest among the three assimilation runs, despite
the three pronounced spikes in the days 13, 22, and 29.
Without considering these spikes, it oscillated around
0.3°C.

7 Discussion and Concluding
Remarks

The presented results are of both theoretical and prac-
tical interest. From the theoretical point of view, it is
important to know when and under which conditions the
solution of differential equations (1) along with the cor-
rection (2) may be approximated by a continuous func-
tion and how the probability of limiting function could
be calculated. In practical applications, the scheme can
be utilized to determine a variety of relevant parameters
such as the probability of extremes, the probability for
crossing some levels, and similar issues. Also, the opti-
mization scheme generalizes the conventional schemes
in the assimilation problem; besides, it includes the bias
and random quantity of observations.

Nevertheless, several issues still have to be addressed
specifically. The system of Egs. (10) solves the as-
similation problem ultimately and uniquely, once the
observational statistics, averaged values, covariance, and
their time evolution are known. However, in practice,
it is not an easy task. Data insufficiency, irregularity
of measurements in space and time as well as their in-
homogeneous spatial-temporal distribution often make
corresponding estimations highly unreliable.

The application of proposed methods was present-
ed in [10] in a climate research with a couple model
EGMAM, and this application demonstrated the ability
and fruitfulness of the used approach.
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AHHOTaImMa: MHOTHE METOIBI YCBOCHMA IaHHbIX, MIPUMCHACMbIC B YNCIICHHDBIX OKEAHCKUX 1 aTMOC(l)CpHLIX MOI€C-
JIAX, 6a3pr10TC${ Ha TeOpumn CJIy‘-IaﬁHBIX IIPOLIECCOB. HpCHHO}KCH METO/ YCBOCHMNA, OCHOBAHHBIN HA IIOCTPOCHUM
CrHelralbHOM MOCIe10BaTeIbHOCTH LIeTIei MapKOBa, C ITIOMOIIbIO KOTOpOﬁ CTPOUTCA CXOOAUMOCTL K COCTOAHUIO
MOICIN. I/ICCJ'[CI[YIOTCH yci1oBuA aToM cxoaumocTu. Peliaercs l'[pO6J'[CMa OIITUMMU3ALIMU ITapaMETPOB 3TON Lenun

JJIA HAaWJIy4dlIero l'[pI/I6J'[I/DKCHI/IH, u O6CY}KI[&IOTCH peE3yabTraThl YUCJIEHHBIX 3KCIICPUMEHTOB.

IToxazano, yTto

MPETOXKEHHbI METO/I YCBOECHMSI JAaHHBIX MOXET MCIOJIb30BaThCsl B MPAKTUUECKOM MPUMEHEHUU B METEOPO-
Joruu U okeaHorpaduu. B maHHOM MccienoBaHUM METON MPUMEHsIICS Uit okeaHckoi momenu HYCOM u
TMaHHBIX HaOmoneHuit ¢ npudrepoB APT'O. B paboTe TakKe BHITTOIHSIIUCH 9KCTIEPUMEHTHI ¢ IPYTUMU METOIaMK

YCBOCHMUA. npeﬂCTaBﬂeHH peE3yabTaTbl CPABHEHWA U aHAJIN3a.

KmoueBbie ciioBa:

MocJiefoBaTeIbHOCTE 1iereld MapkoBa; nudby3MOHHBINM CIYIaifHBIA TPOLIECC; METOIbI

ycBoeHUs faHHbIX HaOmoneHuit; HYCOM (IubpuaHas Moaenb HUPKYISUUU oKeaHa); npudTepsl APTO
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COMPLETE CONVERGENCE FOR ARRAYS OF NEGATIVELY
DEPENDENT RANDOM VARIABLES

S. H. Sung!, K. Budsaba?, and A. Volodin?®

Abstract: A general result establishing complete convergence for the row sums of an array of rowwise negatively
dependent random variables is presented. From this result, a number of complete convergence results have been
obtained for weighted sums of negatively dependent random variables.

Keywords: complete convergence; negatively dependent; weighted sums; arrays

1 Introduction

The concept of complete convergence of a sequence of
random variables was introduced by Hsu and Robbins [ 1]
as follows. A sequence {U,,,n > 1} of random variables
converges completely to the constant 6 if

> P(U,—0]>¢c) <oo forall £>0.

n=1

In view of the Borel—Cantelli lemma, this implies
that U,, — 6 almost surely. The converse is true if
{Un,n > 1} are independent random variables. Hsu
and Robbins [1] and Katz [2] (p =1and 1 < p < 2, re-
spectively) proved that if { X,,, n > 1} isasequence of in-
dependent and identically distributed random variables
with mean zero and E|X;|?” < oo, then Y X;/n'/P

i=1

3

converges completely to zero.

The paper [1] initiated numerous explorations of the
complete convergence of sums of independent random
variables. The research was continued by Erdos [3, 4],
Spitzer [5], Baum and Katz [6], and Gut [7]. This
subject is actively discussed in scientific press during the
last few decades. For example, Hu ef al. [8] extend-
ed the result of Hsu—Robbins—Katz to the case where
{Xni,1 <i<mn,n>1}isanarray of rowwise indepen-
dent random variables which are stochastically domi-
nated by a random variable X satisfying E| X |?? < oo for
some 1 < p < 2.

The papers [9, 10] contain, up to the authors’ knowl-
edge, the most general theorems that provide sufficient
conditions for complete convergence for sums of arrays
of rowwise independent random variables.

In the following, let {k,,n > 1} be a sequence of
positive integers. In general, the case k,, = oo is not

precluded. When k,, = oo, it will be assumed that
>~ Xni converges almost surely. Recall that an array
1=1

{Xni,1 < ¢ < kp,n > 1} of random variables is said
to be stochastically dominated by a random variable X if
there exists a positive constant C' > 0 such that

P{|Xni| > 2} < CP{|X| > =z}
forallz >0,1<i<k,, andn>1.

Recently, some complete convergence theorems for
negatively dependent random variables have been ob-
tained by many authors (see, for example, [11, 12] and
references in these papers). Taylor e al. [11] extended
the result of Hu e al. [8] to the array of rowwise nega-
tively dependent random variables. Giuliano et al. [12]
considered so-called acceptable random variable, which
is more general notion than negative dependency.

The finite set of random variables X1, - - - , X, is said
to be negatively dependent if

P{Xl §x1,...,Xn§xn}
<P{X; <z} P{X, <2}
P{X1>z,....,.X, > a,}
< P{Xl > 1‘1}P{Xn > .I'n}
forallreal 21, ..., z,. Aninfinite sequence { X,,,n > 1}

is said to be negatively dependent if every finite subset of
the sequence { X3, ..., X,,} is negatively dependent.

In this paper, a general result establishing complete
convergence for the row sums of an array of rowwise
negatively dependent random variables is presented. It
also specifies the corresponding rate of convergence.
From this result, a number of complete convergence
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results for negatively dependent random variables have
been obtained. As a corollary, the result of Taylor ef
al. [11] is obtained.

Throughout this paper, C' denotes a positive con-
stant which may be different in various places, and it is
convenient to define log z = max{1,Inz}.

2 Preliminary Lemmas

To prove the main result, the following lemmas are nec-
essary. The first two lemmas are well known and can be
found, for example, in [11].

Lemma 1. Let { X,,,n > 1} be asequence of negatively de-
pendent random variables and { f,,,n > 1} be a sequence
of Borel functions all of which are monotone increasing
(or monotone decreasing), then {f,(X,),n > 1} is a
sequence of negatively dependent random variables.

The second lemma mainly states that negatively de-
pendent random variables are negatively correlated.

Lemma 2. Let Xy,...,X, be nonnegative negatively
dependent integrable random variables. Then

v < [ex.
=1 =1

The following lemma plays an essential role in the
main result. Of course, this lemma is of interest only
if positive constants d;, and, hence, second moments
EX?Z,1 < i < n,are close to zero (at least less than one).
Otherwise, there is an alternative so-called subgaussian
estimations (see, for example, [12]).

Lemma 3. Let X1, ..., X,, be negatively dependent mean
zero random variables such that

|XZ-|§dl-7 1<i<n,
for a sequence of positive constants dy, - - ,d,. Then,
forany ¢t > 0,
n 2
Eexp{t;Xl} < exp{ggetdiEXf} .

Proof. Fromtheinequality e® < 14z (x2/2)el®!,
which is true for all x, one has

t2
Ec'™ <1+ (EX, + S E (Xizet‘x”)
/2
=1+ 5 E (Xfe“xi') (since X; have mean zero)

t2 t2
<143 e"EX? < exp {5 etdiEXf} ,

since 1 + = < ¢* for all z. It follows from Lemmas 1
and 2 that

t td»; 2 _ t2 . td»; 2
5 € EXi}—exp{EZe EX;,.DO

3 Main Result

With the preliminary lemmas, the main result may now
be stated and proved.

Theorem. Let {X,;,1 < i < kp,n > 1} be an ar-
ray of rowwise negatively dependent random variables,
{an,n > 1} be a sequence of positive constants, and
{bn,n > 1} be a sequence of positive constants such that
lim b,, = co. Suppose that

n—oo

n=1 i

%) kn
(@) > an >, P{|Xni| > ¢} < oo forall e > 0;
-1

%) kn M

(i) Y an (Z P{IXni| > 1/bn}) < oo for some
n=1 i=1
Ny > 0;

kn
(ii7) bp > EX2,1{|Xni| < 1/by} — 0 as n — oc;
i=1
and

(iv) > anexp{—Na2b,} < oo forsome Ny > 0.

n=1
> E}

< 0

Then

i anP {
n=1

I 1
> Xi — EXpil {|Xm-| < b—}

=1

forall e > 0.

Proof. The set of all natural numbers is partitioned
into two subsets:

- 1
AIZ{TLZ P{|Xm|>b—}§1}§
i=1 n

k
- 1
" . .
A" = {n.}_lp{|Xm| > _bn} > 1} .

Applying (i7), one obtains

>5}

b 1
> anP{ > X — EXm'I{|Xni| < E}

neA’ i=1
k N
“ 1
<> an <y an (ZP{|XM-| > ED < 0.
neA” neA” i=1
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Hence, it is enough to show that

En
> anP {ZXM- - EXmI{|Xm| < bi} > g}
i=1 "

n>M,
En 1 neA’
> anPD> Xni - EXm-I{|Xm-| < —} >e ko
neA’ i=1 bn < > a P{ZY»—EY->E}
— n ‘ nt n 4
< ooforalle > 0. n>M, neA’ i=1
kn
e
For1 < i < k,, and n > 1, define + Z anP{ZUni>Z}
n>M, ne A’ i=1
Vi = Xl d Xl < =V Lrdx > L S €
ni — ni ni| = bn bn ni bn + Z Vnz > Z
1 1 n>M, nEA’ =1
——I{Xm'<——}; kn c
bn b + Dni > 1
Upi = bi (I{Xm- < —bi} -P {Xm- < —bi}) ; . ”GA' =
1 1 1 + Z {|Xm|>mforsomelgz'§kn}
Vni:__ I Xni>_ - P Xni> — 3 n>M,
bn bn bn ncA’
9 2211+12—|—13—|—I4—|—I5.
an anI an = Tt 11
{bn < Xl 4[N1+1]}

Now, let estimate each sum separately.

For I, note that |Y,,;| < 1/b, and

1<i<kp,n>1},and {Voi, 1 <i<ky,,n>1} o o 1 1\° 1
are the arrays of rowwise negatively dependent random Yoi = Xoal ¢ 1 Xl < b, T b Iy [ Xnil > by |
variables by Lemma 1.

Note that if one defines

k
1 & 1
) ) 1 _E P{|Xm-|>—}_o(1)forn€A’.
Wni:_(I{ani|>b_}_P{|Xni|>b_}) ; b 3 bn

bn

Moreover, one has that

By Lemma 3 with ¢t = 4(N; + 1)b,, /¢, one obtains that
then it cannot be stated that {W,,;, 1 < i < k,,n > 1}is forn € A',
an array of negatively dependent random variables. This k.
is.a sort of the main disadvantage then one is dealing P {Z (Vi — EVyi) > € }
with negatively dependent random variables. =
Since lim b, = oo, there exists a positive integer M ko

n—oo te
such that < exp {_Z} E exp {tZYm - EYm}

c 1 i=1

7>_
w7 <o { - fem{ G Yt e

foralln > M. Forn > M, one can write that

te Qt/b - te
) Sexp{—z}exp{ ZE } —exp{—z

1
2t b
i= n n EX Xni| < —
1 X exp { E {| <5 }

kn kn kn kn
Ky "
€ 2 8(Np+1)/e .—2
3 X { [ Xi] > b +8(N2+1)%e e 20(1)ba | (by (iid))
>t {1l g5
= =exp{—(Na+1-0(1))b,} < exp{—Nab,}
It follows that for all large n. Thus, I; < oo by (iv).
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For I, it can be observed that |U,;| < 1/b, and
EUZ, < P(|Xni| > 1/by)/b%. Hence,

kn
ZH@SQZ
i=1

"zl

1 1
Xl > — b= =001
{1l > -} = o)
forn e A’.

By Lemma 3 with ¢ = 4(Ns + 1)b,, /e, one obtains
that forn € A,

kn kn
€ te
P {;Um > Z} < exp{—z} Eexp{t; Um}
2 kn
<on(-5)om{ o3t
i=1

< exp {—(N2 +1)bn
+8(Ny + 1)264(N2+1)/55_20(1)bn} < exp{—Nab,}
for all large n. Thus, I < oo by (iv).

Similarly to I, one gets I3 < oco.
For 14, note that

k"l
P {ZZ,” > Z} < P{atleast [Ny + 1] of Z,,; # 0}
i=1

because

3

Zni <m0
4[Ny +1]

=P {at least [Ny + 1] of X,,; have the property

1 €
5o <Pl < 7 |

< Y P{Xw»l > i,...,Xn,j[NM > %}
J1<- <Ny 1)
(where the summation is taken for all [Ny + 1]
—tuple (j1,- -, Jini+1))
<Jini+yandj; =1,...,

1 1
< > P{Xw»l > b_}...p{Xn,j[NM > b—}

J1<-<J[Nq+1]

with j; < --- k,, for each 7)

[N1+1] 1
"]k E
N1+1

-2 e
X de{nag)

(by negative dependence)
J1< <y 1) k=1
J1y s J [Ny +1]

(where the summation is taken for all possible

[Nl + 1] - tuple (j17 ) aj[N1+1])
and j, = 1,...,k, foreach )

kn 1 [N1+1]
= P Xl > — .
(Sr{e- i)

Thus, I, < oo by (i7).
Obviously, Is < oo by (7).
Therefore, one has that

o 1
<Z (Xm —EX,,; 1 <|Xm-| < b—>) > 5)
i=1 "

< 0.

ZanP

n>M,
ncA’

Since {—X,,;} is also an array of rowwise negatively
dependent random variables, one can replace X,,; by
—X,; in the above statement. That is,

> anP <§: (Xm- - EXm-I<|Xm-| < %)) < —a)

n>M, =1
neA’

< oo.

Remark 1. In view of assumption (#i7), it is interesting to
consider sequences {b,,n > 1} that increase to infinity
as slow as possible for (iv) still be true. If the sequence
{an,n > 1} has a polynomial growth or a constant (that
is, a, = nt, t > 0), then the good choice is b,, = logn,
n > 1, which has been explored in [10] for the case of
rowwise independent arrays. But the present theorem
can be applied for sequences {a,,, n > 1} with a different
than polynomial behavior. The main idea is that it is
possible to link sequences {a,,n > 1} and {b,,n > 1}
according to assumption (iv).

4 Corollaries

The theorem presented and proved in the previous sec-
tion can be applied in different situations for various
choices of weights and moment conditions.

Corollary 1. Let {X,;,1 < i < n,n > 1} be an ar-
ray of rowwise negatively dependent mean zero random
variables which are stochastically dominated by a random
variable X with E|X|?P < oo for some p > 1. Let {ay;,
1 <i < n,n > 1} be an array of real numbers and {b,,,
n > 1} be a sequence of positive constants such that

(a) lim b, = oo;

(b) b, =O(n?) forsome 0 < g < 1/(2p);
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() > exp{—N2zb,} < oo for some Ny > 0;

n=1

(d) b, Zam— o(1) asn — oo; and

O(1/n'/P).

(e) max |an:| =

n
Then, > ani X, — 0 completely.

i=1
Proof. Without loss of generality, one may assume
that a,; > 0 for 1 < i < nand n > 1. Otherwise,
let prove the result separately for two arrays of con-
stants {a,, 1 <i <n,n>1}and {a,,, 1 <i<mn,
n > 1}, where the notations a™ = max{a,0} and
a” = max{—a,0} are used. Then, {a,; X,,;, 1 <i<mn,
n > 1} is an array of rowwise negatively dependent ran-
dom variables by Lemma 1. It can be also assumed that

max an; < 1/n1/p
1<i<n

Let apply the theorem with a,, = 1, n > 1, and X,,;
replaced by a,,; X, 1 <i<n,n>1.

In order to check condition () of the theorem, note
that by the stochastic domination hypothesis,

i ip{|anani| >e} < iip{p(?ﬂ > enl/P}

n=1i=1 n=1i=1
< CZnP{|X| > ent/P} .

n=1

The sum Z nP{|X|P > n} < oo if and only if

E| X |? < oo. Thus condition (7) of the theorem holds.

For condition (i7), taking Ny > 1/(1 —2pq), one has
by Markov’s inequality and the stochastic domination

hypothesis that
0o n Ny
> (P {lowul > -
— bn
< <b$f > laniPEIX,

n=1 i=1

—1 \i= .
»)
oo p2p N1
< Z CE| X |*P by assumption (e))
n=1 n
0 (by assumption (b) and the fact

1
1—2pq)

that Ny >

Thus, condition (i7) holds.

For condition (#i7),

" 1
anE(ame I <|am-Xm-| < b—>

<b, ZamEX2 < CEX®b, > a2, — 0 (by (d))
i=1
Thus, condltlon (#i7) holds.
Condition (iv) holds by the assumption (c).
By the theorem, one obtains that

[e’e] n 1
Z P{ ; (Xm —EX, ;I {|am'Xm'| < b_}>|
i—1 "

> E} < 0
for all € > 0. It remains to show that

= 1

i=1 n

Since EX,,; =0,

1

1

It follows that

- 1
i=1 n
1
<3 Jand E|Xm|f{|am Xl > }

i=1

1 < nt/r
W_Z;E|Xm|f{|Xm'| > T}

(by assumption (e))
nt/p
b

nl/p
bn

2p—1
> < Cn-V@)
/p -

< Cn'~ 1/pE|X|I{|X| >

< Cn'~ 1/pE|X|2p|X|12pI{|X| >

by,

< CE|X|?Ppl= /P < -

since b, < Cn'/(?P) for n large enough. Thus, the proof
is completed. O

Asaspecial case of Corollary 1, one gets the following
corollary which was proved by Taylor ez al. [11].

Corollary 2. Let {X,;,1 < i < n,n > 1} be an ar-
ray of rowwise negatively dependent mean zero random
variables which are stochastically dominated by a random
variable X with E|X|?? < oo for some 1 < p < 2. Then,

37 X /0P — 0 completely.
=1
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Proof. Let a,; = 1/n'/? for1 <i < nandn > 1.
Then, conditions of Corollary 1 are trivially satisfied with
b, =n?forsome0 < ¢ < min{1/(2p),2/p—1}. O

Corollary 3. Lett > —1,p > 0, and B € R. De-
note A = p(t + 8+ 1) and assume that A > 1. Let
{Xni,© > 1,n > 1} be an array of rowwise negatively de-
pendent mean zero random variables which are stochasti-
cally dominated by a random variable X with E| X |* < co.
Let{ay;,i > 1,n > 1} be a bounded array of real numbers
such that

(1) Y |ani|? = O(nP) for some g < A; and
i=1

(2) IfA > 2, then Y a2, = O(n?) for some y < 2/p.
i=1

Then,

’ § ’L 1 anz nl
n'P
Z 75

Proof. The same as in the proof of Corollary 1, with-
out loss of generality, one may assume that a,; > 0 for
i >1,n > 1. Then, {a,; X,i/n'/?,i >1,n > 1} isan
array of rowwise negatively dependent random variables
by Lemma 1. Let apply the theorem with a,, = n?,
n > 1, and X,,; replaced by a,,; X,,;/n*/P,i > 1,n > 1.

Consider the sequence b, = n“,n > 1, where
0 < a< (t+1)/A. For the case A > 2, let require
additionally that 0 < o < 2/p — 7.

The fact that

> 5)

Z nt Z P (‘amrf
< CE|X [P+ < oo

>¢ep <ooforalle >0.

1/ani

n=1 i=1

was established in many papers (see, for example, [13])
(beginning of the proof of Theorem 3.1), [14] (beginning
of the proof of Theorem 3.1), and [10] (beginning of
the proof of Theorem 2 and Lemma 3). Note also that
the proof presented in [13] is rather complicated once it
uses the Stieltjes integration technique, summation by
parts lemma, and so on. The proof presented in [14] is
much more elegant. Also, Hu ef al. [13] and Ahmed et
al. |14] are dealing with an array of constants {a,; X,
i > 1,n > 1} ratherthan the array {a,; X,; /n'/?,i > 1,
n > 1} which is considered in [10] and this paper.

According to the inequality presented above, condi-
tion (7) of the theorem holds.

For (i), taking Ny > (t+1)/(t+1—aA) > 0, one
has by Markov’s inequality, |a,,;| = O(1), and (1) that

o 0 N1
Znt <ZP {‘amnl/pXm-’ > i})

100

o N1
< Z < —(t+B8+1) Z |t E|Xm_|A>

= ~ .
<bAn—(t+B+1) Z |am-|q |am_|Aq>

<O
n=1 1=1
Z t+aAN;—(t+1)N; < 00
since t + «AN; — (t + 1) Ny < —1. Thus, condition (i7)

of the theorem holds.
For condition (i), let consider two cases. If
1 < A < 2,by(l), one obtains
1
< =
3

i 2
bn Z E (am-n*l/pXm-) I {
—A

—1
An4T /anz

i=1

71/ani

1
<
<r)

A
I{’anm_l/”Xm

o A
=b, Z E ‘am-nfl/pXm-

i=1

o

n_l/ani

‘am-n

71/ani

AN

Qnj

1
<
<)

< bﬁ—li E
i=1

> A
< bﬁil Z E ‘aninil/pxni

i=1

> A
< CREXAY ‘amn*/i"
i=1

< Onp®t ot o Op~® = 0asn — oo

by the choice of a.
If A > 2, then by (2)

—1
An4T /anz

by, i E (am-rfl/pXm-)2 I {

i=1

1
<
<3}

< CEX?potr—2/p

)
< Ch.EX2Y a;/;
—n

as n — oo by the choice of a. Thus, condition (ii7) of
the theorem holds.

Condition (iv) holds trivially.

Hence, one gets by the theorem that

i ntP { i anin /P (Xni
n=1 =1

nt/p

for all € > 0. It remains to show that
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>0 nt/r
E am-nfl/pEXm‘I |am-Xm| S b— — 0.
i=1 "

Since EX,,; = 0,

1/p
EX,.] <|ame| <z )

bn

nt/p
= —EanI{laanA > b .

It follows that

[e'e] 1/17
Zam-n_l/pEXm-I {|CLm'Xm'| < nb_}|

i=1

oo 1/p
< nA/pZ E|aniXni| I {|%an1‘| > nb }
i=1 !

A—1
< n-Up bn
- nl/p
nt/p

X ZE|aannz|AI{|aannz| > b—}
i=1 "

A—1 A
_ Clb)>ELX]

— nt-‘rl

S Cna(Afl)ftfl =0

by the choice of a.
Thus, the proof is completed. O

Remark 2. If ¢ < —1, then the conclusion of Corollary 3
holds trivially. When ¢t > —1, Sung [10] proved Corol-
lary 3 under the stronger condition that {X,,;, i > 1,
n > 1} is an array of rowwise independent random vari-
ables. However, the relatively important case t = —1
in Corollary 3 cannot be proved by using the theorem.
The present authors left as an open problem whether
Corollary 3 holds fort = —1.

As a special case of Corollary 3, let get the following
corollary.

Corollary 4. Lett > —1 and 1 < p < 2. Let {X,;,
1 <i<mn, n>1} be an array of rowwise nega-
tively dependent mean zero random variables which are

stochastically dominated by a random variable X with
E|X|P(+2) < co. Then,

n
i n'P 7’21':1 i > e
n=1

nt/p
Proof. Let a,; = 1for1 < i < n and a,; = 0 for

i > n. Then, for ¢ < p(t +2), > |an;|? = n. Thus,

< oo foralle > 0.

=1
assumption (1) of Corollary 3 holds for 5 = 1. Since
1 < p < 2, assumption (2) holds for v = 1. Thus, the
result follows from Corollary 3. O

Remark 3. When ¢t = 0, Corollary 4 is the same as
Corollary 2.
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I[MOJHAS CXOAUMOCTb CYMM B CXEME CEPUU OTPULIATEJIBHO
3ABUCUMBIX CIVYAMHBIX BEJIUYUH
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Annoramus: [IpuBomuTcst pe3ynbraT O TONTHOM CXOAMMOCTH [UISI CYMM B CXeM€ Cepuil IS OTPUIIATENbHO
3aBUCUMBIX CITyYallHBIX BEIMYMH B BechbMma oOielr dopme. W3 aTOTO pesymbrata ciemayioT MHOTHE (aKThl O

MOJTHOM CXOAMMOCTH B3BEILIEHHBIX CYMM OTpULATE/IbHO 3aBUCUMbIX CJ'[y‘IaﬁHbIX BECJIMYUH.

KioueBble ciioBa: mosiHast CXOOMMOCTD, OTpUIATECIbHAsA 3aBUCUMOCTD, B3BCILICHHBIC CYMMBI, CXEMa CCpI/IfI
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ANALYTICAL MODELING INVARIANT MEASURE DISTRIBUTIONS IN STOCHASTIC SYSTEMS
WITH AUTOCORRELATED NOISES

I. N. Sinitsyn
IPI RAN, sinitsin@dol.ru

For multidimensional nonlinear normal (Gaussian) differential systems with un- and autocorrelated noises, on
the basis of normal approximation, the correlational algorithms for analytical modeling of stochastic regimes with
invariant measure are considered. Special software tools in MATLAB are developed. Test examples confirm
practical accuracy.

Keywords: analytical modeling; autocorrelated noise; correlational algorithm; distribution with invariant measure;
multidimensional nonlinear differential stochastic system; normal approximation method

ON THE ACCURACY OF SOME MATHEMATICAL MODELS OF CATASTROPHICALLY
ACCUMULATED EFFECTS IN PREDICTION OF RISKS OF EXTREMAL EVENTS

I. A. Duchitskii', V. Yu. Korolev?, and 1. A. Sokolov®

I Faculty of Computational Mathematics and Cybernetics, M. V. Lomonosov Moscow State University,
duchik@gmail.com

2M. V. Lomonosov Moscow State University; IPI RAN, vkorolev@cs.msu.su
3TPI RAN, isokolov@ipiran.ru

Estimates are constructed for the accuracy of approximation of the distributions of extrema of special random sums
by scale mixtures of half-normal laws. The possibility of the application of these results in prediction of risks of
extremal events due to catastrophically accumulated effects is discussed.

Keywords: nonhomogeneous flows of events; doubly stochastic Poisson process; negative binomial distribution;
gamma-distribution; convergence rate estimate

ABOUT ADAPTIVE STRATEGIES AND THEIR EXISTENCE CONDITIONS
M. G. Konovalov

IPI RAN, mkonovalov@ipiran.ru

The optimal control problem is considered under deficiency of a priori information about a controlled object. The
solution of the problem is the construction of adaptive strategies on the base of in-control available observations.
Some conditions of adaptive controllability are studied. Controlled random sequences are used as mathematical
model.

Keywords: controlled random sequences; adaptive strategies; existence conditions
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BOUNDS IN NULL ERGODIC CASE FOR SOME QUEUEING SYSTEMS

A.1. Zeifman', A. V. Korotysheva?, Ya. Satin®, and S. Ya. Shorgin*

"Vologda State Pedagogical University; IPI RAN; VSCC CEMI RAS, a_zeifman@mail.ru
2Vologda State Pedagogical University, a_korotysheva@mail.ru

3Vologda State Pedagogical University, yacovi@mail.ru
4IPI RAN, SShorgin@ipiran.ru

Markovian queueing models with batch arrivals and group services are considered. The bounds on the rate of
convergence in null ergodic situation are obtained. Also, a class of such queueing systems is considered.

Keywords: nonstationary queueing systems with batch arrivals and group services; null ergodicity; bounds

GENERALIZED LAPLACE DISTRIBUTION AS A LIMIT LAW FOR RANDOM SUMS AND STATISTICS
CONSTRUCTED FROM SAMPLES WITH RANDOM SIZES

V. Yu. Korolev!, V. E. Bening?, L. M. Zaks?, and A. I. Zeifman*

M. V. Lomonosov Moscow State University; IPI RAN, vkorolev@cs.msu.su

2Department of Mathematical Statistics, Faculty of Computational Mathematics and Cybernetics,
M. V. Lomonosov Moscow State University; IPI RAN, bening@cs.msu.su

3Department of Modeling and Mathematical Statistics, Alpha-Bank, lily.zaks@gmail.com

“Vologda State Pedagogical University; IPI RAN; VSCC CEMI RAS, a_zeifman@mail.ru

Limit theorems establishing necessary and sufficient conditions of convergence of random sums and statistics
constructed from the samples with random sizes to the generalized Laplace distribution are proved.

Keywords: generalized Laplace distribution; symmetric stable distribution; one-sided stable distribution; scale
mixture of normal laws; random sum; sample with random size; mixed Poisson distribution

LOWER BOUNDS FOR THE STABILITY OF NORMAL MIXTURE MODELS
WITH RESPECT TO PERTURBATIONS OF MIXING DISTRIBUTION

A. Nazarov

Department of Mathematical Statistics, Faculty of Computational Mathematics and Cybernetics, M. V. Lomonosov
Moscow State University nazarov.vmik@gmail.com

The stability of normal mixture models with respect to perturbations of mixing distribution is investigated. Inequality
estimating the distance between two mixing distributions through the closeness of the corresponding mixtures is
presented. Existence theorem for stability estimates is proved for subclasses of scale and shift mixtures of normal
distributions. For the class of shift mixtures, the estimate is obtained in an explicit form. It is shown that the
presented results cannot be radically improved without additional assumptions.

Keywords: normal distribution mixtures; stability problems for stochastic models; Fourier transform; Plancherel
theorem; Prokhorov’s theorem; Lévy metric; lower bounds

PREPROCESSING OF TEXT RECOGNITION UNDER THE POOR QUALITY IMAGE
M. P. Krivenko
IPI RAN, mkrivenko@ipiran.ru

The methods of preprocessing of text images including the skew correction and the line segmentation are discussed
for the case where the recognizable image is of low quality being obtained with high resolution. Provided that the
brightness of the pixel rows of characters differs, even slightly, from the brightness of the background pixels, the
procedures for the skew correction and segmentation of the text lines are proposed and analyzed.

Keywords: text recognition; image preprocessing; skew correction; text line segmentation
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RANDOM GRAPHS MODEL FOR DESCRIPTION OF INTERACTIONS IN THE NETWORK

A. Grusho! and E. Timonina?

'TPI RAN; Department of Mathematical Statistics, Faculty of Computational Mathematics and Cybernetics,
M. V. Lomonosov Moscow State University, grusho@yandex.ru
2IPI RAN, eltimon@yandex.ru

A new class of random graphs urged to simulate network functioning in time is considered. It is supposed that
observations over a network are carried by means of a “window” method. To detect the anomalies, normal behavior
which can be watched in “windows” of a considered model is studied. The asymptotic value of the maximum degree
of vertices in graph which is generated by a “window” of certain size is analyzed.

Keywords: random graphs; simulation of wide area networks; information security; abnormal behavior

ON THE OPTIMAL CORRECT RECODING OF INTEGER DATA IN RECOGNITION
E. V. Djukoval, A. V. Sizov?, and R. M. Sotnezov?

Hnstitution of Russian Academy of Sciences Dorodnicyn Computing Centre of RAS, edjukova@mail.ru
2Moscow State University, box.sizov@gmail.com
3]nstitution of the Russian Academy of Sciences Dorodnicyn Computing Center of RAS, rom.sot@gmail.com

Questions of application of logical procedure of recognition by precedents in the case of float information and high-
atomicity integer information are investigated. The problem of correct reducing the data atomicity is considered.
Genetic algorithms for the search of optimal correct recoding of source information are developed. Developed
algorithms are tested on real data.

Keywords: pattern recognition; correct recoding; covering of the Boolean matrix

ESTIMATION OF LINEAR MODEL HYPERPARAMETERS FOR NOISE OR CORRELATED FEATURE
SELECTION PROBLEM

A. A. Tokmakova' and V. V. Strijov?
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The problem of feature selection in linear regression models has been solved. To select the features, the authors
estimate the covariance matrix of the model parameters. Dependent variable and model parameters are assumed to
be normally distributed vectors. Laplace approximation is used for estimation of the covariance matrix: logarithm
of the error function is approximated by the normal distribution function. The problem of noise or correlated
features is also examined, since in this case, the covariance matrix of the model parameters becomes singular. An
algorithm for feature selection is suggested. The results of the study for a time series are given in the computational
experiment.

Keywords: feature selection; regression; coherent Bayesian inference; covariance matrix; model parameters
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Holographic coding has the very appealing property of obtaining partial information on data, from any part of
the coded information. Holographic coding schemes are studied based on the Walsh—Hadamard orthogonal
codes. It is proposed to randomize the data so that the coefficient of the Walsh—Hadamard code would be
approximately uniform in order to ensure, with high probability, a monotonic gain of information. The data
are xored with randomly chosen bits from random data that have been stored during a preprocessing stage or
pseudorandom data produced by a pseudorandom generator. Statistical properties of the truncated sums of Inverse
Walsh—Hadamard Transformation (WHT), taking into account the “white-noise nature” and the mentioned above
holographic properties of this encoding method, and the performance of the method is considered based on the
theoretic Shannon bound. Using this performance measure, an enhancement for the authors’ previous WHT-based
holographic coding method is suggested. This enhancement is based on a random permutation.

Keywords: holographic coding; Walsh—Hadamard transformation; Shannon bound

MATHEMATICAL FOUNDATION, APPLICATION, AND COMPARISON OF GENERAL DATA
ASSIMILATION METHOD BASED ON DIFFUSION APPROXIMATION WITH OTHER DATA
ASSIMILATION SCHEMES
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Data assimilation methods commonly used in numerical ocean and atmospheric circulation models for weather and
climate prediction produce approximations of state variables in terms of stochastic processes. This approximation
consists of random sequences of Markov chains, which converge to a diffusion-type process. The conditions
for this convergence are investigated. The optimization problem associated with the search of the best possible
approximation of the state variable and the results of a numerical experiment are discussed. It is shown that the data
assimilation method can be used in practical applications in meteorology and oceanography. Several applications
of the methods as an example of the modern operational data processing system with the ocean circulation model
HYCOM and data from ARGO drifters are performed and the results as well as comparisons with other assimilation
schemes are presented.

Keywords: sequence of Markov chains; diffusion stochastic process; data assimilation methods; HYCOM; ARGO
drifters

COMPLETE CONVERGENCE FOR ARRAYS OF NEGATIVELY DEPENDENT RANDOM VARIABLES
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3School of Mathematics and Statistics, University of Western Australia, Crawley, Australia; University of Regina,
Canada, Andrei.Volodin@uregina.ca

A general result establishing complete convergence for the row sums of an array of row-wise negatively dependent
random variables is presented. From this result, a number of complete convergence results is obtained for weighted
sums of negatively dependent random variables.

Keywords: complete convergence; negatively dependent; weighted sums; arrays

106 WHOOPMATUKA U EE TPUMEHEHUWS Tom 6 Bbimyck 4 2012



06 aeémopax

BbensieB Koncrantun I1aBnosuy (p. 1955) — nokrop du-
3UKO-MaTeMaTUYeCKUX HayK, BeIylIMil HaydyHBI cO-
TpyaHuK MHcTuTyTa okeanosnoruu uM. I1. I1. Iupimo-
Ba Poccuiickoii akageMuu HayK; HaydYHBIM COTPYIHUK
®enepanbHOTO YyHUBEpcUTeTa 1mtata bawniist, CanbBa-
nop, bpazunus

Bbennnr Baamgumup EsrenneBmy (p. 1954) — nmokTop
buU3rMKO-MaTeMaTUYECKUX HayK, mpodeccop Kadeapol
MaTeMaTU4eCKON CTAaTUCTUKM (haKyIbTeTa BBIYUCITH-
TETHHOW MaTeMaTUKU U KUOepHEeTUKN MOCKOBCKOTO
rocymapcTBeHHoOro yHusepcureta um. M. B. JlomoHo-
coBa; ctapiuii HaydHbiil corpynHuk MTTU PAH

Byncada Kamon (p. 1963) — nokrop dunocobun mo
CTATUCTUKE, JOLIeHT yHuBepcuTera Tammacar, TannaHz

Bonoaun Auapeii Uropesuu (p. 1961) — mokrop du-
ocoun O CTATUCTUKE, TPodeccop YHUBEPCUTETA
Penxaitnbel, Kanaga

I'pymo Anekcaunp Anekcanaposud (p. 1946) — mokTop
GU3UKO-MaTeMaTUICCKUX HAYK, YWICH-KOPPECIIOHICHT
Axagemun Kpunrorpaduu PO; Beaynnii HayqHbIHI cO-
tpynHuk MITN PAH; npodeccop kadeapsl matema-
TUYECKON CTATUCTUKU (PaKyJbTeTa BBIYMCIUTEIbHOM
MaTeMaTUuKU U KUOepHETUKU MOCKOBCKOTrO rocymap-
CTBeHHOro yHuBepcutetra uM. M. B. JlomoHocoBa

Jones Ilmomu (p. 1958) — mpodeccop, moKTOp Ha-
yK 1o uH(popMaTuke, AekaH (pakyabreTa eCTECTBEH-
HBIX HayK YHuBepcuteTta uM. beH-Iypuona B Herase,
beoap-llleBa, U3paunib

Jyannkuii Urops Anekcanaposud (p. 1987) — acnimpanTt
(bakynbreTa BHIYMCIUTETBHON MATEMATUKK U KHOEPHE-
TUKM MOCKOBCKOTO TOCYIapCTBEHHOTO YHUBEPCUTETA
uMm. M. B. JlomoHoCcOBa

JliokoBa Enena BcesosnomosHa (p. 1945) — mokTop ¢du-
3UKO-MaTeMaTUYeCKUX HayK, AOLEHT Kadeapbl Ma-
TeMaTUIeCKNX METOHOB IIPOTHO3MPOBAHUS (HaKyJIb-
TeTa BBIYMCIMTEIBHON MaTeMaTUKA M KHOEepHETHKHU
MOCKOBCKOTO TOCYIApCTBEHHOIO YHMBEPCUTETA WM.
M. B. JloMoHOCOBa; TIJIaBHBIIi Hay4YHbI COTPYIHUK
BorunciurenbHoro ueHTpa uM. A.A. JlopomHUlIbIHA
Poccuiickoit akageMun HayK

3akc JImma MuxaiinoBHa (p. 1989) — rmaBHBIN crie-
LMAJTUCT OTAe]a MOACTUPOBAHUS U MaTeMaTUYECKOM
CTaTUCTUKU Anbha-0aHKa

3eiibhvan Anekcanap W3spamaeBmu (p. 1954) — nmok-
Top (hbu3MKO-MaTeMaTUYECKUX HayK, mpodeccop, ne-
KaH (hakynbreTa MPUKIaJHON MaTeMaTUKU U KOMITbIO-
TEPHBIX TEXHOJIOTUI BOJIOT0ICKOT0 rocy1apcTBEHHOTO
MeIarornIeckoro YHUBEPCUTETA; CTapIIUil HAyYHBIN
cotpynHuk UTTW PAH, Benyimuii HaydHbI COTPYTHUK
BHKI I5MHU PAH

Koen Acad (p. 1974) — mokTop drmrocodun 1mo 3jeK-
TPOTEXHUKE, TIPEroaaBaTe/ib U ucciaenoBareab Kaden-
Dbl TeJIEKOMMYHMKaMil YHuBepcuteTa uMm. ben-Iypu-
oHa B Herage, beap-IlleBa, U3pauib

KonosanoB Muxaun I'puropbeBuy (p. 1950) — moktop
TeXHUYECKUX HayK, 3aBeaytouuii cekropom UTT1 PAH

Kopoaes Bukrop IOpseBuu (p. 1954) — noxrop pm3mko-
MaTeMaTU4eCKUX Hayk, rpodeccop Kadeapbl MaTeMa-
TUYECKOM CTATUCTUKU (haKyJIbTeTa BBIYUCIUTEIBHOMN
MaTeMaTUuKU U KUOepHETUKU MOCKOBCKOTrO rocyaap-
cTBeHHOro yHuBepcuteta uM. M. B. JlomoHoCcOBa; Be-
Iymuii HaydHbelii corpynHuk MTTN PAH

KopotbimeBa Auna Baaguvuposna (p. 1988) — acrim-
paHT (haKyabTeTa MPUKITATHOM MaTeMaTUKKA U KOMIThIO-
TEPHBIX TEXHOJIOTHIA BOJIOTOICKOTO rOCy1apCTBEHHOTO
MeIarornyeckoro yHuBepcuTeTa

Kpusenko Muxaun ITetpoBuy (p. 1946) — noKTOp TEx-
HWUYECKUX HayK, Mmpodeccop, BeAylInuii HAyIHBINA CO-
tpyaHuk UTTN PAH

Hazapos Anekceii Jleonumosmu (p. 1989) — acrm-
paHT Kadeapbl MAaTEMAaTUYECKOM CTATUCTUKU (DaKyIb-
TeTa BBIYUCIUTEIBHON MATEMATHMKKM WM KUOEPHETUKU
MOCKOBCKOIO TOCyJapCTBEHHOIO YHUBEPCUTETA M.
M. B. JlomoHOCOBa

Canr Cy Xak (p. 1960) — nmokrop puiocodnu o mMate-
maTuke, npogeccop yHuBepcuteta Ilait Yait, Pecry-
onuka Kopest

Catun fxoB Anekcanaposuy (p. 1978) — kanaumar
(buzuKo-MaTeMaTUYECKUX HayK, CTapIIuii Ipernoga-
BaTesib BOJIOroCKOTO rocynapcTBEHHOTO Ieiaroruye-
CKOTO YHUBEPCUTETA

CuzoB Anekceii BanepbeBud (p. 1989) — BbINMYCKHUK Ka-
(enpbl MaTeMaTUYECKUX METOIOB MPOTHO3MPOBAHUS
(baxysbTeTa BRIUMCIUTETBHON MaTeMaTUKU ¥ KUOEpHE-
TUKA MOCKOBCKOTO TOCYIapCTBEHHOTO YHHUBEPCUTETA
uMm. M. B. JlomoHocoBa
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Cunnnbin Urops Hukoaaesnu (p. 1940) — mokrop Tex-
HUYECKUX HayK, Mpodeccop, 3acayKeHHbBIN nesiTeslb
Hayku P®, zaBenytommii otnenom UTTU PAH

Cokosos Uropp AnaroabeBud (p. 1954) — akagemuk
(mewicTBUTENbHBIN UieH) Poccuiickoit akageMuu Hayk,
JIOKTOp TeXHUYecKux Hayk, gupektop U1 PAH

CrpuxoB Bamum Bukroposmu (p. 1967) — kanmumar
(husHMKO-MaTeMaTUUECKUX HAYK, TOIIEHT, HAyUHbII CO-
TPYyAHUK BerunciaurenbHoro neHtpa Poccuiickoit aka-
JIeMUN HayK
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Tanaxxypa Knemente A. C. (p. 1960) — nokTop unoco-
¢um, podeccop, PenepaabHBI YHUBEPCHUTET IITaTa
Bawniisa, CanbpBagop, bpazumus

Tumonuna Enena EBrenbeBna (p. 1952) — mokrop Tex-
HUYECKUX Hayk, Mpodeccop, BEAyIIMi HaydHBIA CO-
tpyanauk U1 PAH

TokmakoBa Anekcanapa AjekceeBHa (p. 1991) — cry-
JeHTKa MOCKOBCKOTO (hU3UKO-TEXHUYECKOTO MHCTU-
TyTa

TyukoBa Hatannbs [1aBaoBHa (p. 1955) — kannunat du-
3UKO-MaTeMaTUYECKUX HayK, CTapIlIMii HayYHBIA CO-
TpYAHUK BeruncautenbHoro neHtpa uM. A. A. opoa-
HuubIHA Poccuiickoit akageMun HayK

®penkenn Cepreii JIazapesuu (p. 1951) — kaHauaoaT Tex-
HUYECKUX HayK, CTaplIuii HaydHbIi coTpynHuk UTTN
PAH; nouieHT MOCKOBCKOTO rOCYyIapCTBEHHOI'O TEXHM -
YeCKOTO YHUBEPCHUTETA PATNOTEXHUKH, SJICKTPOHUKH
u aBroMatuku (MI'TY MUPDA)

IIoprun Cepreii AAxoBaeBny (p. 1952) — nokTop busu-
KO-MaTeMaTUYeCKnX HayK, Mpodeccop, 3aMeCcTUTEIb
nupexktopa UTTN PAH
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[TpaBua MOATOTOBKY PYKOITMCEN CTAaTEM IS IMMyOIMKALIMK B >KypHase
«MHpopmaTuka 1 €€ IpUMEHEHUS»

KypHan «<MHbopmaTika 1 e€ npuMeHeHHUs» MyOJIUMKYeT TeOPeTUUECKUE, 0030pHbIE U TUCKYCCUOHHbBIE CTaTbU, MOCBSI-

IIECHHBIC HAYYHbIM HMCCJICJOBAHUAM U paspa60TKaM B obOyiactu I/IH(l)OpMaTI/IKI/I n ee l'lpPIJ'[O)KCHHI?I. )KypHan n3JacTCd Ha
PYCCKOM A3bIKE. Ilo CII€MaJIbHOMY PCIICHUIO PEAKOJUIETUMN OTAC/IbHBIC CTAaTbU, B BUAC UCKIIOYCHMA, MOTYT I€4YaTaThbCAa Ha
aHTJIMACKOM s13bIKe. TemaTuka 2KypHaia OXBaTbhIBaCT CJICAYIOIINEC HAIIPABICHUA:

11.

TEOPETUYECKUE OCHOBLI I/IH(l)OpMaTI/IKI/I;

MAaTEMATUYCCKME METOIBI UCCICAOBAHUA CJIOXKHBIX CUCTEM U IIPOIIECCOB;
I/IH(l)OpMaLII/IOHHI)IC CUCTEMbI U CETU,

I/IH(I)OpMaHI/IOHHLIe TEXHOJIOTUH,

APXUTEKTYpa 1 NporpaMMHOE obecrieyeHue BBIYMCIUTEIbHBIX KOMITJIEKCOB U CETEiA.

B xxypHasie meyataloTcs pe3yJIbTaThl, paHee He OIyOIMKOBaHHbIE U He TIpeIHa3HaYeHHbIe K OMTHOBPEMEHHOM ITyOIMKaIIN
B Ipyrux usmgaHusx. I1yOauKanust He JOJDKHA HapyllaTh 3aKOH 00 aBTOPCKMX IpaBax. Harmpapisis CBOIO PYKOIIMCH B
peIaKIMIO, aBTOPhl aBTOMATUYECKU IIEPENalOT YIPEIUTEISIM M PEAKOJIETMU HEUCKIIOYUTEIbHBIE [IpaBa Ha M3IaHUe
JMAHHOW CTaThbU Ha PYCCKOM SI3bIKE M Ha ee pacrpoctpaHeHue B Poccuu u 3a pybGexxom. [Ipu aToM 3a aBTOpaMu
COXpaHSIIOTCS BCe MpaBa Kak COOCTBEHHUKOB JaHHOM PYKONUCH. B CBSI3U ¢ 3TUM aBTOpaMU JOJKHO OBITh MPENCTaBIEHO
B PeIaKIIMIo MMChbMO B cienytoleii hopme: CornaiieHue o nepenaye npaba Ha MyoaIuKaIuio:

«Mbt, HudICenoonucasuuecs, agmopuvl pyKonucu « », nepedaem yupeoumensam u peokonreeuu jycypuanra « Mngopmamu-
Ka U e€ npUMeHeHUs» HeUCKAYUMENbHOe NPABo ONYOAUKO8AMb OAHHYI0 DYKONUCH CAMbU HA PYCCKOM A3bIKe KAK 6 NeHamHOl,
MaK u 6 3NeKmpoHHOU gepcusx ycypHasa. Mot noomeepicdaem, umo OanHas NYOAUKAUUS HE HAPYUIAEm A8MOPCKO20 Npasa
dpyeux auy, uau opeanusayuii. Iloonucu aemopos: (¢. u. o., dama, adpec)».

Vka3aHHOE corJjIallleHIe MOXET ObITh ITPEACTABICHO KAaK B OyMaXKHOM BHIE, TaK M B BUIE OTCKAHUPOBAHHOM KOmUu (C
MTOIITUCSIMU aBTOPOB).

Penxosierust BripaBe 3alpOCUTD Y aBTOPOB 9KCIIEPTHOE 3aKJII0YEHIE O BO3MOXHOCTH OITyOJIMKOBAHUS IIPEACTABIEHHOM
CTaTbU B OTKPBITOM TTeYaTu.

Cratps MOAMKCHIBAETCS BCeMM aBTOpaMu. Ha oTmebHOM JTMCTe MpeNCTaBIsIOTCsT JaHHbIE aBTOpa (MJIU BCEX aBTOPOB):
ammust, TOTHBIE UM U OTYECTBO, TelnedoH, dakc, e-mail, mouroBslii anpec. Ecnm paboTa BeITOTHEHA HECKOTBKUMM
aBTOpaMU, YKa3bIBaeTcsl (paMmIIMst OMHOTO M3 HUX, OTBETCTBEHHOT'O 3a MEPENMICKY C PeIaKIIMeid.

Penaxuus XKypHajla OCYIIECTBJIACT CaMOCTOATE/IbHYIO SKCIIEPTU3Y IMPUCTaAHHBIX cTaTei. BO3BpaLL[CHI/IC PYKOIIMCH Ha
I[Opa60TKy HE O3HA4acT, 4YTO CTaTbdA YXC€ IIPUHATA K II€YaTu. ﬂOpa6OTaHHBIfI BapvMaHT C OTBETOM Ha 3aM€dyaHMA
PELECH3CHTa HEoOX0aMMO IIpuUcCiIaTh B p€oaKInIo.

Pemenue pCI[aKLII/IOHHOﬁ KOJUIETUM O INPUHATHUM CTAaTbU K II€YaTU MJIM €€ OTKJIOHCHUU COO6H.I3.€TC9[ aBTopamM. PCI[-
KOJUIECTHUA HE O6H3yeTC${ HaIpaBJIATb PELUECH3UIO aBTOpaM OTKJIOHEHHOU CTaTbu, OUCKYCCUA C aBTOpaMM IIO IIOBOAY
OTKJIOHEHHBIX CTaTel HE BEAETCS.

KoppekTypa crateii BbIChUTaeTCsl aBTOpaM IS IPOCMOTpa. Pemakiivst MpocUT aBTOPOB MPUCHIIATh CBOM 3aMeYaHMs B
KpaTJaiiiime CpOKU.

[Tpu noaroroske pykornucu B MS Word pekoMeHayeTcsl UCIOIb30BaTh clieayolie HacTpoiiku. [TapamMeTpsl CTpaHULIbI:
(opmar — A4; opueHTalMsI — KHUXKHAs; MOJs (CM): BHYTpU — 2,5, cHapyxxu — 1,5, cBepXy — 2, CHU3Y — 2, OT Kpasl 10
HUKHEro KoJoHTUTYJIa — 1,3. OCHOBHOI TeKCT: CTUIb — «O0bIuHbIN»: pudT Times New Roman, pazmep 14 nmyHKTOB,
abzamHbiil orctynm — 0,5 cM, 1,5 wHTepBasiia, BBIpaBHUBaHUE — IO IMpUHE. PeKoMeHmyeMmblii 00beM pyKOTUCH —
He CBBIIIE 25 cTpaHUIl yKazaHHOTO dopMaTta. O3HAKOMUTHCS C MIA0JIOHAMU, CONMEPKAIIUMK TTPUMEPBI 0hopMITeHNS],
MOXHO 110 anpecy B MHTepHeTe: http://www.ipiran.ru/journal /template.doc.

K pykommcu, mpenocTtaBisieMoil B 2-X 3K3eMIUIIpax, 00s3aTelbHO IMpUIaraeTcsl JEKTPOHHAS Bepcusl CTaTbi (Kak
npasmio, B popmatax MS WORD (.doc) wnu ISTEX (.tex), a Takke — momoaHUTeNbHO — B popMmate .pdf) Ha nuckere,
JIa3epHOM JAMCKE MM MO 3JeKTPOHHOM route. CoKpallleHUsl CJIOB, KPOME CTaHAApTHbIX, He NMpUMeHsoTcsl. Bee
CTPaHMLIBI PYKOITMCH JOJDKHBI OBITH TPOHYMEPOBAHBI.

CraTbsl IOJDKHA COIEpXkaTh CIIEAYIOIIyl0 MH(GOPMALMIO Ha PYCCKOM M aHTIMIICKOM si3bikax: HasBaHue, ®.1.O. aB-
TOpOB, MecTa PabOTHI aBTOPOB M WX 3JIEKTPOHHBIE afpeca, MONPOOHBIE CBEACHMS 00 aBTOpaX, OQOPMICHHBIC B
COOTBETCTBMM ¢ (opMaToM, oIpenenseMbiM daiimamu http://www.ipiran.ru/journal /issues/2011_05_01/authors.asp
u http://www.ipiran.ru/journal /issues/2011_01_eng/authors.asp, aHHoTaims (He Gosee 100 ci0OB), KITIOUEBBIE CIIOBA.
CCBUIKM Ha JINTEPATypy B TEKCTE CTAaThbH HyMEPYIOTCS (B KBAaZPaTHBIX CKOOKAX) M PacIIoaraloTcs B IIOPSIKE X TepBOTO
yIoOMMHaHMA. B crimcke muTepaTypsl He JOJDKHO OBITH IO3WLIMII, Ha KOTOPBIE HET CCBUIKM B TEKCTe CTaThu. Bce
(amuay aBTOPOB, 3arjlaBUs cTaTeil, Ha3BaHUsI KHUI, KOH(GEPEeHUUI U T. 1. JAal0TCsl Ha SI3bIKe OPUTMHANA, €CJU 3TOT
SI3BIK VICTIONTB3YeT KMPHJUTHICCKIIA WY JIATHHCKUI aJihaBUT.

[TpucnaHHble B pefaKIINIO MaTePUAIB aBTOPAM He BO3BPAIIAIOTCS.

[Mpu otnipaBKe (haityIoB MO 3JIEKTPOHHOM MOYTE MTPOCUM NPUIASPKUBATHCS CIICAYIONINX TIPABILI:
— YyKasbIBaTh B I0JIe subject (Tema) Ha3BaHUe XKypHaa U (paMUIIMIO aBTOpa;
— WCIIOBb30BAaTh attach (mpucoeauHeHUE);
— B clyyae 00JbIIMX 00beMOB UH(MOPMALIMK BO3MOXHO UCMOJIb30BaHME 00I1IeU3BeCTHBIX apxuBaTtopoB (Z1P, RAR);
— B COCTaB 3JIEKTPOHHOI BEPCUU CTaThU JOJDKHBI BXOMUTH: (hailsl, comepkammii TeKCT cTaThh, U (aitn(bl), comepxa-
Ui (e) WUTIOCTpaLIvK.

Kypnan «MHbopMaTiKa 1 e€ IpUMEHEeHUsI» SIBJISIeTCSl HeKOMMepUYecKM m3naHveM. [liata 3a myGauKaiuio ¢ aBTOpoOB
He B3MMaeTCsi, TOHOpap aBTOpaM He BBITUTAYMBACTCSI.

Anpec penaknun: Mocksa 119333, yi. BaBuiiosa, 1. 44, xopn. 2, UTTWU PAH

Ten.: +7 (499) 135-86-92 Daxc: +7 (495) 930-45-05 E-mail: rust@ipiran.ru



