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1 Введение

�ªâã�«ì−®áâì ¯à¨¬¥−¥−¨ï ¢ëç¨á«¨â¥«ì−®© â¥å−¨ª¨ ¢® ¢á¥å ®¡«�áâïå ç¥«®-
¢¥ç¥áª®© ¤¥ïâ¥«ì−®áâ¨ −¥ ¢ë§ë¢�¥â á®¬−¥−¨©. �−� ®¡¥á¯¥ç¨¢�¥â íää¥ªâ¨¢−®¥
ã¯à�¢«¥−¨¥ á®¢à¥¬¥−−ë¬¨ ¯à®¨§¢®¤áâ¢¥−−ë¬¨ «¨−¨ï¬¨, à®¡®â®â¥å−¨ç¥áª¨¬¨
ª®¬¯«¥ªá�¬¨, âà�−á¯®àâ−ë¬¨ áà¥¤áâ¢�¬¨, ¬−®£®ç¨á«¥−−ë¬¨ á¨áâ¥¬�¬¨ ®¡¥á¯¥-
ç¥−¨ï ¦¨§−¥¤¥ïâ¥«ì−®áâ¨ ç¥«®¢¥ª� [1, 2]. �¢®«îæ¨®−−®¥ à�§¢¨â¨¥ ¢ëç¨á«¨-
â¥«ì−®© â¥å−¨ª¨ ¨ ã¯à�¢«ïîé¨å á¨áâ¥¬ ¢ë¤¢¨−ã«® −� ¯¥à¢ë© ¯«�− á¨−åà®−−ãî
¯�à�¤¨£¬ã ¯à®¥ªâ¨à®¢�−¨ï æ¨äà®¢ëå áå¥¬ [3, 4]. �¤−�ª® á à�§¢¨â¨¥¬ â¥å-
−®«®£¨ç¥áª®£® ¡�§¨á� ¬¨ªà®í«¥ªâà®−¨ª¨ ¨ ã¬¥−ìè¥−¨¥¬ â¥å−®«®£¨ç¥áª¨å −®à¬
¨§£®â®¢«¥−¨ï ¬¨ªà®áå¥¬ á¨−åà®−−ë¥ ãáâà®©áâ¢� áâ�«ª¨¢�îâáï á ¯à®¡«¥¬�¬¨
à¥�«¨§�æ¨¨ â�ªâ®¢®£® ú¤¥à¥¢�û ¨ ®¡¥á¯¥ç¥−¨ï áâà®£®© ®¤−®¢à¥¬¥−−®áâ¨ á®¡ë-
â¨© ¢ ã¤�«¥−−ëå ç�áâïå áå¥¬ë [3]. Œ¥â®¤ë �¤�¯â¨¢−®© ¯®¤áâà®©ª¨ ç�áâ®âë
¨ æ¥«¥−�¯à�¢«¥−−®£® ¯®áâà®¥−¨ï ú¤¥à¥¢�û â�ªâ®¢®£® á¨£−�«� [5{7] á¬ï£ç�îâ íâ¨
¯à®¡«¥¬ë. �¤−�ª® ®−¨ −¥ á¯®á®¡−ë ãáâà�−¨âì ¨å.

�«ìâ¥à−�â¨¢®© á¨−åà®−−®© áå¥¬®â¥å−¨ª¥ ¢ëáâã¯�îâ �á¨−åà®−−ë¥ áå¥¬ë [8].
ˆå −�¨¡®«¥¥ ïàª¨© ¯à¥¤áâ�¢¨â¥«ì | ‘‘-áå¥¬ë [9{12]. ”ã−ªæ¨®−¨à®¢�−¨¥ æ¨ä-
à®¢ëå ‘‘-áå¥¬ ¡�§¨àã¥âáï −� ¤¢ãåä�§−®© ¤¨áæ¨¯«¨−¥ ¯¥à¥ª«îç¥−¨ï í«¥¬¥−â®¢
áå¥¬ë ¨ ¯à¨−æ¨¯¥ ¨−¤¨ª�æ¨¨ | ª®−âà®«¥ ãá¯¥è−®£® §�¢¥àè¥−¨ï ¯¥à¥å®¤� áå¥¬ë
¢ â¥ªãéãî ä�§ã à�¡®âë [12]. �¥à¥ª«îç¥−¨¥ ¢ á«¥¤ãîéãî ä�§ã à�¡®âë à�§à¥-
è�¥âáï áâà®£® ¯®á«¥ ¯®¤â¢¥à¦¤¥−¨ï §�¢¥àè¥−¨ï ¢á¥å ¯¥à¥ª«îç¥−¨© í«¥¬¥−â®¢
áå¥¬ë, ¨−¨æ¨¨à®¢�−−ëå §−�ç¥−¨ï¬¨ ¢å®¤−ëå á¨£−�«®¢. ‘®¢®ªã¯−®áâì ¤�−−ëå
á¢®©áâ¢ ®¡¥á¯¥ç¨¢�¥â −¥§�¢¨á¨¬®áâì ¯®¢¥¤¥−¨ï ‘‘-áå¥¬ ®â §�¤¥à¦¥ª «®£¨ç¥áª¨å
ïç¥¥ª. �«�£®¤�àï íâ®¬ã ‘‘-áå¥¬ë ®¡«�¤�îâ àï¤®¬ ¯à¥¨¬ãé¥áâ¢ ¯¥à¥¤ á¨−åà®−-
−ë¬¨ �−�«®£�¬¨ [12], çâ® ¯®¤â¢¥à¦¤¥−® íªá¯¥à¨¬¥−â�«ì−® [13]. ‚ ç�áâ−®áâ¨,
¨å ãáâ®©ç¨¢®áâì ª «®£¨ç¥áª¨¬ á¡®ï¬ ¢ −¥áª®«ìª® à�§ ¢ëè¥ ãáâ®©ç¨¢®áâ¨ á¨−-
åà®−−ëå �−�«®£®¢ [14]. �®íâ®¬ã ‘‘-áå¥¬ë á«ã¦�â ¯¥àá¯¥ªâ¨¢−ë¬ ¡�§¨á®¬ ¤«ï
à¥�«¨§�æ¨¨ æ¨äà®¢ëå ãáâà®©áâ¢ ¯®¢ëè¥−−®© −�¤¥¦−®áâ¨.

�¤−�ª® à¥�«¨§�æ¨ï ¨−¤¨ª�æ¨¨ âà¥¡ã¥â ¤®¯®«−¨â¥«ì−ëå �¯¯�à�â−ëå §�âà�â
¨ â®à¬®§¨â äã−ªæ¨®−¨à®¢�−¨¥ ‘‘-áå¥¬ë [12], ¯®íâ®¬ã ¯®âà¥¡¨â¥«ìáª¨¥ å�à�ª-
â¥à¨áâ¨ª¨ á¨−â¥§¨àã¥¬®© ‘‘-áå¥¬ë ¢® ¬−®£®¬ ®¯à¥¤¥«ïîâáï ®¯â¨¬�«ì−®áâìî
¨á¯®«ì§ã¥¬ëå áå¥¬®â¥å−¨ç¥áª¨å à¥è¥−¨© ¤«ï à¥�«¨§�æ¨¨ ¥¥ ª®¬¯®−¥−â®¢. ˆ§-
¢¥áâ−ë ¬¥â®¤ë à�§à�¡®âª¨ �á¨−åà®−−ëå áå¥¬, ¡�§¨àãîé¨¥áï −� ª®−¢¥àâ�æ¨¨
¨áå®¤−®£® §�¤�−¨ï �«£®à¨â¬� äã−ªæ¨®−¨à®¢�−¨ï ¥¥ á¨−åà®−−®£® ¯à®â®â¨¯� −�
ï§ëª¥ Verilog (á¬., −�¯à¨¬¥à, [15, 16]). ‘¨−â¥§ ª®¬¡¨−�æ¨®−−ëå ‘‘-áå¥¬
¤®áâ�â®ç−® å®à®è® ¨§ãç¥− ¨ ä®à¬�«¨§®¢�− [17, 18]. ÷¥�«¨§�æ¨ï ¦¥ ¯®á«¥¤®¢�-
â¥«ì−®áâ−ëå ‘‘-ãáâà®©áâ¢, ¢ â®¬ ç¨á«¥ áç¥âç¨ª®¢, −ã¦¤�¥âáï ¢ ®¯â¨¬¨§�æ¨¨.

��¨¡®«¥¥ ¯¥àá¯¥ªâ¨¢−ë¬ ¢ë£«ï¤¨â ¯®¤å®¤, ¨á¯®«ì§ãîé¨© è�¡«®−ë â¨¯®-
¢ëå æ¨äà®¢ëå ‘‘-ãáâà®©áâ¢ [19{21] ¨ â¨¯®¢®© «®£¨ç¥áª¨© á¨−â¥§�â®à, −�¯à¨¬¥à
Yosys [22]. „�−−�ï áâ�âìï ¯®á¢ïé¥−� ¯à®¡«¥¬¥ à�§à�¡®âª¨ ¨ ¨á¯®«ì§®¢�−¨ï ¯�-
à�¬¥âà¨§®¢�−−ëå è�¡«®−®¢ ‘‘-áç¥âç¨ª®¢, £�à�−â¨àãîé¨å ¯®«ãç¥−¨¥ ¤¥©áâ¢¨-
â¥«ì−® ‘‘-à¥�«¨§�æ¨©, �¤¥ª¢�â−ëå §�¤�−−ë¬ á¢®©áâ¢�¬ ¨ ¨¬¥îé¨å ¡«¨§ª¨¥
ª ®¯â¨¬�«ì−ë¬ å�à�ªâ¥à¨áâ¨ª¨.
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÷¥�«¨§�æ¨ï á�¬®á¨−åà®−−ëå áç¥âç¨ª®¢ ¬¥â®¤®¬ è�¡«®−®¢

2 Структура самосинхронного счетчика

Œ¥â®¤®«®£¨ï �¢â®¬�â¨§¨à®¢�−−®£® ¯à®¥ªâ¨à®¢�−¨ï á¨−åà®−−ëå áå¥¬ ¯à¥¤ã-
á¬�âà¨¢�¥â à¥�«¨§�æ¨î áç¥âç¨ª®¢ «î¡®£® â¨¯� ¢ ¢¨¤¥ à¥£¨áâà� åà�−¥−¨ï ¨ ª®¬-
¡¨−�æ¨®−−®£® ®ªàã¦¥−¨ï. ÷¥£¨áâà åà�−¨â á®áâ®ï−¨¥ áç¥âç¨ª�, � −®¢®¥ á®áâ®ï−¨¥
ä®à¬¨àã¥âáï ª®¬¡¨−�æ¨®−−®© áå¥¬®© ¨ §�¯¨áë¢�¥âáï ¢ à¥£¨áâà ¯® �ªâ¨¢−®¬ã
äà®−âã £«®¡�«ì−®£® â�ªâ®¢®£® á¨£−�«�. ’�ª®© ¯®¤å®¤ ã−¨ä¨æ¨àã¥â ¨ ã¯à®é�¥â
á®§¤�−¨¥ áç¥âç¨ª®¢ á à�§−ë¬¨ ®¯æ¨ï¬¨. …£® ¬®¦−® ¨á¯®«ì§®¢�âì ¨ ¤«ï ¯®áâà®-
¥−¨ï ‘‘-áç¥âç¨ª®¢. �¤−�ª® ®− ¯à¨¢®¤¨â ª çà¥§¬¥à−® ¨§¡ëâ®ç−ë¬ �¯¯�à�â−®
¨ ¬¥¤«¥−−ë¬ à¥�«¨§�æ¨ï¬ [23].

‚ ‘‘-áå¥¬®â¥å−¨ª¥ ¨§¢¥áâ¥− ¯®á«¥¤®¢�â¥«ì−ë© ¤¢®¨ç−ë© ‘‘-áç¥âç¨ª, à�§-
à�¡®â�−−ë© £àã¯¯®© ‚. ˆ. ‚�àè�¢áª®£® [13]. …£® áå¥¬� ¯®ª�§�−� −� à¨á. 1. �−
¨§¬¥−ï¥â á¢®¥ á®áâ®ï−¨¥ ¯® ¢ëá®ª®¬ã ãà®¢−î áç¥â−®£® ¢å®¤� (T) ¨ ¨¬¥¥â ¢å®¤ë
á¡à®á� (C) ¨ ãáâ�−®¢ª¨ (P), áç¥â−ë© ¢ëå®¤ (OT) ¨ ¨−¤¨ª�â®à−ë© ¢ëå®¤ (Ind).
„«ï ãá¯¥è−®© ãáâ�−®¢ª¨ ¨«¨ á¡à®á� áç¥âç¨ª� ¥£® áç¥â−ë© ¢å®¤ ¤®«¦¥− ¨¬¥âì �ª-
â¨¢−®¥ §−�ç¥−¨¥ T = 1. ‚å®¤ë á¡à®á� ¨ ãáâ�−®¢ª¨ ¬®£ãâ ¡ëâì ¨−¤¨¢¨¤ã�«ì−ë¬¨
¤«ï ª�¦¤®£® à�§àï¤� áç¥âç¨ª�, ®¡¥á¯¥ç¨¢�ï §�¯¨áì ¢ −¥£® ¨áå®¤−®£® á®áâ®ï−¨ï.

�à¥¨¬ãé¥áâ¢� ¤�−−®£® ‘‘-áç¥âç¨ª�:
{ ¢ëá®ª®¥ áà¥¤−¥áâ�â¨áâ¨ç¥áª®¥ ¡ëáâà®¤¥©áâ¢¨¥;
{ ¯à®áâ®â� ¨−¤¨ª�â®à−®© ¯®¤áå¥¬ë, ®¡¥á¯¥ç¨¢�îé�ï ¬¨−¨¬�«ì−ãî �¯¯�à�â-

−ãî á«®¦−®áâì ¨ ¬�ªá¨¬�«ì−®¥ ¡ëáâà®¤¥©áâ¢¨¥;
{ ¨−¢�à¨�−â−®áâì à�§àï¤� áç¥âç¨ª� ª −�¯à�¢«¥−¨î áç¥â�.

÷¨á. 1 ‘�¬®á¨−åà®−−ë© áç¥âç¨ª: (�) ®¤¨− à�§àï¤ C1CP; (¡) 4-à�§àï¤−ë© áã¬¬¨àã-
îé¨© áç¥âç¨ª
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÷¨á. 2 ‚�à¨�−âë ‘‘-áç¥âç¨ª�: (�) ¢ëç¨â�îé¨©; (¡) à¥¢¥àá¨¢−ë©

‚ëç¨â�îé¨© ¨ à¥¢¥àá¨¢−ë© ‘‘-áç¥âç¨ª¨ â�ª¦¥ à¥�«¨§ãîâáï −� ®á−®¢¥
®¤−®à�§àï¤−®£® áç¥âç¨ª� C1CP, ª�ª ¯®ª�§�−® −� à¨á. 2. ‡¤¥áì ¨á¯®«ì§ãîâáï
¯®à�§àï¤−ë¥ ¢å®¤ë á¡à®á� (C0. . .C3) ¨ ãáâ�−®¢ª¨ (P0. . .P3). ��¯à�¢«¥−¨¥¬
áç¥â� ¢ à¥¢¥àá¨¢−®¬ áç¥âç¨ª¥ ã¯à�¢«ï¥â ¡¨ä�§−ë© á¨£−�« (Mode, ModeB),
®¡¥á¯¥ç¨¢�îé¨© ¯àï¬®© áç¥â ¯à¨ Mode = 0, ModeB = 1 ¨«¨ ®¡à�â−ë© áç¥â ¯à¨
Mode = 1, ModeB = 0.

�â¬¥â¨¬, çâ® ¢ëå®¤ Ind áç¥âç¨ª� ¨−¤¨æ¨àã¥â ¥£® í«¥¬¥−âë â®«ìª® ¢ áç¥â−®¬
à¥¦¨¬¥ à�¡®âë. �¤−�ª® á¡à®á, ãáâ�−®¢ª� ¨ §�¯¨áì á®áâ®ï−¨ï ¬®£ãâ ¡ëâì
á�¬®á¨−åà®−−ë¬¨. „«ï ¨å ¨−¤¨ª�æ¨¨ ¤®áâ�â®ç−® ¢ ®ªàã¦¥−¨¨ ‘‘-áç¥âç¨ª�
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÷¥�«¨§�æ¨ï á�¬®á¨−åà®−−ëå áç¥âç¨ª®¢ ¬¥â®¤®¬ è�¡«®−®¢

÷¨á. 3 ˆ−¤¨ª�â®à−�ï ¯®¤áå¥¬� à¥¦¨¬� ‘‘-§�¯¨á¨ ¢ áç¥âç¨ª

¨á¯®«ì§®¢�âì áå¥¬ã, ¯®ª�§�−−ãî −�

÷¨á. 4 ‘âàãªâãà−�ï áå¥¬� ‘‘-áç¥âç¨ª�

à¨á. 3. …¥ ¢ëå®¤ IW ¥¤¨−¨ç−ë¬ §−�-
ç¥−¨¥¬ ¯®¤â¢¥à¦¤�¥â ãá¯¥è−ãî §�-
¯¨áì −®¢®£® á®áâ®ï−¨ï ¢ ‘‘-áç¥â-
ç¨ª.

’�ª¨¬ ®¡à�§®¬, áâàãªâãà−® ‘‘-
áç¥âç¨ª á®áâ®¨â ¨§ ï¤à�, à¥�«¨§�æ¨¨
ª®â®à®£® ¤«ï ç¥âëà¥åà�§àï¤−®£® áç¥â-
ç¨ª� ¯®ª�§ë¢�îâ à¨á. 1, ¡ ¨ 2, ¨ ¥£®
®ªàã¦¥−¨ï, ª�ª ¯®ª�§ë¢�¥â à¨á. 4. ‘®®â¢¥âáâ¢¥−−®, è�¡«®− ‘‘-áç¥âç¨ª� −�
ï§ëª¥ Verilog ¢ª«îç�¥â ï¤à® áç¥âç¨ª� ¨ �¯¯�à�â−®¥ ®¯¨á�−¨¥ áå¥¬ë ¥£® ®ªàã¦¥-
−¨ï.

Ÿ¤à® áç¥âç¨ª� á¯¥æ¨ä¨æ¨àã¥â −�¯à�¢«¥−¨ï áç¥â�, à¥�«¨§ãï áã¬¬¨àãîé¨©,
¢ëç¨â�îé¨© ¨«¨ à¥¢¥àá¨¢−ë© áç¥âç¨ª. �ªàã¦¥−¨¥ ï¤à� áç¥âç¨ª� à¥�«¨§ã¥â
¨−â¥àä¥©á ‘‘-áç¥âç¨ª� á ãáâà®©áâ¢�¬¨ ®¡é¥© ‘‘-áå¥¬ë, ä®à¬¨àã¥â ¢å®¤ë ¤«ï
ï¤à� áç¥âç¨ª� ¨ ®à£�−¨§ã¥â ¨−¤¨ª�æ¨î ‘‘-ãáâ�−®¢ª /̈§�¯¨á¨.

‡�¤�ç� à�§à�¡®âª¨ ‘‘-áç¥âç¨ª� á¢®¤¨âáï ª ¨á¯®«ì§®¢�−¨î á®®â¢¥âáâ¢ãîé¥-
£® ï¤à� áç¥âç¨ª�, à¥�«¨§ãîé¥£® §�¤�−−®¥ −�¯à�¢«¥−¨¥ áç¥â�, ¨ ä®à¬¨à®¢�−¨î
áå¥¬ë ¥£® ®ªàã¦¥−¨ï, ã¯à�¢«ïîé¥© ¥£® ¢å®¤�¬¨. ‚ ª�ç¥áâ¢¥ ï¤à� áç¥âç¨ª� æ¥«¥-
á®®¡à�§−® ¨á¯®«ì§®¢�âì ®¤¨− ¨§ âà¥å ¢�à¨�−â®¢ ¯à®áâ¥©è¥£® ¯®á«¥¤®¢�â¥«ì−®£®
‘‘-áç¥âç¨ª� á® á¡à®á®¬ ¨ ãáâ�−®¢ª®©, ¯®ª�§�−−ëå −� à¨á. 1, ¡ ¨ 2 ¤«ï á«ãç�ï
ç¥âëà¥åà�§àï¤−®£® ‘‘-áç¥âç¨ª�. ‚�à¨�−âë á ¤àã£®© à�§àï¤−®áâìî á¨−â¥§¨àã-
îâáï �−�«®£¨ç−ë¬ ®¡à�§®¬. ”ã−ªæ¨ï ¨−¤¨ª�â®à� Ind ï¤à� áç¥âç¨ª� ®¯¨áë¢�¥âáï
®¡é¥© ä®à¬ã«®©:

Ind = I0 · I1 · · · IN ,

£¤¥ N | ç¨á«®, −� ¥¤¨−¨æã ¬¥−ìè¥¥ à�§àï¤−®áâ¨ áç¥âç¨ª�. ”ã−ªæ¨ï Ind ¤®¯ãá-
ª�¥â ¯à®¨§¢®«ì−ãî «®£¨ç¥áªãî ¤¥ª®¬¯®§¨æ¨î á æ¥«ìî à¥�«¨§�æ¨¨ −� í«¥¬¥−â�å
§�¤�−−®© ¡¨¡«¨®â¥ª¨ ¨ ¬¨−¨¬¨§�æ¨¨ §�¤¥à¦ª¨ ä®à¬¨à®¢�−¨ï ¨−¤¨ª�â®à−®£®
¢ëå®¤�.
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3 Окружение ядра самосинхронного счетчика

‘å¥¬� ®ªàã¦¥−¨ï ï¤à� ‘‘-áç¥âç¨ª� á¯¥æ¨ä¨æ¨àã¥â á¢®©áâ¢� áç¥âç¨ª�:

{ −�«¨ç¨¥ ¨ â¨¯ á¡à®á� ¢á¥å à�§àï¤®¢ | �á¨−åà®−−ë©, á�¬®á¨−åà®−−ë©;

{ −�«¨ç¨¥ ¨ â¨¯ ãáâ�−®¢ª¨ ¢á¥å à�§àï¤®¢ | �á¨−åà®−−�ï, á�¬®á¨−åà®−−�ï;

{ −�«¨ç¨¥ ¯®à�§àï¤−®© ‘‘-§�¯¨á¨ á®áâ®ï−¨ï áç¥âç¨ª�;

{ −�«¨ç¨¥ à�§à¥è¥−¨ï à�¡®âë /̈̈ «¨ áç¥â�;

{ −�¯à�¢«¥−¨¥ áç¥â� ¤«ï à¥¢¥àá¨¢−®£® áç¥âç¨ª� | ¯àï¬®©, ®¡à�â−ë©.

�ªàã¦¥−¨¥ áç¥âç¨ª� ä®à¬¨àã¥â ¢å®¤ë ¯®à�§àï¤−®£® á¡à®á� ¨ ãáâ�−®¢ª¨
ï¤à� áç¥âç¨ª�, ¢å®¤ ã¯à�¢«¥−¨ï −�¯à�¢«¥−¨¥¬ áç¥â� á ãç¥â®¬ −�«¨ç¨ï ¨ §−�ç¥−¨©
á¨£−�«®¢ à�§à¥è¥−¨ï §�¯¨á¨, à�¡®âë ¨ áç¥â�. Šà®¬¥ â®£®, ®−® á®£«�á®¢ë¢�¥â
�ªâ¨¢−ë¥ ãà®¢−¨ ¢å®¤−ëå á¨£−�«®¢ áç¥âç¨ª� ¨ à¥�«¨§ã¥â ¨−¤¨ª�â®à−ãî ¯®¤áå¥¬ã
¢á¥£® áç¥âç¨ª�.

„«ï ª®¬¯®−®¢ª¨ áå¥¬ë ®ªàã¦¥−¨ï ¨á¯®«ì§ã¥âáï ¡«®ç−ë© ¯à¨−æ¨¯. �−�
á®¡¨à�¥âáï ¨§ ®â¤¥«ì−ëå ¡«®ª®¢ (úª¨à¯¨ç¨ª®¢û), ª�¦¤ë© ¨§ ª®â®àëå à¥�«¨§ã¥â
®¤−® ¨§ ¯¥à¥ç¨á«¥−−ëå ¢ëè¥ á¢®©áâ¢ ‘‘-áç¥âç¨ª�, ¨ ¬®¤ã«ï ï¤à� áç¥âç¨ª�.
�«®ª¨ á¯¥æ¨ä¨æ¨àãîâ á¢®©áâ¢� áç¥âç¨ª� ¯ãâ¥¬ ä®à¬¨à®¢�−¨ï á®®â¢¥âáâ¢ãîé¥£®
¢å®¤� ï¤à� áç¥âç¨ª� ¨«¨ ¢á¯®¬®£�â¥«ì−ëå á¨£−�«®¢, � â�ª¦¥ ¢ëå®¤®¢ ¢á¥£® ‘‘-
áç¥âç¨ª�.

�¡é�ï áâàãªâãà� è�¡«®−� ‘‘-áç¥âç¨ª� ¯à¥¤áâ�¢«¥−� −� à¨á. 5. ‚ ª¢�¤-
à�â−ëå áª®¡ª�å ãª�§�−ë ®¯æ¨®−�«ì−ë¥ ¡«®ª¨, ª®â®àë¥ ¬®£ãâ ®âáãâáâ¢®¢�âì
¢ ª®−ªà¥â−®¬ è�¡«®−¥.

‘ æ¥«ìî á®ªà�é¥−¨ï ¢�à¨�−â®¢ à¥�«¨§�æ¨¨ ¡«®ª®¢ ¨ á®£«�á®¢�−¨ï ¨¬¥−
á¨£−�«®¢, á«ã¦�é¨å ¢å®¤�¬¨ ¨ ¢ëå®¤�¬¨ ¡«®ª®¢, à¥�«¨§ãîé¨å ®¤−® ¨ â®
¦¥ á¢®©áâ¢® ¢ ‘‘-áç¥âç¨ª�å á à�§−ë¬ ®¡é¨¬ á®áâ�¢®¬ íâ¨å á¢®©áâ¢, ¡«®ª¨
®ä®à¬«¥−ë ¢ ¢¨¤¥ Verilog-¬®¤ã«¥©, ¢å®¤ë ¨ ¢ëå®¤ë ª®â®àëå á¢ï§�−ë ¤àã£
á ¤àã£®¬ ¨«¨ ¢å®¤�¬¨ ¨ ¢ëå®¤�¬¨ ¬®¤ã«ï ¢á¥£® ‘‘-áç¥âç¨ª�.

module <ÉÍÑ_ÍÏÄÕÌÑ> (<ÓÐÉÓÏË_×ÈÏÄÏ×_É_×ÙÈÏÄÏ×>)
parameter N_Bit = 4; // òÁÚÒÑÄÎÏÓÔØ ÓÞÅÔÞÉËÁ, 4 ÂÉÔÁ ÐÏ ÕÍÏÌÞÁÎÉÀ
<äÅËÌÁÒÁÃÉÑ_×ÈÏÄÏ×_É_×ÙÈÏÄÏ×>
[<âÌÏË_ÒÅÁÌÉÚÁÃÉÉ_ÒÁÚÒÅÛÅÎÉÑ_ÒÁÂÏÔÙ_É_ÓÞÅÔÁ>]
[<âÌÏË_ÆÏÒÍÉÒÏ×ÁÎÉÑ_ÐÒÉÚÎÁËÁ_ÎÁÐÒÁ×ÌÅÎÉÑ_ÓÞÅÔÁ>]
[<âÌÏË_ÆÏÒÍÉÒÏ×ÁÎÉÑ_×ÈÏÄÏ×_ÓÂÒÏÓÁ_É_ÕÓÔÁÎÏ×ËÉ_ÑÄÒÁ_ÓÞÅÔÞÉËÁ>]
[<âÌÏË_ÆÏÒÍÉÒÏ×ÁÎÉÑ_ÓÞÅÔÎÏÇÏ_×ÈÏÄÁ_ÑÄÒÁ_ÓÞÅÔÞÉËÁ>]
[<âÌÏË_ ÉÎÄÉËÁÔÏÒÁ_ÕÓÔÁÎÏ×ËÉ_É_ÚÁÐÉÓÉ>]
[<âÌÏË_ ÉÎÄÉËÁÔÏÒÁ_ÒÁÚÒÅÛÅÎÉÑ_ÒÁÂÏÔÙ_É_ÎÁÐÒÁ×ÌÅÎÉÑ_ÓÞÅÔÁ>]
[<âÌÏË_ÉÎÄÉËÁÔÏÒÎÏÊ_ÐÏÄÓÈÅÍÙ>]
<÷ÙÚÏ×_ÍÏÄÕÌÑ_ÑÄÒÁ_ÓÞÅÔÞÉËÁ>
endmodule

÷¨á. 5 ‘âàãªâãà� è�¡«®−� ‘‘-áç¥âç¨ª�
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÷¥�«¨§�æ¨ï á�¬®á¨−åà®−−ëå áç¥âç¨ª®¢ ¬¥â®¤®¬ è�¡«®−®¢

//--- ÷ÈÏÄÙ----
input T, TB; // - 1 - óÞÅÔÎÙÊ ×ÈÏÄ, ðæó, ÓÐÅÊÓÅÒ=0
input AR; // - 2 - ÷ÈÏÄ ÁÓÉÎÈÒÏÎÎÏÇÏ ÓÂÒÏÓÁ, ÕÎÁÒÎÙÊ
input AS; // - 3 - ÷ÈÏÄ ÁÓÉÎÈÒÏÎÎÏÊ ÕÓÔÁÎÏ×ËÉ, ÕÎÁÒÎÙÊ
input CD, CDB; // - 4 - îÁÐÒÁ×ÌÅÎÉÅ ÓÞÅÔÁ, ðæó, ÓÐÅÊÓÅÒ=0
input Res, ResB;// - 5 - ÷ÈÏÄ ÏÂÝÅÇÏ óó-ÓÂÒÏÓÁ, ðæó, ÓÐÅÊÓÅÒ=0
input Set, SetB;// - 6 - ÷ÈÏÄ ÏÂÝÅÊ óó-ÕÓÔÁÎÏ×ËÉ, ðæó, ÓÐÅÊÓÅÒ=0
input WrkE, WrkEB; // - 7 - òÁÚÒÅÛÅÎÉÅ ÒÁÂÏÔÙ, ðæó, ÓÐÅÊÓÅÒ=0
input CE, CEB; // - 8 - òÁÚÒÅÛÅÎÉÅ ÓÞÅÔÁ, ðæó, ÓÐÅÊÓÅÒ=0
input WrtE, WrtEB; // - 9 - òÁÚÒÅÛÅÎÉÅ ÚÁÐÉÓÉ, ðæó, ÓÐÅÊÓÅÒ=0
input [N_Bit-1:0] D, DB; // - 10 - äÁÎÎÙÅ ÄÌÑ ÚÁÐÉÓÉ, ðæó, ÓÐÅÊÓÅÒ=0
//--- ÷ÙÈÏÄÙ----
output OT; // - 11 - óÞÅÔÎÙÊ ×ÙÈÏÄ, ÕÎÁÒÎÙÊ
output Ind; // - 12 - éÎÄÉËÁÔÏÒÎÙÊ ×ÙÈÏÄ, ÕÎÁÒÎÙÊ
output [N_Bit-1:0] Q, QB; // - 13 - éÎÆÏÒÍÁÃÉÏÎÎÙÊ ×ÙÈÏÄ, ÂÉÆÁÚÎÙÊ
//--- ÷ÎÕÔÒÅÎÎÉÅ ÓÉÇÎÁÌÙ ----
wire [N_Bit-1:0] Clear; // - 14 - ðÏÒÁÚÒÑÄÎÙÅ ÓÉÇÎÁÌÙ ÓÂÒÏÓÁ
wire [N_Bit-1:0] Preset; // - 15 - ðÏÒÁÚÒÑÄÎÙÅ ÓÉÇÎÁÌÙ ÕÓÔÁÎÏ×ËÉ

÷¨á. 6 „¥ª«�à¨àã¥¬ë¥ á¨£−�«ë è�¡«®−� ‘‘-áç¥âç¨ª�

„¥ª«�à¨àãîâáï ¨¬¥−� ¨ â¨¯ë ¢å®¤®¢ ¨ ¢ëå®¤®¢ ¢á¥£® ‘‘-áç¥âç¨ª� ¨ ¬−®-
£®à�§àï¤−ë¥ ¢−ãâà¥−−¨¥ ¯¥à¥¬¥−−ë¥ ¨§ á¯¨áª�, ¯à¨¢¥¤¥−−®£® −� à¨á. 6. ‡¤¥áì
�”‘ | â¨¯ á¨£−�«� ú¯�à�ä�§−ë© á® á¯¥©á¥à®¬û. ‚−ãâà¥−−¨¥ ã−�à−ë¥ á¨£−�«ë
¬®£ãâ −¥ ¤¥ª«�à¨à®¢�âìáï. �â® ¤®¯ãáª�¥âáï áâ�−¤�àâ®¬ ï§ëª� Verilog.

‚ â�¡«¨æ¥ ãª�§�−®, ª�ª¨¥ á¨£−�«ë ¤®«¦−ë ¤¥ª«�à¨à®¢�âìáï ¯à¨ −�«¨ç¨¨
á®®â¢¥âáâ¢ãîé¨å ®¯æ¨© ‘‘-áç¥âç¨ª�. �à¨ ®¯à¥¤¥«¥−¨¨ á®áâ�¢� ®¡êï¢«ï¥¬ëå
¢å®¤®¢, ¢ëå®¤®¢ ¨ ¯¥à¥¬¥−−ëå áã¬¬¨àãîâáï ú§¢¥§¤®çª¨û ¢® ¢á¥å áâà®ª�å â�¡-
«¨æë, á®®â¢¥âáâ¢ãîé¨å ®¯æ¨ï¬ ¢ ¤�−−®¬ áç¥âç¨ª¥. ��¯à¨¬¥à, ¢ à¥¢¥àá¨¢−®¬
‘‘-áç¥âç¨ª¥ á �á¨−åà®−−ë¬ á¡à®á®¬, ‘‘-ãáâ�−®¢ª®©, ¯�à�««¥«ì−®© §�¯¨áìî,

�¡êï¢«¥−¨ï á¨£−�«®¢ ¢ ¢�à¨�−â�å ‘‘-áç¥âç¨ª�

ü �¯æ¨ï �®àï¤ª®¢ë© −®¬¥à ¯¥à¥¬¥−−®© ¢ á¯¨áª¥
‘‘-áç¥âç¨ª� 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

1 �á¨−åà®−−ë© á¡à®á ∗ ∗ ∗ ∗
2 �á¨−åà®−−�ï ãáâ�−®¢ª� ∗ ∗ ∗ ∗
3 ‘‘-á¡à®á ∗ ∗ ∗ ∗ ∗
4 ‘‘-ãáâ�−®¢ª� ∗ ∗ ∗ ∗ ∗ ∗
5 ��à�««¥«ì−�ï §�¯¨áì ∗ ∗ ∗ ∗ ∗ ∗ ∗
6 ÷�§à¥è¥−¨¥ à�¡®âë ∗ ∗ ∗ ∗
7 ÷�§à¥è¥−¨¥ áç¥â� ∗ ∗ ∗ ∗

8
‘ç¥â−ë© ¢å®¤
−¥ á®¢¯�¤�¥â
á ä�§®¢ë¬ á¨£−�«®¬

∗ ∗ ∗ ∗

9 ÷¥¢¥àá¨¢−®áâì ∗ ∗ ∗ ∗
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à�§à¥è¥−¨¥¬ à�¡®âë ¨ áç¥â−ë¬ ¢å®¤®¬, á®¢¯�¤�îé¨¬ á ®¡é¨¬ ä�§®¢ë¬ á¨£−�-
«®¬, ¤®«¦−ë ¨á¯®«ì§®¢�âìáï ®¡êï¢«¥−¨ï ¯¥à¥¬¥−−ëå á ¯®àï¤ª®¢ë¬¨ −®¬¥à�¬¨ 2,
4, 6, 7, 9{15.

‚ ¢�à¨�−â�å ‘‘-áç¥âç¨ª� á ‘‘-á¡à®á®¬, ‘‘-ãáâ�−®¢ª®© ¨ ¯�à�««¥«ì−®©
§�¯¨áìî −¥®¡å®¤¨¬® â�ª¦¥ ®¡êï¢«¥−¨¥ ¨−¤¥ªá� £¥−¥à�â®à�, ä®à¬¨àãîé¥£® ¬−®-
£®à�§àï¤−ë¥ á¨£−�«ë: úgenvar i;û. �− §�¤�¥âáï ¢ ¬®¤ã«ïå á®®â¢¥âáâ¢ãîé¨å
¡«®ª®¢ è�¡«®−� ‘‘-áç¥âç¨ª�.

‚ á¨−åà®−−®¬ ¯à®â®â¨¯¥ á¨−â¥§¨àã¥¬®£® ‘‘-áç¥âç¨ª� áç¥â−ë¬ ¢å®¤®¬ ¬®¦¥â
á«ã¦¨âì «¨¡® ®¡é¨© â�ªâ®¢ë© á¨£−�«, «¨¡® á¨£−�«, ä®à¬¨àã¥¬ë© ª®¬¡¨−�æ¨-
®−−ë¬ ®ªàã¦¥−¨¥¬ áç¥âç¨ª�. ‚ ¯¥à¢®¬ á«ãç�¥ ¢ ‘‘-áç¥âç¨ª¥ à®«ì áç¥â−®£®
¢å®¤� ¨£à�¥â ®¤¨− ¨§ ¨−¤¨ª�â®à®¢ ä�§®¢ëå ¯¥à¥ª«îç¥−¨© ®áâ�«ì−ëå ¢å®¤®¢
‘‘-áç¥âç¨ª�. ‚ ®âáãâáâ¢¨¥ ¢å®¤®¢ à�§à¥è¥−¨ï (à�¡®âë, áç¥â�, §�¯¨á¨) ¨ ¢å®¤�
¯à¨§−�ª� −�¯à�¢«¥−¨ï áç¥â� ®− à¥�«¨§ã¥âáï ª�ª ®â¤¥«ì−ë© ã−�à−ë© ¢å®¤ ¬®¤ã-
«ï ‘‘-áç¥âç¨ª�, ª ª®â®à®¬ã ¯®¤ª«îç�¥âáï á¨£−�« ä�§®¢®£® ã¯à�¢«¥−¨ï ®¡é¥©
‘‘-áå¥¬ë.

…á«¨ áç¥â−ë© ¢å®¤ áç¥âç¨ª� ¢ á¨−åà®−−®¬ �−�«®£¥ −¥ á®¢¯�¤�¥â á â�ªâ®¢ë¬
á¨£−�«®¬, ®− à¥�«¨§ã¥âáï ª�ª �”‘-á¨£−�« à�§à¥è¥−¨ï áç¥â�. �à¨ −�«¨ç¨¨
¢ ®¯¨á�−¨¨ á¨−åà®−−®£® ¯à®â®â¨¯� áç¥âç¨ª� ¢å®¤� à�§à¥è¥−¨ï áç¥â� ®− ¨£à�¥â
à®«ì áç¥â−®£® ¢å®¤� á¨−â¥§¨àã¥¬®£® ‘‘-áç¥âç¨ª�.

�à¨¬¥à Verilog-®¯¨á�−¨ï ¡«®ª� ä®à¬¨à®¢�−¨ï ¢å®¤®¢ á¡à®á� ¨ ãáâ�−®¢ª¨
ï¤à� áç¥âç¨ª� á §�¤�−−ë¬¨ ®¯æ¨ï¬¨ �á¨−åà®−−®£® á¡à®á� ¨ CC-§�¯¨á¨ ¯à¨¢¥¤¥−
−� à¨á. 7.

module RSWB4 (AR, D, DB, WrtE, Ph, nAR, Clear, Preset);

parameter N_Bit = 4; // òÁÚÒÑÄÎÏÓÔØ ÓÞÅÔÞÉËÁ, 4 ÂÉÔÁ ÐÏ ÕÍÏÌÞÁÎÉÀ
input AR; // ÷ÈÏÄ ÁÓÉÎÈÒÏÎÎÏÇÏ ÓÂÒÏÓÁ ÎÉÚËÉÍ ÕÒÏ×ÎÅÍ
input [N_Bit-1:0] D, DB; // ðæó-×ÈÏÄ ÐÏÒÁÚÒÑÄÎÏÊ óó-ÚÁÐÉÓÉ, ÓÐÅÊÓÅÒ=0
input WrtE; // ÷ÈÏÄ ÒÁÚÒÅÛÅÎÉÑ ÚÁÐÉÓÉ ×ÙÓÏËÉÍ ÕÒÏ×ÎÅÍ
input Ph; // ÷ÈÏÄ ÒÁÚÒÅÛÅÎÉÑ ÓÂÒÏÓÁ É ÚÁÐÉÓÉ ×ÙÓÏËÉÍ ÕÒÏ×ÎÅÍ
output nAR; // ÷ÙÈÏÄ ÁÓÉÎÈÒÏÎÎÏÇÏ ÓÂÒÏÓÁ, ÁËÔÉ×ÎÙÊ ÕÒÏ×ÅÎØ ×ÙÓÏËÉÊ
output [N_Bit-1:0] Clear, Preset; // ðæó-×ÙÈÏÄ ÓÂÒÏÓÁ-ÕÓÔÁÎÏ×ËÉ
genvar i; // éÎÄÅËÓ ÇÅÎÅÒÁÔÏÒÁ Verilog-ËÏÄÁ

INV URSWB0 (.I(AR), .O(nAR));
AND3 URSWB1 (.I0(WrtE), .I1(Ph), .I2(AR), .O(WritEnC));
generate
for (i=0; i < N_Bit; i=i+1) begin //-- ãÉËÌ ÐÏ ÞÉÓÌÕ ÒÁÚÒÑÄÏ×
A21OI URSWB2 (.I0(WritEnC), .I1(DB[i]), .I2(nAR), .O(Clear[i]));
NAN2 URSWB3 (.I0(WritEnC), .I1(D[i]), .O(Preset[i]));
end
endgenerate
endmodule

÷¨á. 7 Verilog-®¯¨á�−¨¥ ¡«®ª� ä®à¬¨à®¢�−¨ï ¢å®¤®¢ á¡à®á� ¨ ãáâ�−®¢ª¨
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”ã−ªæ¨¨ ¡«®ª®¢ á®áâ�¢−ëå ç�áâ¥© ‘‘-áç¥âç¨ª�, −¥ ¤®¯ãáª�îé¨¥ ¤¥ª®¬-
¯®§¨æ¨¨, ¯à¥¤áâ�¢«¥−ë ¢ áâàãªâãà−®¬ ¢¨¤¥ ¢ ¡�§¨á¥ ¡¨¡«¨®â¥ª¨ áâ�−¤�àâ−ëå
í«¥¬¥−â®¢, §�¤�¢�¥¬®© ¯à¨ á¨−â¥§¥. ��¯à¨¬¥à, ¢ ¡«®ª¥ RSWB4 −� à¨á. 7
¨á¯®«ì§®¢�−ë í«¥¬¥−âë ¡¨¡«¨®â¥ª¨ 5503‘‘ ¨§ á¨áâ¥¬ë �¢â®¬�â¨§¨à®¢�−−®£®
¯à®¥ªâ¨à®¢�−¨ï (‘��÷) úŠ®¢ç¥£û (ú’¥å−®«®£¨ç¥áª¨© æ¥−âàû, Œˆ�’). �à¨
®âáãâáâ¢¨¨ ¯®¤å®¤ïé¥£® í«¥¬¥−â� ¢ §�¤�−−®© ¡¨¡«¨®â¥ª¥ ¨á¯®«ì§®¢�−¨¥ á®®â¢¥â-
áâ¢ãîé¥£® è�¡«®−� ‘‘-áç¥âç¨ª� −¥¢®§¬®¦−®. ‚ íâ®¬ á«ãç�¥ ¢¥áì ‘‘-áç¥âç¨ª
¤®«¦¥− á¨−â¥§¨à®¢�âìáï á ¯®¬®éìî «®£¨ç¥áª®£® á¨−â¥§�â®à� Yosys ¨ ¯à®£à�¬¬ë
á¨−â¥§� ª®¬¡¨−�æ¨®−−ëå ‘‘-áå¥¬:

{ Yosys à¥�«¨§ã¥â á¨−åà®−−ë© áç¥âç¨ª ¢ ¢¨¤¥ à¥£¨áâà� åà�−¥−¨ï ¨ ª®¬¡¨−�æ¨-
®−−®© áå¥¬ë ¥£® ®ªàã¦¥−¨ï;

{ ¯à®£à�¬¬� ª®−¢¥àâ�æ¨¨ ¯®¤áâ�¢«ï¥â ¢¬¥áâ® á¨−åà®−−®£® à¥£¨áâà� è�¡«®− ¥£®
‘‘-�−�«®£� [24];

{ ¯à®£à�¬¬� á¨−â¥§� ‘‘-áå¥¬ ¤ã�«¨§¨àã¥â á¨áâ¥¬ã «®£¨ç¥áª¨å äã−ªæ¨© ª®¬-
¡¨−�æ¨®−−®£® ®ªàã¦¥−¨ï à¥£¨áâà� ¨ ¤®¯®«−ï¥â ¥¥ ¨−¤¨ª�â®à−®© ¯®¤áå¥¬®©.

4 Методика компоновки шаблона самосинхронного счетчика

Š®¬¯®−®¢ª� è�¡«®−� ‘‘-áç¥âç¨ª� §�ª«îç�¥âáï ¢ ¯®¤¡®à¥ ¬®¤ã«¥© ¡«®ª®¢ |
ª®¬¯®−¥−â®¢ áå¥¬ë ‘‘-áç¥âç¨ª� ¨ á®£«�á®¢�−¨¨ ¨å ¨−â¥àä¥©á�, ®¡¥á¯¥ç¨¢�îé¥¬
�¤¥ª¢�â−®¥ ¢®á¯à®¨§¢¥¤¥−¨¥ á¢®©áâ¢ á¨−åà®−−®£® �−�«®£�.

�«£®à¨â¬ ª®¬¯®−®¢ª¨ è�¡«®−�:

(1) ®¯à¥¤¥«¥−¨¥ ª®¬¯«¥ªâ� á¢®©áâ¢ á¨−â¥§¨àã¥¬®£® áç¥âç¨ª� | á®¢®ªã¯−®áâ¨
äã−ªæ¨© á¡à®á�, ãáâ�−®¢ª¨, §�¯¨á¨ ¨ à�§à¥è¥−¨© | −� ®á−®¢¥ á¢®©áâ¢
á¨−åà®−−®£® ¯à®â®â¨¯�;

(2) ¯®¤¡®à ¬®¤ã«ï ï¤à� ‘‘-áç¥âç¨ª�, ¨áå®¤ï ¨§ −�«¨ç¨ï ã á¨−åà®−−®£® ¯à®â®-
â¨¯� á¢®©áâ¢ á¡à®á�, ãáâ�−®¢ª¨, §�¯¨á¨ ¨ à¥¢¥àá¨¢−®áâ¨;

(3) ¯®¤¡®à ª®¬¯«¥ªâ� ¡«®ª®¢ ¤«ï ¬®¤ã«ï ®ªàã¦¥−¨ï ï¤à� ‘‘-áç¥âç¨ª�, á®-
£«�á®¢�−¨¥ ¨¬¥− á¨£−�«®¢, ¯®¤ª«îç�¥¬ëå ª ¢å®¤�¬ ¨ ¢ëå®¤�¬ ¡«®ª®¢,
®¡êï¢«¥−¨¥ ¯�à�¬¥âà®¢ ¨ á¨£−�«®¢;

(4) £¥−¥à�æ¨ï §�£®«®¢ª� è�¡«®−� ‘‘-áç¥âç¨ª�;

(5) £¥−¥à�æ¨ï ‘‘-�âà¨¡ãâ®¢ è�¡«®−� ‘‘-áç¥âç¨ª� ¤«ï ¯®á«¥¤ãîé¥£® «®£¨ç¥-
áª®£® á¨−â¥§�;

(6) £¥−¥à�æ¨ï ¢ë§®¢� è�¡«®−� ¢ ®¡é¥© áå¥¬¥ á ãç¥â®¬ ¯®«ïà−®áâ¨ �ªâ¨¢−ëå
ãà®¢−¥© ã−�à−ëå ¢å®¤®¢ ¨ à�¡®ç¨å á®áâ®ï−¨© �”‘-¢å®¤®¢.

��§¨á ª®¬¯®−®¢ª¨ è�¡«®−� ‘‘-áç¥âç¨ª� ¢ª«îç�¥â á®¢®ªã¯−®áâì ¡«®ª®¢,
à¥�«¨§ãîé¨å ®â¤¥«ì−ë¥ ®á®¡¥−−®áâ¨ äã−ªæ¨®−¨à®¢�−¨ï á¨−â¥§¨àã¥¬®£® ‘‘-
áç¥âç¨ª�. �«®ª¨ á®¤¥à¦�âáï ¢ ¡¨¡«¨®â¥ª¥ ¢ ¢¨¤¥ Verilog-¬®¤ã«¥© ¨«¨ äà�£¬¥−â®¢
Verilog-ª®¤�. „«ï ¯®¤¡®à� ª®¬¯«¥ªâ� ¡«®ª®¢ æ¥«¥á®®¡à�§−® ¨á¯®«ì§®¢�âì â�¡-
«¨æã á®®â¢¥âáâ¢¨ï, áâà®ª¨ ª®â®à®© ®¯à¥¤¥«ïîâ −�¡®à á¢®©áâ¢ á¨−â¥§¨àã¥¬®£®
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ā. �. ‘â¥¯ç¥−ª®¢, ā. ƒ. „ìïç¥−ª®, „. ‚. •¨«ìª® ¨ ¤à.

áç¥âç¨ª�, � áâ®«¡æë ¯¥à¥ç¨á«ïîâ ¢áî á®¢®ªã¯−®áâì ¢�à¨�−â®¢ ¡«®ª®¢. �®àï¤®ª
¢ª«îç¥−¨ï ¬®¤ã«¥© ¡«®ª®¢ ¢ á®áâ�¢ è�¡«®−� ‘‘-áç¥âç¨ª� à®«¨ −¥ ¨£à�¥â.

‡�£®«®¢®ª è�¡«®−� ‘‘-áç¥âç¨ª� ¢ª«îç�¥â ¯¥à¥ç¥−ì ¢å®¤®¢ ¨ ¢ëå®¤®¢ á¨−-
â¥§¨àã¥¬®£® ‘‘-áç¥âç¨ª�. ˆ¬¥−� ¢ë¢®¤®¢ ‘‘-áç¥âç¨ª� ãª�§ë¢�îâáï ¢ á®®â¢¥â-
áâ¢¨¨ á® á¯¨áª®¬ ®¯æ¨© á¨−â¥§¨àã¥¬®£® âà¨££¥à�. ‚ â¥«® è�¡«®−� ¢ª«îç�îâáï
¢ë§®¢ë ¢á¥å ®â®¡à�−−ëå −� ¯à¥¤ë¤ãé¨å è�£�å �«£®à¨â¬� ¬®¤ã«¥© ¡«®ª®¢ ¨ á¯¨-
á®ª ¤¥ª«�à¨àã¥¬ëå á¨£−�«®¢.

5 Заключение

�à¥¤«®¦¥−−ë© ¬¥â®¤ à¥�«¨§�æ¨¨ ‘‘-áç¥âç¨ª®¢ á ¯®¬®éìî £¥−¥à¨àã¥¬ëå
è�¡«®−®¢ ¯®§¢®«ï¥â ä®à¬�«¨§®¢�âì ¨ �¢â®¬�â¨§¨à®¢�âì ¯à®æ¥¤ãàã à¥�«¨§�æ¨¨
‘‘-áç¥âç¨ª� ¯® ¥£® ¯®¢¥¤¥−ç¥áª®¬ã ®¯¨á�−¨î. �ªâã�«ì−ë¬ á¢®©áâ¢�¬ ‘‘-
áç¥âç¨ª� (á¡à®áã, ãáâ�−®¢ª¥, ¯�à�««¥«ì−®© §�¯¨á¨, à�§à¥è¥−¨î áç¥â� ¨ â. ¤.)
á®¯®áâ�¢«ïîâáï �¯¯�à�â−ë¥ ¡«®ª¨ (¬®¤ã«¨), ®¯¨á�−−ë¥ −� ï§ëª¥ Verilog ¨ åà�-
−ïé¨¥áï ¢ ¡¨¡«¨®â¥ª¥ ‘��÷. ‘�¬®á¨−åà®−−ë© áç¥âç¨ª ª®¬¯®−ã¥âáï ¨§ £®â®¢ëå
¡«®ª®¢, à¥�«¨§ãîé¨å §�¤�−−ë¥ á¢®©áâ¢� áç¥âç¨ª�, ¨ ¬®¤ã«ï ï¤à� áç¥âç¨ª�, à¥-
�«¨§ãîé¥£® −�¯à�¢«¥−¨¥ áç¥â� ¨ ¨−¤¨ª�æ¨î áç¥â−®£® à¥¦¨¬�, ¢ ¯à®¨§¢®«ì−®¬
¯®àï¤ª¥.

Verilog-®¯¨á�−¨¥ ¡«®ª®¢ ¨ ¬®¤ã«ï ï¤à� áç¥âç¨ª� ¯�à�¬¥âà¨§®¢�−ë ¯® ç¨á«ã
à�§àï¤®¢ áç¥âç¨ª�. ”ã−ªæ¨®−�«ì−�ï à¥�«¨§�æ¨ï ¡«®ª®¢ ¨ ï¤à� ®¡¥á¯¥ç¨¢�¥â
á�¬®á¨−åà®−−®áâì áª®¬¯®−®¢�−−®£® ¨§ −¨å áç¥âç¨ª�. �«®ª¨, äã−ªæ¨¨ ª®â®-
àëå −¥ ¤®¯ãáª�îâ ¤¥ª®¬¯®§¨æ¨¨ ¨§-§� −�àãè¥−¨ï á�¬®á¨−åà®−−®áâ¨ áç¥âç¨ª�,
¯à¥¤áâ�¢«¥−ë ¢ ¢¨¤¥ áâàãªâãà−®© áå¥¬ë (á¯¨áª� æ¥¯¥©) −� í«¥¬¥−â�å æ¥«¥¢®©
¡¨¡«¨®â¥ª¨ ‘��÷. �à¨ ¯¥à¥å®¤¥ −� ¤àã£ãî æ¥«¥¢ãî ¡¨¡«¨®â¥ªã á¨−â¥§� í«¥-
¬¥−âë áâàãªâãà−ëå ®¯¨á�−¨© ¡«®ª®¢ §�¬¥é�îâáï �¤¥ª¢�â−ë¬¨ í«¥¬¥−â�¬¨ −®¢®©
¡¨¡«¨®â¥ª¨.

—¨á«® ¢�à¨�−â®¢ è�¡«®−� ‘‘-áç¥âç¨ª� ®¯à¥¤¥«ï¥âáï ç¨á«®¬ ª®¬¡¨−�æ¨©
®¯æ¨©, §�¤�¢�¥¬ëå ¥£® ã−�à−ë¬¨ ¨ �”‘ ¢å®¤�¬¨. �ªâ¨¢−ë¥ ãà®¢−¨ ¢å®-
¤®¢ ¨ ¢ëå®¤®¢ ‘‘-áç¥âç¨ª� ä¨ªá¨à®¢�−ë. ˆå ¢�à¨�¡¥«ì−®áâì ®¡¥á¯¥ç¨¢�¥âáï
¯®¤áå¥¬®© á®£«�á®¢�−¨ï ¢ ®ªàã¦¥−¨¨ áç¥âç¨ª�.

ˆá¯®«ì§®¢�−¨¥ ¯à¥¤«®¦¥−−®£® ¬¥â®¤� è�¡«®−®¢ ®¡¥á¯¥ç¨¢�¥â ¯®«ãç¥−¨¥ ¤¥©-
áâ¢¨â¥«ì−® ‘‘-à¥�«¨§�æ¨© ¤¢®¨ç−ëå áç¥âç¨ª®¢ ¢ á®áâ�¢¥ ®¡é¥© ‘‘-áå¥¬ë,
®¯â¨¬¨§¨à®¢�−−ëå ¯® ¯®âà¥¡¨â¥«ìáª¨¬ å�à�ªâ¥à¨áâ¨ª�¬.
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TEMPLATE-BASED SELF-TIMED COUNTER DESIGN

Yu. A. Stepchenkov, Yu. G. Diachenko, D. V. Khilko, G. A. Orlov, G. S. Appolonov,
and D. Yu. Diachenko

Federal Research Center \Computer Science and Control" of the Russian Academy
of Sciences, 44-2 Vavilov Str., Voscow 119333, Russian Federation

Abstract: The article explores the self-timed (ST) binary counter automated
design based on the initial Verilog description of a synchronous prototype.
Counters are among the most popular digital units used in robotic systems.
Typical synchronous circuit synthesizers construct counters using a storage
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register and a combinational environment that calculates a new counter state
based on its current state and the signal values that determine the counter's
properties. However, in most cases, this approach to ST counter synthesis results
in excessive hardware redundancy and degraded counter performance. However,
circuit design solutions for sequential ST counters are available that ensure
minimal hardware costs and acceptable performance. The design features of ST
counters with various options for asynchronous and self-timed setup as well as
operation-enable features are examined. A method for the ST counter formalized
construction based on the use of ready-made hardware blocks | templates | that
implement the specific features of their behavior is proposed. The ST counter's
Verilog description is assembled from hardware modules corresponding to the
specified synthesized counter's options. The proposed template method enables
the synthesis of binary ST counters of various types (up, down, and reversible),
automates the creation of a cell library for ST circuit synthesis, and guarantees
the self-timing of the resulting hardware counter implementations.

Keywords: self-timed circuit; counter; automated design; parameterization;
template; cell library
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‚¥©¢«¥â-−¥©à®á¥â¥¢®© á¨−â¥§ ®¯â¨¬�«ì−®© −�¡«î¤�¥¬®© «¨−¥©−®© ‘â‘ �ã£�çñ¢�

1 Введение

‚ §�¤�ç�å ¯à�ªâ¨ª¨ ç�áâ® ¢áâà¥ç�îâáï «¨−¥©−ë¥ á¨áâ¥¬ë, ¢ ª®â®àëå èã¬ë
§�¢¨áïâ «¨−¥©−® ®â ¢¥ªâ®à� á®áâ®ï−¨ï á¨áâ¥¬ë. „«ï ®¯¨á�−¨ï ¯®¢¥¤¥−¨ï â�ª¨å
á¨áâ¥¬ ¯à¨¬¥−ïîâ «¨−¥©−ë¥ ‘â‘ á �˜ [1, 2]. �®«ìè®¥ ç¨á«® à�¡®â ¯®á¢ï-
é¥−® �−�«¨§ã ¨ á¨−â¥§ã ¡¨«¨−¥©−ëå ‘â‘, ª®â®àë¥ ¯à¥¤áâ�¢«ïîâ á®¡®© ¢�¦−ë©
ç�áâ−ë© á«ãç�© ‘â‘ á �˜ [3{5].

‚ −�áâ®ïé¥© à�¡®â¥ �¢â®àë ¯à¥¤«�£�îâ à¥è¥−¨¥ §�¤�ç¨ á¨−â¥§� ®¯â¨¬�«ì−®©
¯® ªà¨â¥à¨î ¬¨−¨¬ã¬� ‘Š� ®¤−®¬¥à−®© á¨áâ¥¬ë, ®¯¨áë¢�¥¬®© «¨−¥©−ë¬¨
ãà�¢−¥−¨ï¬¨ ‚. ‘. �ã£�çñ¢� á �˜ ¤«ï −�¡«î¤�¥¬®£® ¢å®¤−®£® ¨ âà¥¡ã¥¬®£®
¢ëå®¤−®£® ‘â�, §�¢¨áïé¨å ®â á«ãç�©−ëå ¯�à�¬¥âà®¢ [1, 2]. ‹¨−¥©−ë© ®¯¥à�-
â®à ‘Š�-®¯â¨¬�«ì−®© ‘â‘ −�å®¤¨âáï ¯à¨¡«¨¦¥−−ë¬ à¥è¥−¨¥¬ ®¯¥à�â®à−®£®
ãà�¢−¥−¨ï, á¢ï§ë¢�îé¥£® ¢â®àë¥ ¢¥à®ïâ−®áâ−ë¥ ¬®¬¥−âë ¢å®¤−®£® ¨ ¢ëå®¤−®£®
‘â� á¨áâ¥¬ë, −� ®á−®¢¥ ®¡é¨å ¯à¨−æ¨¯®¢ ¯à¨¡«¨¦¥−−ëå ¬¥â®¤®¢ à¥è¥−¨ï ®¯¥-
à�â®à−ëå ãà�¢−¥−¨© [6], â. ¥. ®¯¥à�â®à−®¥ ãà�¢−¥−¨¥ §�¬¥−ï¥âáï ¡®«¥¥ ¯à®áâë¬,
ª®â®à®¥ ¯®¤¤�¥âáï −¥¯®áà¥¤áâ¢¥−−®¬ã à¥è¥−¨î. �à¨ à�§à�¡®âª¥ −®¢®£® ¯à¨-
¡«¨¦¥−−®£® ¬¥â®¤� ¯à¨¬¥−ï«�áì â¥®à¨ï ŠŒ� [7], −¥©à®á¥â¥¢ë¥ â¥å−®«®£¨¨ [8]
¨ ‚‹Š÷ ‘â� [2]. „¥©áâ¢¨â¥«ì−ë¥ äã−ªæ¨¨, ®¯à¥¤¥«ïîé¨¥ ¢â®àë¥ ¢¥à®ïâ−®áâ-
−ë¥ ¬®¬¥−âë ¢å®¤−®£® ¨ ¢ëå®¤−®£® ‘â� á¨áâ¥¬ë, �¯¯à®ªá¨¬¨àãîâáï «¨−¥©−ë¬¨
ª®¬¡¨−�æ¨ï¬¨ ¡�§¨á−ëå ¢¥©¢«¥â®¢ á ª®¬¯�ªâ−ë¬¨ −®á¨â¥«ï¬¨ [7]. �¯â¨¬�«ì−ë©
¯® ªà¨â¥à¨î ‘Š� ®¯¥à�â®à §�¤�¥âáï ¢ ¢¨¤¥ á®¢®ªã¯−®áâ¨ ¯�à�¬¥âà®¢, §−�ç¥-
−¨ï ª®â®àëå −�å®¤ïâáï ¯à¨ ¯à¨¡«¨¦¥−−®¬ à¥è¥−¨¨ ®¯¥à�â®à−®£® ãà�¢−¥−¨ï −�
®á−®¢¥ ‚�‘ [9, 10]. ‚å®¤−®© ‘â� ¯à¥¤áâ�¢«ï¥âáï ¢ ¢¨¤¥ «¨−¥©−®© ª®¬¡¨−�æ¨¨
¢å®¤−ëå ‘‚ ¬¥â®¤®¬ ‚‹Š÷ [2]. �à¨ −�å®¦¤¥−¨¨ §−�ç¥−¨© ¢å®¤−ëå ‘‚ ¯à¨¬¥-
−ïîâáï ‚‹Š÷, ¯®áâà®¥−−ë¥ −� ®á−®¢¥ ‚�‘ ¨ ®¡®§−�ç�¥¬ë¥ ª�ª Š÷‚�‘ [11].
�¯â¨¬�«ì−�ï ¯® ªà¨â¥à¨î ‘Š� ®æ¥−ª� ¢ëå®¤−®£® ‘â� ¬®¤¥«¨àã¥âáï ¢ ¢¨¤¥ «¨-
−¥©−®© ª®¬¡¨−�æ¨¨ ¢å®¤−ëå ‘‚ á ª®íää¨æ¨¥−â�¬¨ ¢ ¢¨¤¥ ¯�à�¬¥âà®¢, §−�ç¥−¨ï
ª®â®àëå ¡ë«¨ ®¯à¥¤¥«¥−ë ¯à¨ à¥è¥−¨¨ ®¯¥à�â®à−®£® ãà�¢−¥−¨ï.

‚ à�§¤. 2 ¤�−� ¯®áâ�−®¢ª� §�¤�ç¨. ‚ à�§¤. 3 ¯à¥¤«�£�¥âáï ¯à¨¡«¨¦¥−−®¥ à¥-
è¥−¨¥ ®¯¥à�â®à−®£® ãà�¢−¥−¨ï −� ®á−®¢¥ ‚�‘. �à¨¢¥¤¥− �«£®à¨â¬ ®¯à¥¤¥«¥−¨ï
ª®−¥ç−®£® ç¨á«� ¯�à�¬¥âà®¢ ‘Š�-®¯â¨¬�«ì−®£® ®¯¥à�â®à�. ‚ à�§¤. 4 ®¯¨á�−
¯à®æ¥áá ¯®áâà®¥−¨ï ‘Š�-®¯â¨¬�«ì−®© ®æ¥−ª¨ âà¥¡ã¥¬®£® ¢ëå®¤−®£® ‘â� ¢ ¢¨¤¥
«¨−¥©−®© ª®¬¡¨−�æ¨¨ ¢å®¤−ëå ‘‚. �®«ãç¥−ë ä®à¬ã«ë ¤«ï −�å®¦¤¥−¨ï ¢å®¤-
−ëå ‘‚ −� ®á−®¢¥ ¬¥â®¤� Š÷‚�‘ á«ãç�©−®© ¯®¬¥å¨ ¨§ á®áâ�¢� ¢å®¤−®£® ‘â�.
�à¨¢¥¤¥− �«£®à¨â¬ ª®¬¯ìîâ¥à−®£® ¬®¤¥«¨à®¢�−¨ï ‘Š�-®¯â¨¬�«ì−®© ®æ¥−ª¨
âà¥¡ã¥¬®£® ¢ëå®¤−®£® ‘â�. ‚ à�§¤. 5 ¤«ï ®æ¥−ª¨ â®ç−®áâ¨ ¬¥â®¤� ¯®«ãç¥−ë
ä®à¬ã«ë ¬�â¥¬�â¨ç¥áª®£® ®¦¨¤�−¨ï, ¢â®à®£® −�ç�«ì−®£® ¬®¬¥−â� ¨ ¤¨á¯¥àá¨¨
®è¨¡ª¨ ‘Š�-®æ¥−ª¨ âà¥¡ã¥¬®£® ¢ëå®¤−®£® ‘â�. ‚ à�§¤. 6 ¯à¨¢¥¤¥−ë à¥§ã«ì-
â�âë ¢ëç¨á«¨â¥«ì−ëå íªá¯¥à¨¬¥−â®¢.

2 Постановка задачи

�ãáâì áâ®å�áâ¨ç¥áª¨¥ ®¤−®¬¥à−ë¥ ¤¥©áâ¢¨â¥«ì−ë¥ ‘â� Z(t) ¨ W (t), t ∈
∈ [t0, tk], §�¤�−ë −� ¢¥à®ïâ−®áâ−®¬ ¯à®áâà�−áâ¢¥ (L2[t0, tk],A,P). ‡¤¥áì
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ˆ. �. ‘¨−¨æë−, ‚. ˆ. ‘¨−¨æë−, �. ÷. Š®à¥¯�−®¢, ’. „. Š®−�è¥−ª®¢�

L2[t0, tk]| £¨«ì¡¥àâ®¢® ¯à®áâà�−áâ¢® äã−ªæ¨© ξ(t), t ∈ [t0, tk], á −®à¬®© ‖ξ‖ =
= [
∫ tk
t0
|ξ(t)|2dt]1/2; A | σ-�«£¥¡à� ¢ L2[t0, tk]; P(ξ) | ¢¥à®ïâ−®áâì á®¡ëâ¨ï ξ.

�à¨ íâ®¬ ¢ë¯®«−ïîâáï ãá«®¢¨ï:

M[Z(t)] = mZ(t) ∈ L
2[t0, tk];

M[Z(t1)Z(t2)] = •
ZZ(t1, t2) ∈ L

2 ([t0, tk]× [t0, tk]) ;
M[W (t)] = mW (t) ∈ L

2[t0, tk];

M[W (t1)W (t2)] = •
WW (t1, t2) ∈ L

2 ([t0, tk]× [t0, tk]) ;
M[W (t1)Z(t2)] = •

WZ(t1, t2) ∈ L
2 ([t0, tk]× [t0, tk]) .

‚ ¯à®áâà�−áâ¢¥ L2[t0, tk] §�¤�¤¨¬ ®àâ®−®à¬¨à®¢�−−ë© ¡�§¨á ¢¥©¢«¥â®¢ á ª®¬-
¯�ªâ−ë¬¨ −®á¨â¥«ï¬¨ {gν(t)}∞ν=1 [7]. Šà�â−®¬�áèâ�¡−ë© �−�«¨§ [7] ¯®§¢®«ï-
¥â ®¯à¥¤¥«¨âì ¯®á«¥¤®¢�â¥«ì−®áâì ¯®¤¯à®áâà�−áâ¢ EJ ¯à®áâà�−áâ¢� L2[t0, tk],
¢ ª�¦¤®¬ ¨§ ª®â®àëå ¬®¦−® ¯®áâà®¨âì á®®â¢¥âáâ¢ãîé¨© ®àâ®−®à¬¨à®¢�−−ë©
¡�§¨á ¢¥©¢«¥â®¢ á ª®¬¯�ªâ−ë¬¨ −®á¨â¥«ï¬¨ {gν(t)}Lν=1, £¤¥ ª®−¥ç−®¥ ç¨á«® L
¡�§¨á−ëå ¢¥©¢«¥â-äã−ªæ¨© ®¯à¥¤¥«ï¥âáï ¬�ªá¨¬�«ì−ë¬ ãà®¢−¥¬ ¢¥©¢«¥â-à�§-
à¥è¥−¨ï J = 0, 1, 2, . . . ¨ L = 2J+1. ‚ ¯à®áâà�−áâ¢¥ L2([t0, tk] × [t0, tk])
®¯à¥¤¥«¨¬ ¤¢ã¬¥à−ë© ®àâ®−®à¬¨à®¢�−−ë© ¡�§¨á ¯ãâ¥¬ â¥−§®à−®£® ¯à®¨§¢¥¤¥-
−¨ï ¤¢ãå ®¤−®¬¥à−ëå ¢¥©¢«¥â-¡�§¨á®¢ {gν(t)}∞v=1 ¨ §�¤�¤¨¬ á®®â¢¥âáâ¢ãîéãî
¯®á«¥¤®¢�â¥«ì−®áâì ¯®¤¯à®áâà�−áâ¢ EJ × EJ , J = 0, 1, 2, . . .

÷�áá¬®âà¨¬ ‘â‘ ‚. ‘. �ã£�çñ¢� [1, 2], ª®£¤� èã¬ë §�¢¨áïâ «¨−¥©−® ®â
á«ãç�©−ëå ¯�à�¬¥âà®¢, ®¯¨áë¢�îé¨å ¯®¢¥¤¥−¨¥ á¨áâ¥¬ë. �� ¢å®¤ ‘â‘ ¯®áâã-
¯�¥â ®¤−®¬¥à−ë© −�¡«î¤�¥¬ë© ¢ â¥ç¥−¨¥ ¯à®¬¥¦ãâª� ¢à¥¬¥−¨ [t0, tk] ‘â� Z(t),
á®¤¥à¦�é¨© ¯®«¥§−ë© á¨£−�« S(t) ¨ −®à¬�«ì−® à�á¯à¥¤¥«¥−−ãî á«ãç�©−ãî ¯®-
¬¥åã X(t) á −ã«¥¢ë¬ ¬�â¥¬�â¨ç¥áª¨¬ ®¦¨¤�−¨¥¬ ¨ §�¤�−−®© ª®¢�à¨�æ¨®−−®©
äã−ªæ¨¥© KX(t1, t2), t1, t2 ∈ [t0, tk]. �®«¥§−ë© á¨£−�« S(t) §�¤�− «¨−¥©−®©
äã−ªæ¨¥© ®â−®á¨â¥«ì−® ¢¥ªâ®à� á«ãç�©−ëå ¯�à�¬¥âà®¢ U = [U1 U2 · · · UN ]

T:

S(t) =

N∑

r=1

ξr(t)Ur , (1)

£¤¥ ξr(t), r = 1, N , | §�¤�−−ë¥ ¤¥â¥à¬¨−¨à®¢�−−ë¥ áª�«ïà−ë¥ áâàãªâãà−ë¥
äã−ªæ¨¨. ‘«ãç�©−�ï ¢¥«¨ç¨−�U §�¤�−� ¨§¢¥áâ−®© ¯«®â−®áâìî ¢¥à®ïâ−®áâ¨ fu(u)
á ª®−¥ç−ë¬¨ ¯¥à¢ë¬ ¨ ¢â®àë¬ ¬®¬¥−â�¬¨. ‘«ãç�©−�ï ¯®¬¥å� X(t) −¥ §�¢¨á¨â ®â
¢¥ªâ®à� á«ãç�©−ëå ¯�à�¬¥âà®¢ U . ‚å®¤−®© ‘â� ®¯à¥¤¥«ï¥âáï ãà�¢−¥−¨¥¬:

Z(t) =
N∑

r=1

ξr(t)Ur +

(
b0 +

N∑

r=1

brUr

)
X(t), (2)

£¤¥ br = const, r = 0, N . �� ¢ëå®¤¥ ‘â‘ âà¥¡ã¥âáï ¯®«ãç¨âì ®¤−®¬¥à−ë©
‘â� W (t) ¢ ¢¨¤¥ §�¤�−−®£® ¯à¥®¡à�§®¢�−¨ï ¢å®¤−®£® ¯®«¥§−®£® á¨£−�«�:
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W (t) =

N∑

r=1

ζr(t)Ur , (3)

£¤¥ ζr(t), r = 1, N , | §�¤�−−ë¥ ¤¥â¥à¬¨−¨à®¢�−−ë¥ áâàãªâãà−ë¥ äã−ªæ¨¨.
’à¥¡ã¥âáï −�©â¨ ®¯â¨¬�«ì−ãî ‘â‘ á ®¯¥à�â®à®¬At, ¢ëå®¤−®© ‘â� ª®â®à®£®

W ∗(t) = AtZ(t)

®¡¥á¯¥ç¨¢�¥â ¬¨−¨¬ã¬ ‘Š�:

M
[
(W (t)−W ∗(t))2

]
= min .

„�«¥¥ ‘â� W ∗(t) ¡ã¤¥¬ −�§ë¢�âì ‘Š�-®¯â¨¬�«ì−®© ®æ¥−ª®© ¢ëå®¤−®£®
‘â� W (t).

3 Приближенное решение операторного уравнения

�ãáâì At ¯à¨−�¤«¥¦¨â ª«�ááã «¨−¥©−ëå ®¯¥à�â®à®¢. ’®£¤� ¨§¢¥áâ−® ãà�¢−¥-
−¨¥, ®¯à¥¤¥«ïîé¥¥ ®¯¥à�â®à ‘â‘, ®¯â¨¬�«ì−®© ¯® áà¥¤−¥ª¢�¤à�â¨ç−®¬ã ªà¨â¥-
à¨î [2]:

At [M [Z(t)Z(τ)]] = M [W (t)Z(τ)] ; t, τ ∈ [t0, tk]. (4)

“ç¨âë¢�ï, çâ® M[Z(t)Z(τ)] = •ZZ(t, τ), M[W (t)Z(τ)] = •WZ(t, τ), ãà�¢−¥-
−¨¥ (4) ¬®¦−® ¯¥à¥¯¨á�âì ¢ ¢¨¤¥:

At

(
•ZZ(t, τ)

]
= •WZ(t, τ); t, τ ∈ [t0, tk]. (5)

ˆ§ (2) ¨ (3) á ãç¥â®¬ −¥§�¢¨á¨¬®áâ¨ U ®â X(t) ¯®«ãç�¥¬ á«¥¤ãîé¨¥ ¢ëà�¦¥−¨ï
¤«ï −�ç�«ì−ëå ¬®¬¥−â®¢ ¢â®à®£® ¯®àï¤ª� ‘â� Z(t) ¨ W (t):

•ZZ(t, τ) =

N∑

p=1

N∑

q=1

ξp(t)ξq(τ)γ
U
pq +

+



b20 + 2b0
N∑

p=1

mU
p bp +

N∑

p=1

N∑

q=1

bpbqγ
U
pq



KX(t, τ) ;

•WZ(t, τ) =

N∑

p=0

N∑

q=0

ζq(t)ξq(τ)γ
U
pq,

£¤¥ γU
pq = M[UpUq], m

U
p = M[Up].

‘®£«�á−® [6], ¤«ï ¯à¨¡«¨¦¥−−®£® à¥è¥−¨ï ãà�¢−¥−¨ï (5) ¢ë¯®«−ï¥âáï ¥£®
§�¬¥−� ¡®«¥¥ ¯à®áâë¬ ãà�¢−¥−¨¥¬ ¢¨¤�:

AL
t

[
•ZZL(t, τ)

]
= •WZL(t, τ); t, τ ∈ [t0, tk], (6)
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£¤¥ äã−ªæ¨¨ •ZZ(t, τ),•WZ(t, τ) ∈ L2([t0, tk] × [t0, tk]) �¯¯à®ªá¨¬¨àãîâáï
äã−ªæ¨ï¬¨•ZZL(t, τ),•WZL(t, τ) ∈ EJ×Ej. ”ã−ªæ¨¨•ZZL(t, τ) ¨•WZL(t, τ)
¢ëà�¦�îâáï «¨−¥©−ë¬¨ ª®¬¡¨−�æ¨ï¬¨ ¡�§¨á−ëå ¢¥©¢«¥â-äã−ªæ¨©

•ZZL(t, τ) =

L∑

ν=1

L∑

µ=1

γZZ
νµ gν(t)gµ(τ); •

WZL(t, τ) =

L∑

ν=1

L∑

µ=1

γWZ
νµ gν(t)gµ(τ) (7)

á ª®íää¨æ¨¥−â�¬¨

γZZ
νµ =

tk∫

t0

tk∫

t0

•ZZ(t, τ)gν(t)gµ(τ) dtdτ ;

γWZ
νµ =

tk∫

t0

tk∫

t0

•WZ(t, τ)gν(t)gµ(τ) dtdτ.






(8)

ˆ§ ®¯à¥¤¥«¥−¨ï ŠŒ� [7] á«¥¤ã¥â, çâ® ¤«ï t, τ ∈ [t0, tk]

lim
L→∞

•ZZL(t, τ) = •ZZ(t, τ); lim
L→∞

•WZL(t, τ) = •WZ(t, τ).

—â®¡ë −�©â¨ ®¯¥à�â®à AL
t , �¯¯à®ªá¨¬¨àãîé¨© ®¯¥à�â®à At, ¯®¤áâ�¢¨¬

¢ëà�¦¥−¨ï (7) ¢ (6):

AL
t




L∑

ν=1

L∑

µ=1

γZZ
νµ gν(t)gµ(τ)



 =
L∑

ν=1

L∑

µ=1

γWZ
νµ gν(t)gµ(τ). (9)

ˆ§ (9) á«¥¤ã¥â, çâ® ®¯¥à�â®àAL
t ¬®¦−® §�¤�âì ¢ ¢¨¤¥ á®¢®ªã¯−®áâ¨ ª®íää¨æ¨¥−â®¢

{hν}Lν=1, ã¤®¢«¥â¢®àïîé¨å ãà�¢−¥−¨î

L∑

ν=1

hνgν(t)

L∑

µ=1

γZZ
νµ gµ(τ) =

L∑

ν=1

L∑

µ=1

γWZ
νµ gν(t)gµ(τ).

’®£¤� ®¯¥à�â®à At : •
ZZ(t, τ) → •WZ(t, τ) ¤«ï t, τ ∈ [t0, tk] ®¯à¥¤¥«ï¥âáï

¢ ¢¨¤¥ ¡¥áª®−¥ç−®© á®¢®ªã¯−®áâ¨ ª®íää¨æ¨¥−â®¢ {hν}∞ν=1, ã¤®¢«¥â¢®àïîé¨å
ãà�¢−¥−¨î

∞∑

ν=1

hνgν(t)

∞∑

µ=1

γZZ
νµ gµ(τ) =

∞∑

ν=1

∞∑

µ=1

γWZ
νµ gν(t)gµ(τ).
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‘®£«�á−® [6], ¯®á«¥¤®¢�â¥«ì−®áâì ®¯¥à�â®à®¢ AL
t : •

ZZL(t, τ) → •WZL(t, τ)
¡ã¤¥â áå®¤¨âìáï ª ®¯¥à�â®àã At : •

ZZ(t, τ) → •WZ(t, τ) ¯à¨ L → ∞ ¤«ï
t, τ ∈ [t0, tk].

‘«¥¤ãï [8], −�©¤¥¬ −¥¨§¢¥áâ−ë¥ ª®íää¨æ¨¥−âë hν , ν = 1, L, ¯à¨¬¥−ïï −¥©-
à®á¥â¥¢ë¥ â¥å−®«®£¨¨. „«ï íâ®£® à�áá¬®âà¨¬ §�¤�çã �¯¯à®ªá¨¬�æ¨¨ ¨§¢¥áâ−®©
äã−ªæ¨¨ •WZ(t, τ), t, τ ∈ [t0, tk], «¨−¥©−®© §�¢¨á¨¬®áâìî ¤¢ã¬¥à−ëå ¢¥©¢«¥â-
äã−ªæ¨©

ρZZ
ν (t, τ) = gν(t)

L∑

µ=1

γZZ
νµ gµ(τ)

á −¥¨§¢¥áâ−ë¬¨ ª®íää¨æ¨¥−â�¬¨ hν , ν = 1, L:

•WZL(t, τ) =

L∑

ν=1

hνρ
ZZ
ν (t, τ).

‚ëç¨á«¨¬ §−�ç¥−¨ï §�¤�−−ëå äã−ªæ¨© ¢ â®çª�å

ti = t0 + i
δt

2
, δt =

tk − t0
L

, i = 1, L , (10)

¨ ¯®áâà®¨¬ äã−ªæ¨î áâ®¨¬®áâ¨ á«¥¤ãîé¨¬ ®¡à�§®¬:

E•(h) =
1

2L2

L∑

i=1

L∑

j=1

(

•WZ(ti, tj)−
L∑

ν=1

hνρ
ZZ
ν (ti, tj)

)2
, (11)

¨«¨

E•(h) =
1

2L2

L∑

i=1

L∑

j=1

(
eWZ(ti, tj)

)2
, (12)

£¤¥

eWZ(ti, tj) = •
WZ(ti, tj)−

L∑

ν=1

hνρ
ZZ
ν (ti, tj).

ˆâ�ª, §�¤�ç� ¯®áâà®¥−¨ï «¨−¥©−®£® ®¯¥à�â®à AL
t á¢¥¤¥−� ª −�å®¦¤¥−¨î

®¯â¨¬�«ì−ëå §−�ç¥−¨© ª®íää¨æ¨¥−â®¢ h∗ν , ν = 1, L, ¯à¨ ª®â®àëå äã−ªæ¨ï
áâ®¨¬®áâ¨ (11) ¯à¨−¨¬�¥â ¬¨−¨¬�«ì−®¥ §−�ç¥−¨¥.

„«ï à¥è¥−¨ï ¯®áâ�¢«¥−−®© §�¤�ç¨ ¯®áâà®¨¬ ¬−®£®á«®©−ãî ‚�‘ ü 1 (à¨á. 1)
á® á«¥¤ãîé¥© áâàãªâãà®©:

{ ¢å®¤−®© á«®©: ti; tj; i, j = 1, L;

{ ¯¥à¢ë© áªàëâë© á«®© ¢ëç¨á«ï¥â §−�ç¥−¨ï ¡�§¨á−ëå äã−ªæ¨© gν(ti); gµ(tj);

ν, µ = 1, L;
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÷¨á. 1 ‚¥©¢«¥â-−¥©à®−−�ï á¥âì ü 1 ¤«ï ®¯à¥¤¥«¥−¨ï ¯�à�¬¥âà®¢ «¨−¥©−®£® ®¯¥à�â®-
à� AL

t

{ ¢â®à®© áªàëâë© á«®© ¢ëç¨á«ï¥â §−�ç¥−¨ï äã−ªæ¨©

ρZZ
ν (tj) =

L∑

µ=1

γZZ
νµ gµ(tj);

{ âà¥â¨© áªàëâë© á«®© ¢ëç¨á«ï¥â §−�ç¥−¨ï äã−ªæ¨©

ρZZ
ν (ti, tj) = gν(ti)ρ

ZZ
ν (tj) ;

{ ¢ëå®¤−®© á«®© ¢ëç¨á«ï¥â §−�ç¥−¨ï ä�ªâ¨ç¥áª®£® ®âª«¨ª� á¥â¨

ρWZ(ti, tj) =

L∑

ν=1

hνρ
ZZ
ν (ti, tj) .
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‚¥©¢«¥â-−¥©à®−−�ï á¥âì á®¤¥à¦¨â ¯ïâì á«®¥¢, ¢ â®¬ ç¨á«¥ âà¨ áªàëâëå.
�¡ãç�¥¬ë¬¨ ¯�à�¬¥âà�¬¨ á«ã¦�â á¨−�¯â¨ç¥áª¨¥ ¢¥á�hν , ν = 1, L. „«ï ®¡ãç¥−¨ï
‚�‘ ¯à¨¬¥−ï¥âáï ¯�ª¥â−ë© à¥¦¨¬ ®¡ãç¥−¨ï á ãç¨â¥«¥¬ ¬¥â®¤®¬ ®¡à�â−®£®
à�á¯à®áâà�−¥−¨ï ®è¨¡ª¨ [8]. ��ç¨−�ï á ¨áå®¤−ëå §−�ç¥−¨© ¢¥á®¢ hν(0) =
= hν0, ν = 1, L, £¥−¥à¨àã¥âáï ¯®á«¥¤®¢�â¥«ì−®áâì ¢¥á®¢ëå ª®íää¨æ¨¥−â®¢
hν(1), hν(2), . . ., ν = 1, L, â�ª¨å çâ® ¯à¨ ¯¥à¥å®¤¥ ®â n-© ¨â¥à�æ¨¨ �«£®à¨â¬�
ª (n + 1)-© ¢ë¯®«−ï¥âáï ãá«®¢¨¥ E•(h(n + 1)) ≤ E•(h(n)), � §−�ç¥−¨ï ¢¥á®¢ëå
ª®íää¨æ¨¥−â®¢ áâ�¡¨«¨§¨àãîâáï ®ª®«® ®¯â¨¬�«ì−ëå §−�ç¥−¨© h∗ν , ν = 1, L.

Š®àà¥ªâ¨à®¢ª� ¢¥á®¢ ®áãé¥áâ¢«ï¥âáï ¯® ä®à¬ã«¥:

hν(n+ 1) = hν(n)− ηqν(n), (13)

£¤¥

qν(n) = qν =
∂E•(h)

∂hν
=

= − 1
L2

L∑

i=1

L∑

j=1

(
•WZ(ti, tj)−

L∑

ν=1

hνρ
ZZ
ν (ti, tj)

)
ρZZ

ν (ti, tj);

η = const | ¯�à�¬¥âà áª®à®áâ¨ ®¡ãç¥−¨ï 0 < η < 1.
‚ ¨â®£¥ ¨¬¥¥¬ �«£®à¨â¬ ®¯à¥¤¥«¥−¨ï ¯�à�¬¥âà®¢ h∗ν, ν = 1, L, «¨−¥©−®£®

®¯¥à�â®à� AL
t .

�«£®à¨â¬ 1. �¯à¥¤¥«¥−¨¥ ¯�à�¬¥âà®¢ «¨−¥©−®£® ®¯¥à�â®à� AL
t

1. ƒ¥−¥à�æ¨ï ¬−®¦¥áâ¢� ®¡ãç�îé¨å ¯à¨¬¥à®¢ ¢ ¢¨¤¥ á®¢®ªã¯−®áâ¨ §−�ç¥−¨©
¯�à�¬¥âà� ¢à¥¬¥−¨ ti, tj, i, j = 1, L, ¯® ä®à¬ã«¥ (10) ¨ á®®â¢¥âáâ¢ãîé¨å

§−�ç¥−¨© äã−ªæ¨¨ •WZ(ti, tj), i, j = 1, L. ‡�¤�−¨¥ §−�ç¥−¨© äã−ªæ¨¨

•ZZ(ti, tj).

2. �¯à¥¤¥«¥−¨¥ ª®íää¨æ¨¥−â®¢ γZZ
νµ , ν, µ = 1, L, ¢¥©¢«¥â-à�§«®¦¥−¨ï (‚‹÷)

•ZZL(ti, tj) á®£«�á−® (7), (8).

3. ‡�¤�−¨¥ ¯�à�¬¥âà� áª®à®áâ¨ ®¡ãç¥−¨ï 0 < η < 1, ¯�à�¬¥âà� 0 < δE < 1.

4. ˆ−¨æ¨�«¨§�æ¨ï ¢¥á®¢. �à¨ n = 0 hν(0) = hν0, ν = 1, L.

5. ‚ëç¨á«¥−¨¥ äã−ªæ¨© ¯¥à¢®£® áªàëâ®£® á«®ï gν(ti), ν = 1, L.

6. ‚ëç¨á«¥−¨¥ äã−ªæ¨© ¢â®à®£® áªàëâ®£® á«®ï ρZ
ν (ti), ν, i = 1, L.

7. ‚ëç¨á«¥−¨¥ äã−ªæ¨© âà¥âì¥£® áªàëâ®£® á«®ï ρQZ
ν (ti, tj), ν, i, j = 1, L.

8. ‚ëç¨á«¥−¨¥ äã−ªæ¨© ¢ëå®¤−®£® á«®ï ρWZ(ti, tj), i, j = 1, L.
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9. ‚ëç¨á«¥−¨¥ §−�ç¥−¨ï äã−ªæ¨¨ áâ®¨¬®áâ¨ ¯® ä®à¬ã«¥ (12). ��ç¨−�ï á âà¥âì-
¥£® è�£� ¯à¨ n = 3, ¯à®¢¥àª� ãá«®¢¨ï ®ª®−ç�−¨ï �¤�¯â�æ¨¨ ¢¥á®¢: |E•(h(n+
+ 1)) − E•(h(n))| ≤ δE. …á«¨ ãá«®¢¨¥ ¢ë¯®«−ï¥âáï, ¢ëå®¤ ¨§ �«£®à¨â¬�,
¢ ¯à®â¨¢−®¬ á«ãç�¥ ¯¥à¥å®¤ ª ¯. 10.

10. �¤�¯â�æ¨ï ¢¥á®¢. ˆ§¬¥−¥−¨¥ ¢¥á®¢ ¯® ä®à¬ã«¥ (13).

11. “¢¥«¨ç¥−¨¥ −®¬¥à� ¨â¥à�æ¨¨ n −� 1 ¨ ¢®§¢à�é¥−¨¥ ª ¯. 8.

4 Построение оценки выходного стохастического процесса,
оптимальной по критерию среднего квадратического отклонения

�®á«¥ ®¯à¥¤¥«¥−¨ï ¯�à�¬¥âà®¢ h∗ν , ν = 1, L, «¨−¥©−®£® ®¯¥à�â®à AL
t ¤«ï ¯®-

áâà®¥−¨ï ¯à¨¡«¨¦¥−−®© ‘Š�-®¯â¨¬�«ì−®© ®æ¥−ª¨ ¢ëå®¤−®£® ‘â� −¥®¡å®¤¨¬®
�¯¯à®ªá¨¬¨à®¢�âì ¢å®¤−®© ‘â� Z(t) ‚‹÷

ZL(t) =

L∑

ν=1

V Z
ν gν(t) ,

£¤¥ V Z
ν | ¢å®¤−ë¥ ‘‚, ®¯à¥¤¥«ï¥¬ë¥ ¢ëà�¦¥−¨ï¬¨

V Z
ν =

tk∫

t0

gν(t)Z(t) dt , ν = 1, L . (14)

’®£¤� ¯à¨¡«¨¦¥−−ãî ‘Š�-®¯â¨¬�«ì−ãî ®æ¥−ªã ¬®¦−® §�¯¨á�âì ¢ ¢¨¤¥:

WL∗

(t) = AL
t Z(t) =

L∑

ν=1

h∗νV
Z
ν gν(t). (15)

�®á«¥ ¯®¤áâ�−®¢ª¨ (2) ¢ (14) ¨¬¥¥¬:

V Z
ν =

NU∑

r=0

Ur

tk∫

t0

ξr(t)gν(t) dt +

(

b0 +

N∑

r=1

Urbr

) tk∫

t0

X(t)gν(t) dt .

ˆ§ ãá«®¢¨ï ξ1(t), . . . , ξN (t) ∈ L2[t0, tk] á«¥¤ã¥â, çâ®

tk∫

t0

ξr(t)gν(t) dt = α
ξ
νr (16)
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ï¢«ïîâáï ª®íää¨æ¨¥−â�¬¨ á®®â¢¥âáâ¢ãîé¨å ‚‹÷. ‘«ãç�©−ë¥ ¢¥«¨ç¨−ë

V X
ν =

tk∫

t0

X(t)gν(t) dt (17)

¯à¥¤áâ�¢«ïîâ á®¡®© −¥ª®àà¥«¨à®¢�−−ë¥ ‘‚ Š÷‚�‘ [11] á«ãç�©−®© ¯®¬¥å¨X(t)
¢ ¢¨¤¥

X(t) =

L∑

ν=1

V X
ν gν(t).

‘«ãç�©−ë¥ ¢¥«¨ç¨−ë V X
ν ¨¬¥îâ −ã«¥¢ë¥ ¬�â¥¬�â¨ç¥áª¨¥ ®¦¨¤�−¨ï ¨ ¤¨á¯¥à-

á¨¨ DX
ν , §−�ç¥−¨ï ª®â®àëå ®¯à¥¤¥«ïîâáï ¯à¨ ¯®áâà®¥−¨¨ Š÷‚�‘ ‘â� X(t).

“ç¨âë¢�ï (16) ¨ (17), ¯®«ãç¨¬ ®ª®−ç�â¥«ì−®¥ ¢ëà�¦¥−¨¥ ¤«ï ¢å®¤−ëå ‘‚ V Z
ν :

V Z
ν =

N∑

r=1

ανrUr +

(
b0 +

N∑

r=1

Urbr

)
V X

ν . (18)

�®á«¥ ¯®¤áâ�−®¢ª¨ (18) ¢ (15) ¯®«ãç�¥¬ ä®à¬ã«ã ¤«ï ‘Š�-®¯â¨¬�«ì−®© ®æ¥−ª¨:

WL∗

(t) =
L∑

ν=1

h∗νgν(t)

(
N∑

r=1

ανrUr +

(
b0 +

N∑

r=1

Urbr

)
V X

ν

)
. (19)

„«ï ª®¬¯ìîâ¥à−®£® ¬®¤¥«¨à®¢�−¨ï ‘Š�-®¯â¨¬�«ì−®© ®æ¥−ª¨ WL∗

(t) ¢ë-
å®¤−®£® ‘â� W (t) −¥®¡å®¤¨¬® c ¯®¬®éìî ¤�âç¨ª� á«ãç�©−ëå ç¨á¥« ¯®«ãç¨âì
§−�ç¥−¨ï u = [u1 u2 · · · uN ]

T ¢¥ªâ®à−®© ‘‚ U á §�¤�−−®© ¯«®â−®áâìî ¢¥à®ïâ-

−®áâ¨ fu(u) ¨ §−�ç¥−¨ï vX
ν , ν = 1, L, −®à¬�«ì−ëå ‘‚ V X

ν , ν = 1, L, á −ã«¥¢ë¬
¬�â¥¬�â¨ç¥áª¨¬ ®¦¨¤�−¨¥¬ ¨ ¤¨á¯¥àá¨ï¬¨ DX

ν .
„«ï −�å®¦¤¥−¨ï ¤¨á¯¥àá¨© DX

ν ‘‚ V X
ν , ν = 1, L, à�§à�¡®â�− �«£®à¨â¬ −�

®á−®¢¥ ¬−®£®á«®©−®© ‚�‘ ü 2 [11] (à¨á. 2):

{ ¢å®¤−®© á«®©: ti; tj; i, j = 1, L;

{ ¯¥à¢ë© áªàëâë© á«®© ¢ëç¨á«ï¥â §−�ç¥−¨ï äã−ªæ¨©

āν(ti, tj) = gν(ti)gν(ti), ν = 1, L ;

{ ¢ëå®¤−®© á«®© ¢ëç¨á«ï¥â ®âª«¨ª á¥â¨:

y(ti, tj) =

L∑

ν=1

DX
ν āν(ti, tj).
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�¡ãç�¥¬ë¬¨ ¯�à�¬¥âà�¬¨ á«ã-

÷¨á. 2 ‚¥©¢«¥â-−¥©à®−−�ï á¥âì ü 2 ¤«ï
®¯à¥¤¥«¥−¨ï ¤¨á¯¥àá¨© ‘‚ V X

ν

¦�â á¨−�¯â¨ç¥áª¨¥ ¢¥á� DX
ν , ν =

= 1, L. „«ï ®¡ãç¥−¨ï ‚�‘ ü 2
¯à¨¬¥−ï¥âáï ¯�ª¥â−ë© à¥¦¨¬ ®¡ãç¥-
−¨ï á ãç¨â¥«¥¬ ¬¥â®¤®¬ ®¡à�â−®£®
à�á¯à®áâà�−¥−¨ï ®è¨¡ª¨ [8]. ��-
ç¨−�ï á ¨áå®¤−ëå §−�ç¥−¨© ¢¥á®¢
DX

ν (0) = DX
ν0, ν = 1, L, £¥−¥à¨-

àã¥âáï ¯®á«¥¤®¢�â¥«ì−®áâì ¢¥á®¢ëå
ª®íää¨æ¨¥−â®¢ DX

ν (1),D
X
ν (2), . . .,

ν = 1, L, â�ª¨å çâ® ¯à¨ ¯¥à¥-
å®¤¥ ®â n-© ¨â¥à�æ¨¨ �«£®à¨â¬�
ª (n + 1)-© ¢ë¯®«−ï¥âáï ãá«®¢¨¥
EX(DX

ν (n+1)) ≤ EX(DX
ν (n)) ¤«ï

äã−ªæ¨¨ áâ®¨¬®áâ¨

EX
(
DX

ν (n)
)
=
1

2L2

L∑

i=1

L∑

j=1

(
eXij (n)

)2
, (20)

£¤¥ ®è¨¡ª� ¤«ï ª�¦¤®£® ¯à¨¬¥à� ®¡ãç¥−¨ï ¢ëç¨á«ï¥âáï ¯® ä®à¬ã«¥

eXij = K
X(ti, tj)− y(ti, tj) = KX(ti, tj)−

L∑

ν=1

DX
ν (n)āν(ti, tj).

‚ à¥§ã«ìâ�â¥ ®¡ãç¥−¨ï §−�ç¥−¨ï ¢¥á®¢ëå ª®íää¨æ¨¥−â®¢ áâ�¡¨«¨§¨àãîâáï ®ª®«®
®¯â¨¬�«ì−ëå §−�ç¥−¨© DX∗

ν , ν = 1, L. Š®àà¥ªâ¨à®¢ª� ¢¥á®¢ ®áãé¥áâ¢«ï¥âáï ¯®
ä®à¬ã«¥:

DX
ν (n+ 1) = D

X
ν (n)− ηXq

X
ν (n), (21)

£¤¥

qX
ν (n) = −

1

L2

L∑

i=1

L∑

j=1

(
āν(ti, tj)e

X
ij (n)

)
;

ηX = const | ¯�à�¬¥âà áª®à®áâ¨ ®¡ãç¥−¨ï 0 < ηX < 1.

�«£®à¨â¬ 2. �¯à¥¤¥«¥−¨¥ ¤¨á¯¥àá¨© DX
ν −®à¬�«ì−ëå ‘‚ V X

ν , ν = 1, L

1. ƒ¥−¥à�æ¨ï ¬−®¦¥áâ¢� ®¡ãç�îé¨å ¯à¨¬¥à®¢ ¢ ¢¨¤¥ á®¢®ªã¯−®áâ¨ §−�ç¥−¨©
¯�à�¬¥âà� ¢à¥¬¥−¨ ti, tj, i, j = 1, L, ¯® ä®à¬ã«¥ (10) ¨ á®®â¢¥âáâ¢ãîé¨å

§−�ç¥−¨© äã−ªæ¨¨ KX(ti, tj), i, j = 1, L.
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2. ‡�¤�−¨¥ ¯�à�¬¥âà� áª®à®áâ¨ ®¡ãç¥−¨ï 0 < ηX < 1, ¯�à�¬¥âà� 0 < δEX
< 1.

3. ˆ−¨æ¨�«¨§�æ¨ï ¢¥á®¢. �à¨ n = 0 DX
ν (0) = D

X
ν0, ν = 1, L.

4. ‚ëç¨á«¥−¨¥ äã−ªæ¨© áªàëâ®£® á«®ï: āν(ti, tj); ν, i, j = 1, L.

5. ‚ëç¨á«¥−¨¥ ä�ªâ¨ç¥áª®£® ®âª«¨ª�: y(ti, tj); i, j = 1, L.

6. ‚ëç¨á«¥−¨¥ §−�ç¥−¨ï äã−ªæ¨¨ áâ®¨¬®áâ¨ ¯® ä®à¬ã«¥ (20). ��ç¨−�ï
á âà¥âì¥£® è�£� ¯à¨ n = 3, ¯à®¢¥àª� ãá«®¢¨ï ®ª®−ç�−¨ï �¤�¯â�æ¨¨ ¢¥-

á®¢: |EX(DX
ν (n + 1)) − EX(DX

ν (n))| ≤ δEX
. …á«¨ ãá«®¢¨¥ ¢ë¯®«−ï¥âáï,

¢ëå®¤ ¨§ �«£®à¨â¬�, ¢ ¯à®â¨¢−®¬ á«ãç�¥ ¯¥à¥å®¤ ª ¯. 7.

7. �¤�¯â�æ¨ï ¢¥á®¢. ˆ§¬¥−¥−¨¥ ¢¥á®¢ ¯® ä®à¬ã«¥ (21).

8. “¢¥«¨ç¥−¨¥ −®¬¥à� ¨â¥à�æ¨¨ n −� 1 ¨ ¢®§¢à�é¥−¨¥ ª ¯. 5.

‘å¥¬� ª®¬¯ìîâ¥à−®£® ¬®¤¥«¨à®¢�−¨ï §−�ç¥−¨©

wL∗

(t) =

L∑

ν=1

h∗νv
Z
ν gν(t) (22)

®æ¥−ª¨ WL∗

(t) ¯à¥¤áâ�¢«¥−� −� à¨á. 3.

÷¨á. 3 ‘å¥¬� ª®¬¯ìîâ¥à−®£® ¬®¤¥«¨à®¢�−¨ï ‘Š�-®¯â¨¬�«ì−®© ®æ¥−ª¨ WL∗

(t)
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�«£®à¨â¬ 3. Š®¬¯ìîâ¥à−®¥ ¬®¤¥«¨à®¢�−¨¥ ‘Š�-®¯â¨¬�«ì−®© ®æ¥−ª¨ WL∗

(t)

1. ‚ë¡®à ¡�§¨á� ¢¥©¢«¥â®¢ á ª®¬¯�ªâ−ë¬¨ −®á¨â¥«ï¬¨, §�¤�−¨¥ ¬�ªá¨¬�«ì−®£®
ãà®¢−ï ¢¥©¢«¥â-à�§à¥è¥−¨ï J. ƒ¥−¥à�æ¨ï ¬−®¦¥áâ¢� ®¡ãç�îé¨å ¯à¨¬¥à®¢
¤«ï ‚�‘ ü 1 ¨ ‚�‘ ü 2. ‡�¤�−¨¥ ¨áå®¤−ëå ¤�−−ëå: b0, br ¨ ξr(t).
ƒ¥−¥à�æ¨ï §−�ç¥−¨© ur ‘‚ Ur.

2. ��à�««¥«ì−®¥ ¢ë¯®«−¥−¨¥ �«£®à¨â¬®¢ 1 ¨ 2.

3. ‚ëç¨á«¥−¨¥ §−�ç¥−¨© vZ
ν ‘‚ V Z

ν á®£«�á−® (18).

4. ‚ëç¨á«¥−¨¥ §−�ç¥−¨ï wL∗

(t) ‘Š�-®¯â¨¬�«ì−®© ®æ¥−ª¨ WL∗

(t) ¢ §�¤�−−ë©
¬®¬¥−â ¢à¥¬¥−¨ t ∈ [t0, tk] á®£«�á−® (22).

5 Точность алгоритмов

„«ï ®æ¥−ª¨ â®ç−®áâ¨ −�©¤¥¬ ¬�â¥¬�â¨ç¥áª®¥ ®¦¨¤�−¨¥ ¨ ¤¨á¯¥àá¨î ®è¨¡ª¨

–(t) =W (t)−WL∗

(t). (23)

‘®£«�á−® (3) ¨ (19),

–(t) =

N∑

r=1

Ur

(
ζr(t)−

L∑

ν=1

h∗νανrgν(t)

)
−

L∑

ν=1

h∗ν

(
b0 +

N∑

r=1

Urbr

)
Vνgν(t).

…á«¨ ¤«ï ª�¦¤®£® r = 1, N ¢¢¥áâ¨ äã−ªæ¨î εζr(t, L) = ζr(t) −
−∑L

ν=1 h
∗
νανrgν(t), â®

–(t) =

NU∑

r=1

Urε
ζ
r(t, L) −

L∑

ν=1

h∗ν

(

b0 +

N∑

r=1

Urbr

)

V X
ν gν(t).

“ç¨âë¢�ï ãá«®¢¨ï M[V X
ν ] = 0, M[(V

X
ν )
2] = DX

ν , M[V X
ν Ur] = 0, ν = 1, L,

r = 1, N , ¯®«ãç¨¬ ¢ëà�¦¥−¨ï ¤«ï ¬�â¥¬�â¨ç¥áª®£® ®¦¨¤�−¨ï ®è¨¡ª¨

m–(t) =

NU∑

r=1

mU
r ε

ζ
r(t, L), (24)

� â�ª¦¥ ¥¥ ¢â®à®£® −�ç�«ì−®£® ¬®¬¥−â� •–(t) ¨ ¤¨á¯¥àá¨¨ D–(t):

•–(t) =
N∑

r1=1

N∑

r2=1

γU
r1r2ε

ζ
r1(t, L)ε

ζ
r2(t, L) +

+

L∑

ν=1

hL∗2
ν DX

ν g
2
ν(t)

(

b20 + 2

N∑

r=1

b0brm
U
r +

N∑

r1=1

N∑

r2

γU
r1r2br1br2

)

; (25)
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D–(t) =

N∑

r1=1

N∑

r2=1

kU
r1r2ε

ζ
r1(t, L)ε

ζ
r2(t, L) +

+

L∑

ν=1

hL∗2
ν DX

ν g
2
ν(t)

(

b20 + 2

N∑

r=1

b0brm
U
r +

N∑

r1=1

N∑

r2=1

γU
r1r2br1br2

)

, (26)

£¤¥ ¨á¯®«ì§®¢�−ë á«¥¤ãîé¨¥ ®¡®§−�ç¥−¨ï: kU
r1r2 = γ

U
r1r2 −mU

r1m
U
r2.

’�ª¨¬ ®¡à�§®¬, â®ç−®áâì ‘Š�-®¯â¨¬�«ì−®© ®æ¥−ª¨ WL∗

(t) ¢ëå®¤−®£® ‘â�
W (t) á¨áâ¥¬ë, ®¯¨áë¢�¥¬®© ãà�¢−¥−¨ï¬¨ (1), (2), ®æ¥−¨¢�¥âáï ¬�â¥¬�â¨ç¥áª¨¬
®¦¨¤�−¨¥¬, ¢â®àë¬ −�ç�«ì−ë¬ ¬®¬¥−â®¬, ¤¨á¯¥àá¨¥© ®è¨¡ª¨ (23), ¢ëç¨á«ï¥-
¬ë¬¨ á®®â¢¥âáâ¢¥−−® ¯® ä®à¬ã«�¬ (24){(26).

6 Вычислительные эксперименты

��©â¨ ‘Š�-®¯â¨¬�«ì−ãî ‘â‘, ¯à¥¤−�§−�ç¥−−ãî ¤«ï ¢®á¯à®¨§¢¥¤¥−¨ï á¨£-
−�«�

W (t) = U (27)

¯® à¥§ã«ìâ�â�¬ −�¡«î¤¥−¨ï

Z(t) = U + (1 + bU)X(t) (28)

¢ â¥ç¥−¨¥ ¨−â¥à¢�«� ¢à¥¬¥−¨ ¤«¨â¥«ì−®áâìî T , ¯à¥¤è¥áâ¢ãîé¥£® ¤�−−®¬ã ¬®-
¬¥−âã t (t ≥ T ). ‘«ãç�©−�ï £�ãáá®¢áª�ï ¯®¬¥å� X(t) ¨¬¥¥â −ã«¥¢®¥ ¬�â¥¬�â¨ç¥-
áª®¥ ®¦¨¤�−¨¥ ¨ ª®¢�à¨�æ¨®−−ãî äã−ªæ¨îKX(t1, t2) = DX exp(−αX |t1− t2|).
‘«ãç�©−ë© ¯�à�¬¥âà U −¥ §�¢¨á¨â ®â á«ãç�©−®© ¯®¬¥å¨ X(t), §�¤�− −®à¬�«ì-
−ë¬ à�á¯à¥¤¥«¥−¨¥¬ á M[U ] = mu = const < ∞, M[U2] = γu = const < ∞,
Du = γu −m2u.

÷¥�«¨§�æ¨¨ ‘â� Z(t) ¨ W (t) ¤«ï t ∈ [t0, t0 + T ] ¯à¨−�¤«¥¦�â ¯à®áâà�−áâ¢ã
L2[t0, t0 + T ], ¢ ª®â®à®¬ §�¤�¥âáï ®àâ®−®à¬¨à®¢�−−ë© ¡�§¨á ¢¥©¢«¥â®¢ •��à�
{gν(t)}∞ν=1 [7]. ‡�¤�¢ ¬�ªá¨¬�«ì−ë© ãà®¢¥−ì ¢¥©¢«¥â-à�§à¥è¥−¨ï J, ®¯à¥¤¥«¨¬
¯®¤¯à®áâà�−áâ¢®EJ ⊂ L2[t0, t0+T ] á ª®−¥ç−ë¬ ç¨á«®¬ ¡�§¨á−ëå ¢¥©¢«¥â-äã−ª-
æ¨© L. ‘ ¯®¬®éìî §�¬¥−ë �t = (t− t0)/T ¢á¥ ¢ëç¨á«¥−¨ï ¯¥à¥−®áïâáï ¢ L2[0, 1]
á ¡�§¨á®¬ •��à�:

g01(�t) =

{
1 ¯à¨ �t ∈ [0, 1], ;
0 ¯à¨ �t 6∈ [0, 1];
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g0ν(�t) = ψjk(�t) =






√
2j ¯à¨ �t ∈

[
k

l
,
k + 0,5

l

)
;

−
√
2j ¯à¨ �t ∈

[
k + 0,5

l
,
k + 1

l

]
;

0 ¯à¨ �t 6∈
[
k

l
,
k + 1

l

]

¤«ï j = 0, J ; l = 2j; k = 0, l − 1; ν = l + k + 1. �¡à�â−ë© ¯¥à¥å®¤ ®â t ∈ [0, 1]
ª t ∈ [t0, t0 + T ] ®áãé¥áâ¢«ï¥âáï ¯® ä®à¬ã«¥ t = t0 + T t.

‡−�ç¥−¨ï ¢â®àëå −�ç�«ì−ëå ¬®¬¥−â®¢•ZZ (t1, t2)¨•
WZ(t1, t2), á®£«�á−® (27)

¨ (28), ¢ëç¨á«ïîâáï ¯® ä®à¬ã«�¬:

•ZZ(t1, t2) = M [Z(t1)Z(t2)] = γu +
(
1 + 2bmu + b

2γu

)
KX(t1, t2) ;

•WZ(t1, t2) = M [W (t1)Z(t2)] = γu .

„«ï à¥�«¨§�æ¨¨ �«£®à¨â¬� 3 à�§à�¡®â�−® ¨−áâàã¬¥−â�«ì−®¥ ¯à®£à�¬¬−®¥
®¡¥á¯¥ç¥−¨¥ ¢ áà¥¤¥ MATLAB. ˆáå®¤−ë¥ ¤�−−ë¥: DX = 1; αX = 1; T = 8;
t ∈ [0, 8]; mu = 0; Du = 1. ‚ �«£®à¨â¬¥ 2 ηX = 0,8 [11]. Œ�â¥¬�â¨ç¥áª®¥
®¦¨¤�−¨¥ ®è¨¡ª¨ ¢ ¤�−−®¬ ¯à¨¬¥à¥ à�¢−® 0.

’�¡«¨æ� 1 ‡−�ç¥−¨ï ¯�à�¬¥âà®¢ h∗ν, v = 1, L, E• ¨ D– ¢ §�¢¨á¨¬®áâ¨ ®â L

L h∗ν , ν = 1, L E• D–

4
h∗1 = 0,6206;
h∗2 = h

∗

3 = h
∗

4 = 0
8,0429 · 10−14 0,6148

8
h∗1 = 0,6741;
h∗2 = −2,2844 · 10−19;
h∗ν = 0, ν = 3, 8

1,3200 · 10−11 0,5456

16

h∗1 = 0,6900;
h∗2 = −1,1107 · 10−19;
h3 = 9,6065 · 10−20
h∗4 = 3,7633 · 10−21;
h∗ν = 0, ν = 5, 16

4,6319 · 10−11 0,5238

32

h∗1 = 0,6942;
h∗2 = −2,3678 · 10−20;
h∗3 = −3,7248 · 10−20;
h∗4 = 5,2246 · 10−20;
h∗5 = 1,4976 · 10−20;
h∗6 = 1,4573 · 10−20;
h∗7 = 1,5138 · 10−20;
h∗8 = 1,4162 · 10−20;
h∗ν = 0, ν = 9, 32

6,3315 · 10−11 0,5180
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÷¨á. 4 ƒà�ä¨ª äã−ªæ¨¨ E• = E•(n), ®¡®§−�ç¥−−®© ª�ª MSE-L, ¯à¨ L = 4

„«ï b = 1 ¢ (28) ¢ å®¤¥ ¢ëç¨á«¨â¥«ì−ëå íªá¯¥à¨¬¥−â®¢ ¡ë«® ®¯à¥¤¥«¥−®
®¯â¨¬�«ì−®¥ §−�ç¥−¨¥ ¯�à�¬¥âà� áª®à®áâ¨ ®¡ãç¥−¨ï η = 0,1 ¤«ï ¢ë¯®«−¥−¨ï
�«£®à¨â¬� 1. ��ç¨−�ï á n = 30, ¤«ï δE = 0,0001 ¢ë¯®«−ï¥âáï ãá«®¢¨¥

∣∣∣E•(h(n + 1))− E•(h(n))
∣∣∣ ≤ δE .

‚ â�¡«. 1 ¯à¨¢¥¤¥−ë §−�ç¥−¨ï ¯�à�¬¥âà®¢, −¥ §�¢¨áïé¨å ®â ¢à¥¬¥−¨ ¢ ¤�−−®¬
¯à¨¬¥à¥, ¤«ï n = 50 ¨ L = 4, 8, 16 ¨ 32, � ¨¬¥−−®:

{ §−�ç¥−¨ï ¯�à�¬¥âà®¢ h∗ν , ν = 1, L, «¨−¥©−®£® ®¯¥à�â®à� AL
t , ¢ëç¨á«ï¥¬ëå

á ¯®¬®éìî �«£®à¨â¬� 1;

{ §−�ç¥−¨ï äã−ªæ¨¨ áâ®¨¬®áâ¨ E•, ¢ëç¨á«ï¥¬®© ¯® ä®à¬ã«¥ (11);

{ §−�ç¥−¨ï ¤¨á¯¥àá¨¨ ®è¨¡ª¨ D–, ¢ëç¨á«ï¥¬®© ¯® ä®à¬ã«¥ (26).

�� à¨á. 4 ¨§®¡à�¦¥− £à�ä¨ª äã−ªæ¨¨ E• = E•(n), ®¡®§−�ç¥−−®© ª�ª
MSE-L, ¯à¨ L = 4. �� à¨á. 5 ¯à¨¢¥¤¥−ë £à�ä¨ª¨ à¥�«¨§�æ¨© ¢å®¤−®£®
á¨£−�«� Z(t), âà¥¡ã¥¬®£® ¢ëå®¤−®£® á¨£−�«� W (t)) ¨ ¥£® ‘Š�-®¯â¨¬�«ì−®©
®æ¥−ª¨ WL∗

(t), ®¡®§−�ç¥−−®©WE, ¤«ï L = 4, 8 ¨ 32.
‚ëç¨á«¨â¥«ì−ë¥ íªá¯¥à¨¬¥−âë ¤«ï à�§«¨ç−ëå §−�ç¥−¨© ¯�à�¬¥âà� b ¢ (28)

¢ë¯®«−ï«¨áì â®«ìª® ¤«ï L = 8.
‚ â�¡«. 2 ¯à¨¢¥¤¥−ë §−�ç¥−¨ï ¯�à�¬¥âà®¢, −¥ §�¢¨áïé¨å ®â ¢à¥¬¥−¨, ¤«ï

b = 102, 101, 10−1 ¨ 10−4, � ¨¬¥−−®:

{ §−�ç¥−¨ï ¯�à�¬¥âà� áª®à®áâ¨ ®¡ãç¥−¨ï η ¤«ï ¢ë¯®«−¥−¨ï �«£®à¨â¬� 1;

{ −®¬¥à n ®ª®−ç�−¨ï ¢ë¯®«−¥−¨ï �«£®à¨â¬� 1;

{ §−�ç¥−¨ï ¯�à�¬¥âà®¢ h∗ν , ν = 1, L, «¨−¥©−®£® ®¯¥à�â®à AL
t , ¢ëç¨á«ï¥¬ëå

á ¯®¬®éìî �«£®à¨â¬� 1;

{ §−�ç¥−¨ï äã−ªæ¨¨ áâ®¨¬®áâ¨ E•, ¢ëç¨á«ï¥¬®© ¯® ä®à¬ã«¥ (11);

{ §−�ç¥−¨ï ¤¨á¯¥àá¨¨ ®è¨¡ª¨ D–, ¢ëç¨á«ï¥¬®© ¯® ä®à¬ã«¥ (26).
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÷¨á. 5 ƒà�ä¨ª ¢å®¤−®£® á¨£−�«� Z (1), âà¥¡ã¥¬®£® á¨£−�«� W (2) ¨ ¥£® ®æ¥−ª¨WE (3)
¤«ï L = 4 (�), 8 (¡) ¨ 32 (¢)

�� à¨á. 6 ¯à¨¢¥¤¥−ë £à�ä¨ª¨ à¥�«¨§�æ¨© ¢å®¤−®£® á¨£−�«� Z(t), âà¥¡ã¥¬®£®
¢ëå®¤−®£® á¨£−�«� W (t) ¨ ¥£® ‘Š�-®¯â¨¬�«ì−®© ®æ¥−ª¨ WL∗

(t), ®¡®§−�ç¥−−®©
WE, ¤«ï b = 102, 101, 10−1 ¨ 10−4.

‚ëç¨á«¨â¥«ì−ë¥ íªá¯¥à¨¬¥−âë ¯®¤â¢¥à¤¨«¨ à¥§ã«ìâ�âë áà�¢−¨â¥«ì−®£® �−�-
«¨§� ¯®áâà®¥−¨ï ‘Š�-®¯â¨¬�«ì−®© ®æ¥−ª¨ ¢ëå®¤−®£® ‘â� «¨−¥©−®© ‘â‘ −�
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’�¡«¨æ� 2 ‡−�ç¥−¨ï ¯�à�¬¥âà®¢ h∗ν, v = 1, 8, E• ¨ D– ¤«ï à�§«¨ç−ëå §−�ç¥−¨© b

b η n h∗ν, ν = 1, L E• D–

102 10−8 50
h∗1 = 4,1347 · 10−4;
h∗2 = −1,037 · 10−21;
h∗ν = 0, ν = 3, 8

6,1630 · 10−33 1,0

101 10−3 50
h∗1 = 0,0393;
h∗2 = −2,2709 · 10−20;
h∗ν = 0, ν = 3, 8

6,1630 · 10−33 0,9985

10−1 10−1 50
h∗1 = 0,8036;
h∗2 = 1,8398 · 1019;
h∗ν = 0, ν = 3, 8

3,4790 · 10−8 0,3539

10−4 10−2 500
h∗1 = 0,8050;
h∗2 = 8,7604 · 10−20;
h∗ν = 0, ν = 3, 8

9,2027 · 10−11 0,3513

÷¨á. 6 ƒà�ä¨ª ¢å®¤−®£® á¨£−�«� Z (1), âà¥¡ã¥¬®£® á¨£−�«� W (2) ¨ ¥£® ®æ¥−ª¨WE (3)
¤«ï b = 102, 101 (¡), 10−1 (¢) ¨ 10−4 (£)

‘ˆ‘’…Œ› ˆ ‘÷…„‘’‚� ˆ�”�÷Œ�’ˆŠˆ â®¬ 36 −®¬¥à 2 2026 35



ˆ. �. ‘¨−¨æë−, ‚. ˆ. ‘¨−¨æë−, �. ÷. Š®à¥¯�−®¢, ’. „. Š®−�è¥−ª®¢�

®á−®¢¥ ¬¥â®¤� Š÷ à�§«¨ç−ëå ¬¥â®¤®¢ [12]. Œ¥â®¤¨ç¥áª®¥ ¨ ¯à®£à�¬¬−®-�«£®-
à¨â¬¨ç¥áª®¥ ®¡¥á¯¥ç¥−¨¥ −� ®á−®¢¥ ‚�‘ ®¡¥á¯¥ç¨¢�¥â ¢ëá®ªãî â®ç−®áâì ¯à¨
−¥¡®«ìè®¬ ç¨á«¥ ç«¥−®¢ ‚‹Š÷ ¯® áà�¢−¥−¨î á à¥ªãàà¥−â−ë¬¨ �«£®à¨â¬�¬¨
¯®áâà®¥−¨ï ‚‹Š÷ ã¦¥ ¯à¨ L = 4.

7 Заключение

„«ï ‘â� á ª®−¥ç−ë¬¨ ¢¥à®ïâ−®áâ−ë¬¨ ¬®¬¥−â�¬¨ ¢â®à®£® ¯®àï¤ª� à�§à�¡®-
â�−® ¬¥â®¤¨ç¥áª®¥ ¨ �«£®à¨â¬¨ç¥áª®¥ ®¡¥á¯¥ç¥−¨¥ ¢¥©¢«¥â-−¥©à®á¥â¥¢®£® á¨−â¥§�
‘Š�-®¯â¨¬�«ì−®© −�¡«î¤�¥¬®© áª�«ïà−®© ‘â‘ �ã£�çñ¢� á �˜ −� ®á−®¢¥
â¥®à¨¨ ŠŒ�, ‚‹Š÷ ¨ ‚�‘.

�à®¢¥¤¥−−ë¥ ¢ëç¨á«¨â¥«ì−ë¥ íªá¯¥à¨¬¥−âë ¯®ª�§�«¨ ¢ëá®ªãî â®ç−®áâì −¥©-
à®á¥â¥¢®£® á¨−â¥§� ¯® áà�¢−¥−¨î á �«£®à¨â¬�¬¨ −� ¡�§¥ à¥ªãàà¥−â−®£® á¨−â¥§�
¨ ‚‹Š÷.

�®«ãç¥−−ë¥ à¥§ã«ìâ�âë ¤®¯ãáª�îâ ®¡®¡é¥−¨¥ −� á«ãç�© ¬−®£®¬¥à−®© ‘â‘,
®¯¨áë¢�¥¬®© «¨−¥©−ë¬¨ ãà�¢−¥−¨ï¬¨ ‚. ‘. �ã£�çñ¢� á �˜, ¨ ¤àã£¨¥ ¢¨¤ë
−¥«¨−¥©−ëå ‘â‘.
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WAVELET-NEURAL NETWORK SYNTHESIS OF THE OPTIMAL
OBSERVED LINEAR STOCHASTIC PUGACHEV SYSTEM

WITH PARAMETRIC NOISES USING THE MEAN-SQUARE
CRITERION

I. N. Sinitsyn, V. I. Sinitsyn, E. R. Korepanov, and T. D. Konashenkova

Federal Research Center \Computer Science and Control" of the Russian Academy
of Sciences, 44-2 Vavilov Str., Moscow 119333, Russian Federation

Abstract: Methodological and algorithmical support for wavelet neural network
(WNN) synthesis for observable linear scalar Pugachev stochastic system (StS)
with parametric noises (PN) and mean square error (MSE) criterion is presented.
Input of StS with PN contains useful signal scalar stochastic process (StP)
depending upon random vector parameters and PN. Output StP is fixed. Linear
operator MSE-optimal StS is derived by approximate solution of operator
equation connecting second probability moments of input and needed output
using methods of multiscale analysis (MSA) and WNN. Input StP is presented
in the form of linear combination of input random variables (RV) by means
of wavelet canonical expansions (WLCE). Mean-square optimal estimate of an
output StP is also constructed in the form of linear combination of input RV
with coefficients defined by operator equation solution. Formulae based on the
first and second probability moments for accuracy of MSE estimate are given.
Computer experiments confirm advantages of WNN synthesis based on MSA,
WLCE, and WNN in comparison with recurrent synthesis based on MSA and
WLCE.

Keywords: canonical expansion; mean-square criterion; modeling; optimal
estimate; parametric noise; stochastic process; stochastic system; wavelet;
wavelet-neural network
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СТАТИСТИЧЕСКИЙ АНАЛИЗ ЭКВИВАЛЕНТНОСТИ
АЛГОРИТМОВ ОЦЕНИВАНИЯ ПАРАМЕТРОВ
ДИНАМИКО-СТОХАСТИЧЕСКИХ МОДЕЛЕЙ

ТУРБУЛЕНТНОГО ТЕПЛООБМЕНА ОКЕАНА И АТМОСФЕРЫ∗

А. А. Осипова1

�−−®â�æ¨ï: �à®¢®¤¨âáï áâ�â¨áâ¨ç¥áª¨© �−�«¨§ íª¢¨¢�«¥−â−®áâ¨ −¥¯�à�-
¬¥âà¨ç¥áª®£® ¨ ¯®«ã¯�à�¬¥âà¨ç¥áª®£® ¯®¤å®¤®¢ ª ®æ¥−¨¢�−¨î á«ãç�©−ëå
ª®íää¨æ¨¥−â®¢ áâ®å�áâ¨ç¥áª®£® ¤¨ää¥à¥−æ¨�«ì−®£® ãà�¢−¥−¨ï (‘„“) ˆâ®,
¨á¯®«ì§ã¥¬®£® ¤«ï ¬®¤¥«¨à®¢�−¨ï âãà¡ã«¥−â−ëå ¯®â®ª®¢ â¥¯«� ¬¥¦¤ã ®ª¥-
�−®¬ ¨ �â¬®áä¥à®©. ‘ ¯®¬®éìî ªà¨â¥à¨ï “¨«ª®ªá®−�{Œ�−−�{“¨â−¨ ¢ë-
¯®«−¥−® áà�¢−¥−¨¥ íää¥ªâ¨¢−®áâ¨ ¬¥â®¤®¢ ¢ §�¢¨á¨¬®áâ¨ ®â ç¨á«� £àã¯¯
−� íâ�¯¥ ¤¨áªà¥â¨§�æ¨¨ ¢å®¤−ëå ¤�−−ëå. ˆáá«¥¤®¢�−¨¥ ¯à®¢¥¤¥−® ª�ª −�
á¨−â¥â¨ç¥áª¨å ¤�−−ëå á ¨§¢¥áâ−ë¬¨ ª®íää¨æ¨¥−â�¬¨, â�ª ¨ −� à¥�«ì−ëå
¤�−−ëå à¥�−�«¨§� ERA5 ¤«ï ‘¥¢¥à−®© �â«�−â¨ª¨. “áâ�−®¢«¥−®, çâ® ¯à¨
ã¢¥«¨ç¥−¨¨ ç¨á«� £àã¯¯ â®ç−®áâì −¥¯�à�¬¥âà¨ç¥áª®£® ¬¥â®¤� ¤«ï ª®íää¨-
æ¨¥−â� ¤à¥©ä� á−¨¦�¥âáï, � ¤«ï ª®íää¨æ¨¥−â� ¤¨ääã§¨¨ ¢®§à�áâ�¥â, ¢ â®
¢à¥¬ï ª�ª ¯®«ã¯�à�¬¥âà¨ç¥áª¨© ¬¥â®¤ ¤¥¬®−áâà¨àã¥â ¢ëá®ªãî áâ�¡¨«ì−®áâì.
�� ®á−®¢¥ áâ�â¨áâ¨ç¥áª®£® â¥áâ¨à®¢�−¨ï á ¯®¯à�¢ª®© •®«¬�{�®−ä¥àà®−¨ −�
¬−®¦¥áâ¢¥−−ãî ¯à®¢¥àªã £¨¯®â¥§ ®¯à¥¤¥«¥−® ¯®à®£®¢®¥ ç¨á«® £àã¯¯ (¯®àï¤-
ª� 200{250), −�ç¨−�ï á ª®â®à®£® à�á¯à¥¤¥«¥−¨ï ®æ¥−®ª ®¡®¨å ¬¥â®¤®¢ áâ�-
−®¢ïâáï áâ�â¨áâ¨ç¥áª¨ −¥à�§«¨ç¨¬ë¬¨, çâ® ¯®¤â¢¥à¦¤�¥â ¨å ¯à�ªâ¨ç¥áªãî
íª¢¨¢�«¥−â−®áâì ¤«ï �−�«¨§� £¥®ä¨§¨ç¥áª¨å ¤�−−ëå.

Š«îç¥¢ë¥ á«®¢�: áâ®å�áâ¨ç¥áª®¥ ¤¨ää¥à¥−æ¨�«ì−®¥ ãà�¢−¥−¨¥ ˆâ®; á«ã-
ç�©−ë¥ ª®íää¨æ¨¥−âë; EM-�«£®à¨â¬

DOI: 10.14357/08696527260203 EDN: YAHNFS

1 Введение

�¤−®© ¨§ £«�¢−ëå §�¤�ç á®¢à¥¬¥−−®© ¬¥â¥®à®«®£¨¨, ®ª¥�−®£à�ä¨¨ ¨ ª«¨¬�-
â®«®£¨¨ ï¢«ï¥âáï ¨áá«¥¤®¢�−¨¥ ¬¥å�−¨§¬®¢ ¢§�¨¬®¤¥©áâ¢¨ï â¥¯«®¢ëå ¯®â®ª®¢,
â¥¬¯¥à�âãàë ¯®¢¥àå−®áâ¨ ¬®àï ¨ ¯à¨§¥¬−®£® �â¬®áä¥à−®£® ¤�¢«¥−¨ï. �−�-
«¨§¨àãï ¨§¬¥−ç¨¢®áâì ¨ ä¨§¨ç¥áª¨¥ å�à�ªâ¥à¨áâ¨ª¨ â¥¯«®¢ëå ¯®â®ª®¢ ¨ ¨å
¢§�¨¬®á¢ï§ì á ¤àã£¨¬¨ ¬¥â¥®à®«®£¨ç¥áª¨¬¨ ¯¥à¥¬¥−−ë¬¨, ¬®¦−® ¯®«ãç¨âì æ¥−-
−ãî ¨−ä®à¬�æ¨î ® ª«¨¬�â¨ç¥áª®© á¨áâ¥¬¥ ‡¥¬«¨. �â¨ §−�−¨ï ¨¬¥îâ à¥è�îé¥¥
§−�ç¥−¨¥ ¤«ï ã«ãçè¥−¨ï áà¥¤−¥- ¨ ¤®«£®áà®ç−®£® ¯à®£−®§¨à®¢�−¨ï ¯®£®¤ë, çâ®

∗ˆáá«¥¤®¢�−¨¥ ¢ë¯®«−¥−® §� áç¥â £à�−â� ÷®áá¨©áª®£® −�ãç−®£® ä®−¤� ü 25-21-00448,
https://rscf.ru/project/25-21-00448/.

1”¥¤¥à�«ì−ë© ¨áá«¥¤®¢�â¥«ìáª¨© æ¥−âà úˆ−ä®à¬�â¨ª� ¨ ã¯à�¢«¥−¨¥û ÷®áá¨©áª®© �ª�¤¥¬¨¨
−�ãª, osipova.anastasiya.2020@gmail.com
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‘â�â¨áâ¨ç¥áª¨© �−�«¨§ íª¢¨¢�«¥−â−®áâ¨ �«£®à¨â¬®¢ ®æ¥−¨¢�−¨ï ¯�à�¬¥âà®¢ ¬®¤¥«¥©

¯®§¢®«ï¥â ¡®«¥¥ â®ç−® ¯à¥¤áª�§ë¢�âì ¯®ï¢«¥−¨¥ íªáâà¥¬�«ì−ëå á®¡ëâ¨©, â�ª¨å
ª�ª âà®¯¨ç¥áª¨¥ ãà�£�−ë, æã−�¬¨ ¨ â. ¤. Šà®¬¥ â®£®, ¨§ãç¥−¨¥ ¤�−−ëå ¯à®æ¥áá®¢
¯®¬®£�¥â ®æ¥−¨âì ¬�áèâ�¡ �−âà®¯®£¥−−®£® ¢®§¤¥©áâ¢¨ï −� ®ªàã¦�îéãî áà¥¤ã
¨ ¯®−ïâì ª«îç¥¢ë¥ ä�ªâ®àë, ¢«¨ïîé¨¥ −� ª«¨¬�â −�è¥© ¯«�−¥âë.

ˆ§¢¥áâ−®, çâ® −� ¯®¢¥àå−®áâ¨ à�§¤¥«� ¤¢ãå áà¥¤ | ®ª¥�−� ¨ �â¬®áä¥àë |
âãà¡ã«¥−â−ë¥ ¯®â®ª¨ â¥¯«� ¨¬¥îâ ¢ëá®ªãî ¢®«�â¨«ì−®áâì −� à�§«¨ç−ëå ¯à®-
áâà�−áâ¢¥−−®-¢à¥¬¥−− �ëå ¬�áèâ�¡�å [1,2].

Œ®¤¥«¨à®¢�−¨¥ ¯à¨à�é¥−¨© ¯®â®ª®¢ â¥¯«� á ¯®¬®éìî áâ®å�áâ¨ç¥áª®£® ¤¨ä-
ä¥à¥−æ¨�«ì−®£® ãà�¢−¥−¨ï ˆâ® �¤¥ª¢�â−® ®¯¨áë¢�¥â ¤¨−�¬¨ªã ¯®â®ª®¢ ¢ áà¥¤−¥-
áà®ç−®© ¨ ¤®«£®áà®ç−®© ¯¥àá¯¥ªâ¨¢¥ ¨ å®à®è® á®£«�áã¥âáï á à¥�«ì−ë¬¨ ¤�−−ë¬¨.
�â� ¬®¤¥«ì ¨¬¥¥â àï¤ ¯à¥¨¬ãé¥áâ¢ ¯¥à¥¤ ¨§¢¥áâ−ë¬¨ ç¨á«¥−−ë¬¨ ¨«¨ áâ®å�áâ¨-
ç¥áª¨¬¨ ¬®¤¥«ï¬¨. �−� ¤®¢®«ì−® ¯à®áâ�, ¯®áª®«ìªã ä®à¬� ¬®¤¥«¨ ®¯à¥¤¥«ï¥âáï
¤¢ã¬ï ª®íää¨æ¨¥−â�¬¨ ¤�¦¥ ¢ ¬−®£®¬¥à−®¬ á«ãç�¥ (¢¥ªâ®à ¤à¥©ä� ¨ ¬�âà¨æ�
¤¨ääã§¨¨). ’�ª¨¬ ®¡à�§®¬, ¬®¦−® ª®«¨ç¥áâ¢¥−−® ®æ¥−¨âì ¯®¢¥¤¥−¨¥ ¨§ãç�¥¬ëå
å�à�ªâ¥à¨áâ¨ª, â. ¥. ¯à®�−�«¨§¨à®¢�âì ¨ á¯à®£−®§¨à®¢�âì ¨å. �¥á¬®âàï −� â® çâ®
á�¬� ¯® á¥¡¥ ¬®¤¥«ì ‘„“ −¥ −®¢�, ¨áá«¥¤®¢�−¨¥ á¢®©áâ¢ áâ®å�áâ¨ç¥áª¨å ¬®¤¥«¥©
¨ ¯® á¥© ¤¥−ì ®áâ�¥âáï, −¥á®¬−¥−−®, ®¤−®© ¨§ �ªâã�«ì−ëå ¯à®¡«¥¬ á®¢à¥¬¥−−ëå
áâ�â¨áâ¨ª¨ ¨ ¨−ä®à¬�â¨ª¨ [3,4]. ˆ§¢¥áâ−ë à�§«¨ç−ë¥ ¬¥â®¤ë ®æ¥−¨¢�−¨ï ª®íä-
ä¨æ¨¥−â®¢ ‘„“ [5,6], −® ¤«ï ª®−ªà¥â−®© ¯à¨ª«�¤−®© ®¡«�áâ¨ âà¥¡ã¥âáï â®−ª�ï
−�áâà®©ª�, ª®â®à®© ¨ ¯®á¢ïé¥−� ¤�−−�ï áâ�âìï.

‚¥à®ïâ−®áâ−ë¥ à¥§ã«ìâ�âë ¢ ®¡«�áâ¨ ¯à¨à®¤ë à�áá¬�âà¨¢�¥¬ëå ¤�−−ëå ª�-
á�îâáï �¯¯à®ªá¨¬�æ¨¨ à�á¯à¥¤¥«¥−¨ï ¯®â®ª®¢ â¥¯«� ¤¢ãå¯�à�¬¥âà¨ç¥áª¨¬ à�á-
¯à¥¤¥«¥−¨¥¬ ”¨è¥à�{’à¨¯¯¥â� á ®æ¥−ª®© ¥£® ¯�à�¬¥âà®¢ ¯® ¤�−−ë¬ ¡�§ë à¥�-
−�«¨§� NCEP{NCAR (National Centers for Environmental Prediction / National
Center for Atmospheric Research) §� ¯¥à¨®¤ 1948{2008 ££. [7]. ‚ áâ�âì¥ [8] ¨§ãç¥−®
áâ�â¨áâ¨ç¥áª®¥ ¯®¢¥¤¥−¨¥ íªáâà¥¬�«ì−ëå å�à�ªâ¥à¨áâ¨ª ¯®â®ª®¢ (¬�ªá¨¬ã¬, ¬¨-
−¨¬ã¬) ¯® ®¡«�áâ¨ §� ¢¥áì ¯¥à¨®¤ −�¡«î¤¥−¨© ¢ â®çª�å ®¤−®£à�¤ãá−®© á¥âª¨ ¯à¨
à�§«¨ç−ëå ®áà¥¤−¥−¨ïå ®â áãâ®ç−ëå ¤® £®¤®¢ëå, � â�ª¦¥ áà¥¤−¨å §−�ç¥−¨© ¯®
à�á¯à¥¤¥«¥−¨î ¨ ¬¥¤¨�−. Šà®¬¥ â®£®, ¯à®¢¥¤¥−� �¯¯à®ªá¨¬�æ¨ï ¢¥à®ïâ−®áâ−ëå
à�á¯à¥¤¥«¥−¨© ¤«ï ª�¦¤®£® ¨§ â¨¯®¢ ¯®â®ª®¢ â¥¯«� ¯® ®â¤¥«ì−®áâ¨ ¨ ¨áá«¥¤®-
¢�−ë ¨å á®¢¬¥áâ−ë¥ à�á¯à¥¤¥«¥−¨ï. „�−−�ï à�¡®â� ¯à®¤®«¦�¥â ¨áá«¥¤®¢�−¨ï
−¥¯�à�¬¥âà¨ç¥áª®£® ¨ ¯®«ã¯�à�¬¥âà¨ç¥áª®£® ¬¥â®¤®¢ ®æ¥−¨¢�−¨ï á«ãç�©−ëå ª®-
íää¨æ¨¥−â®¢ áâ®å�áâ¨ç¥áª®£® ¤¨ää¥à¥−æ¨�«ì−®£® ãà�¢−¥−¨ï ˆâ®, ®¯¨á�−−ëå
à�−¥¥ ¢ áâ�âìïå [8{10]. ‚ à�¡®â¥ [10] ¡ë«® ¯®ª�§�−® ª�ç¥áâ¢¥−−®¥ áå®¤áâ¢®
¬¥â®¤®¢, ®¤−�ª® ®áâ�¢�«áï ®âªàëâë¬ ¢®¯à®á ® áâ�â¨áâ¨ç¥áª®© §−�ç¨¬®áâ¨ íâ®£®
áå®¤áâ¢� ¨ ® ¢«¨ï−¨¨ ¯�à�¬¥âà®¢ ¤¨áªà¥â¨§�æ¨¨ ¤�−−ëå −� â®ç−®áâì ®æ¥−®ª.
„�−−�ï à�¡®â� ¯®á¢ïé¥−� ¤¥â�«ì−®¬ã �−�«¨§ã íâ¨å ä�ªâ®à®¢.

‚ áâ�âì¥ ¯à¥¤áâ�¢«¥−ë á«¥¤ãîé¨¥ −®¢ë¥ à¥§ã«ìâ�âë:

{ áâ�â¨áâ¨ç¥áª¨ ¨áá«¥¤®¢�−® ¯®¢¥¤¥−¨¥ ®æ¥−®ª ®¡®¨å ¬¥â®¤®¢ ¯à¨ à�§«¨ç−®¬
ç¨á«¥ £àã¯¯ −� íâ�¯¥ ¤¨áªà¥â¨§�æ¨¨;

{ ¯à®¢¥¤¥−® áà�¢−¥−¨¥ â®ç−®áâ¨ à�¡®âë ¬¥â®¤®¢ −� á¨−â¥â¨ç¥áª¨å ¤�−−ëå ¯à¨
à�§«¨ç−®¬ ç¨á«¥ £àã¯¯ −� íâ�¯¥ ¤¨áªà¥â¨§�æ¨¨;
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{ ¤«ï −�¡®à� §−�ç¥−¨© à�§−¨æ� à�¡®âë ¬¥â®¤®¢ ¯à®¤¥¬®−áâà¨à®¢�−� −� ¤�−−ëå
à¥�−�«¨§� ® ï¢−®¬ ¨ áªàëâ®¬ ¯®â®ª�å â¥¯«�, � â�ª¦¥ �â¬®áä¥à−®£® ¤�¢«¥−¨ï
−� ¢á¥© ®¡«�áâ¨ ‘¥¢¥à−®© �â«�−â¨ª¨;

{ ¯à®¢¥¤¥−® áâ�â¨áâ¨ç¥áª®¥ ¨áá«¥¤®¢�−¨¥ à�§«¨ç¨© à�á¯à¥¤¥«¥−¨© ¯®«ãç�¥¬ëå
¢ë¡®à®ª ®æ¥−®ª ¤«ï à�§«¨ç−®£® ç¨á«� £àã¯¯ á ¯®¬®éìî ªà¨â¥à¨ï “¨«ª®ªá®-
−�{Œ�−−�{“¨â−¨.

‘«¥¤ã¥â ®â¬¥â¨âì, çâ® ¢ ¤�−−®© à�¡®â¥ ¨−â¥à¥á ¯à¥¤áâ�¢«ï¥â à¥§ã«ìâ�â áà�¢-
−¥−¨ï ¬¥â®¤®¢ ¢ ¯¥à¢ãî ®ç¥à¥¤ì ¯à¨¬¥−¨â¥«ì−® ª ¨§ãç�¥¬®© ¯à¥¤¬¥â−®© ®¡«�áâ¨,
¤�−−ë¥ ¢ ª®â®à®© âà�¤¨æ¨®−−® ¯à¥¤áâ�¢«ïîâáï ¢ ä®à¬�â¥ ¤¢ã¬¥à−ëå £¥®£à�ä¨-
ç¥áª¨å ª�àâ. �®íâ®¬ã ¯à¨ áà�¢−¥−¨¨ ¬¥â®¤®¢ ¢�¦−� −¥ â®«ìª® �¡á®«îâ−�ï
â®ç−®áâì ¯®«ãç�¥¬ëå ®æ¥−®ª −� á¨−â¥â¨ç¥áª¨å ¤�−−ëå, −® ¨ ¥áâ¥áâ¢¥−−®áâì
¨ ®¡êïá−¨¬®áâì ®æ¥−®ª á â®çª¨ §à¥−¨ï £¥®ä¨§¨ª¨, ¯®íâ®¬ã à�áá¬�âà¨¢�îâáï
â�ª¦¥ à¥§ã«ìâ�âë ¬¥â®¤®¢ −� à¥�«ì−ëå ¤�−−ëå, å®âï ¤«ï −¨å ¨ −¥ áãé¥áâ¢ã¥â
®¤−®§−�ç−®£® ®â¢¥â� ® ¯®¢¥¤¥−¨¨ ª®íää¨æ¨¥−â®¢ ãà�¢−¥−¨ï.

‚ à�§¤. 2 ¤�−® ®¯¨á�−¨¥ ¨á¯®«ì§ã¥¬®© ¬�â¥¬�â¨ç¥áª®© ¬®¤¥«¨, � â�ª¦¥ áä®à-
¬ã«¨à®¢�−� ¯®áâ�−®¢ª� §�¤�ç¨. ÷�§¤¥« 3 ¯®á¢ïé¥− ¨á¯®«ì§ã¥¬ë¬ ¬¥â®¤�¬ ®æ¥-
−¨¢�−¨ï ª®íää¨æ¨¥−â®¢, � â�ª¦¥ ¯à®æ¥¤ãà¥ ¤¨áªà¥â¨§�æ¨¨ ¤�−−ëå. �¯¨á�−¨¥
¨á¯®«ì§ã¥¬ëå ¢ ¨áá«¥¤®¢�−¨¨ ¤�−−ëå à¥�−�«¨§�, � â�ª¦¥ £¥−¥à�æ¨¨ á¨−â¥â¨ç¥-
áª¨å ¤�−−ëå ¯à¨¢¥¤¥−® ¢ à�§¤. 4. �®¤à�§¤¥«ë 5.1 ¨ 5.2 ¯®á¢ïé¥−ë ¨áá«¥¤®¢�−¨î
¢«¨ï−¨ï ç¨á«� £àã¯¯ −� íâ�¯¥ ¤¨áªà¥â¨§�æ¨¨ −� â®ç−®áâì à�¡®âë ¬¥â®¤®¢ ¨ áâ�-
â¨áâ¨ç¥áª®© ¯à®¢¥àª¥ §−�ç¨¬®áâ¨ à�§«¨ç¨© à�á¯à¥¤¥«¥−¨© ¯®«ãç�¥¬ëå ®æ¥−®ª
á®®â¢¥âáâ¢¥−−®. ’¥å−¨ç¥áª¨¥ ¤¥â�«¨ à¥�«¨§�æ¨¨ ¬¥â®¤®¢ ®æ¥−¨¢�−¨ï ¨ áà�¢−¥-
−¨ï ¯à¨¢¥¤¥−ë ¢ ¯®¤à�§¤. 5.3. ‚ §�ª«îç¥−¨¨ ªà�âª® áä®à¬ã«¨à®¢�−ë ®á−®¢−ë¥
¯®«ãç¥−−ë¥ ¢ áâ�âì¥ à¥§ã«ìâ�âë.

2 Постановка задачи

÷�áá¬®âà¨¬ ‘„“ ˆâ®:

dX = a(t,X) dt + b(t,X) dW (t). (1)

„�−−�ï ¬®¤¥«ì ®¡ëª−®¢¥−−® ¨á¯®«ì§ã¥âáï ¤«ï ®¯¨á�−¨ï á«ãç�©−ëå ¯à®æ¥áá®¢
¤¨ääã§¨®−−®£® â¨¯�, ¢ ª®â®àëå ¨§¬¥−ç¨¢®áâì á�¬®£® ¯à®æ¥áá� §� ¬�«ë© ¯à®-
¬¥¦ãâ®ª ¢à¥¬¥−¨ ¬�«� ¯® áà�¢−¥−¨î á ¨§¬¥−ç¨¢®áâìî ¥£® áà¥¤−¥£® §−�ç¥−¨ï
¨ ¤¨á¯¥àá¨¨ [8]. ‚ ¤�−−®¬ ãà�¢−¥−¨¨ ç¥à¥§ X ®¡®§−�ç¥− à�áá¬�âà¨¢�¥¬ë©
á«ãç�©−ë© ¯à®æ¥áá (−�¯à¨¬¥à, â¥¯«®¢®© ¯®â®ª ¬¥¦¤ã ®ª¥�−®¬ ¨ �â¬®áä¥à®©),
a(t,X) ¨ b(t,X) | á«ãç�©−ë¥ ª®íää¨æ¨¥−âë ¤à¥©ä� ¨ ¤¨ääã§¨¨, � dW (t)
®¡®§−�ç�¥â ¯à¨à�é¥−¨ï ¯à®æ¥áá� ‚¨−¥à�, ¯à¥¤áâ�¢«ïîé¨¥ á®¡®© £�ãáá®¢áª¨©
¡¥«ë© èã¬.

‚ áâ�âìïå [9, 10] ¡ë«® ¯®ª�§�−®, çâ® à�áá¬�âà¨¢�¥¬�ï ¬®¤¥«ì (1) ª®àà¥ªâ-
−� ¤«ï ¨á¯®«ì§ã¥¬ëå ¤�−−ëå à¥�−�«¨§� ¢ â®¬ á¬ëá«¥, çâ® áãé¥áâ¢ã¥â â�ª®©
¯à®æ¥áá [11], ®¯¨áë¢�¥¬ë© ãà�¢−¥−¨¥¬ (1), ª®íää¨æ¨¥−âë ª®â®à®£® ¬®£ãâ ¡ëâì
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‘â�â¨áâ¨ç¥áª¨© �−�«¨§ íª¢¨¢�«¥−â−®áâ¨ �«£®à¨â¬®¢ ®æ¥−¨¢�−¨ï ¯�à�¬¥âà®¢ ¬®¤¥«¥©

�¯¯à®ªá¨¬¨à®¢�−ë á¯¥æ¨�«ì−ë¬ ®¡à�§®¬, ¯®ª�§�−−ë¬ ¢ ã¯®¬ï−ãâëå áâ�âìïå,
¨ íâ® ãà�¢−¥−¨¥ ¨¬¥¥â ¥¤¨−áâ¢¥−−®¥ à¥è¥−¨¥.

„«ï ®æ¥−¨¢�−¨ï á«ãç�©−ëå ª®íää¨æ¨¥−â®¢ ‘„“ ˆâ® (1) ¬®£ãâ ¡ëâì ¨á-
¯®«ì§®¢�−ë ¤¢� áâ�â¨áâ¨ç¥áª¨å ¯®¤å®¤�. �¥¯�à�¬¥âà¨ç¥áª¨© ¬¥â®¤ −¥ âà¥¡ã¥â
�¯à¨®à−ëå ¯à¥¤¯®«®¦¥−¨© ® ¢¨¤¥ ª®íää¨æ¨¥−â®¢ ¨ ®¡«�¤�¥â ¤®ª�§�−−®© á®áâ®-
ïâ¥«ì−®áâìî, ®¤−�ª® ¥£® â®ç−®áâì á¨«ì−® §�¢¨á¨â ®â ¯�à�¬¥âà®¢ ¤¨áªà¥â¨§�æ¨¨
¤�−−ëå, � ®æ¥−ª¨ áª«®−−ë ª ¢ëá®ª®© ¤¨á¯¥àá¨¨ ¯à¨ ¬�«®¬ ®¡ê¥¬¥ ¢ë¡®à®ª
¢ £àã¯¯�å. �®«ã¯�à�¬¥âà¨ç¥áª¨© ¬¥â®¤, −�¯à®â¨¢, ¢¢®¤¨â ¡®«¥¥ £¨¡ªãî áâàãª-
âãàã, �¯¯à®ªá¨¬¨àãï à�á¯à¥¤¥«¥−¨¥ ¯à¨à�é¥−¨© ª®−¥ç−ë¬¨ −®à¬�«ì−ë¬¨ á¬¥-
áï¬¨, çâ® ¯®§¢®«ï¥â á£«�¦¨¢�âì «®ª�«ì−ë¥ ä«ãªâã�æ¨¨ ¨ ¯®¢ëè�¥â ãáâ®©ç¨¢®áâì
®æ¥−®ª −� ®£à�−¨ç¥−−ëå ¢ë¡®àª�å, −® ¯à¨ íâ®¬ ®− âà¥¡ã¥â ¢ë¡®à� ç¨á«� ª®¬-
¯®−¥−â á¬¥á¨ ¨ −�ç�«ì−ëå ¯à¨¡«¨¦¥−¨© ¢ EM (Expectation-Maximization) �«£®-
à¨â¬¥. ‘®¯®áâ�¢«¥−¨¥ íâ¨å ¤¢ãå ¯®¤å®¤®¢ ¯à¥¤áâ�¢«ï¥â −¥ â®«ìª® ¯à¨ª«�¤−®©
¨−â¥à¥á (¢ë¡®à −�¨¡®«¥¥ ¯®¤å®¤ïé¥£® ¨−áâàã¬¥−â� ¤«ï �−�«¨§� £¥®ä¨§¨ç¥áª¨å
¤�−−ëå), −® ¨ ¯®§¢®«ï¥â ãáâ�−®¢¨âì, ¯à¨ ª�ª¨å ãá«®¢¨ïå ¬¥−¥¥ áâà®£¨© ¢ â¥®-
à¥â¨ç¥áª®¬ ¯«�−¥ ¯®«ã¯�à�¬¥âà¨ç¥áª¨© ¬¥â®¤ ¤�¥â à¥§ã«ìâ�âë, áâ�â¨áâ¨ç¥áª¨
íª¢¨¢�«¥−â−ë¥ á®áâ®ïâ¥«ì−ë¬ ®æ¥−ª�¬ −¥¯�à�¬¥âà¨ç¥áª®£® ¯®¤å®¤�.

÷�áá¬®âà¨¬ á«ãç�©−ë© ¯à®æ¥áá X, ¤«ï ª®â®à®£® ãáâ�−®¢«¥−� �¤¥ª¢�â−®áâì
¬®¤¥«¨ ‘„“ ˆâ® (1). �â®â ¯à®æ¥áá å�à�ªâ¥à¨§ã¥âáï á«ãç�©−ë¬¨ ª®íää¨æ¨¥−-
â�¬¨ ¤à¥©ä� a(t,X) ¨ ¤¨ääã§¨¨ b(t,X). „«ï ¯à®áâ®âë ¡ã¤¥¬ à�áá¬�âà¨¢�âì
®¤−®¬¥à−ë© á«ãç�©, ª®£¤� ®¡� ª®íää¨æ¨¥−â� ¢ ª�¦¤ë© ¨§ ¬®¬¥−â®¢ ¢à¥¬¥−¨
t = 1, 2, . . . ¯à¥¤áâ�¢«ïîâ á®¡®© ®¤−®¬¥à−ë¥ á«ãç�©−ë¥ ¢¥«¨ç¨−ë. �¡®§−�ç¨¬
®æ¥−ª¨ ª®íää¨æ¨¥−â®¢ a ¨ b, ¯®«ãç�¥¬ë¥ −¥¯�à�¬¥âà¨ç¥áª¨¬ ¨ ¯®«ã¯�à�¬¥â-
à¨ç¥áª¨¬ ¬¥â®¤�¬¨ ¢ ¬®¬¥−â ¢à¥¬¥−¨ t, ç¥à¥§ anp(t), bnp(t) ¨ asp(t), bsp(t)
á®®â¢¥âáâ¢¥−−®. ‘®ªà�é¥−¨ï np ¨ sp á®®â¢¥âáâ¢ãîâ �−£«¨©áª¨¬ nonparametric
¨ semiparametric ¤«ï −¥¯�à�¬¥âà¨ç¥áª®£® ¨ ¯®«ã¯�à�¬¥âà¨ç¥áª®£® ¬¥â®¤®¢.

�¡®§−�ç¨¬ ç¨á«® £àã¯¯ −� íâ�¯¥ ¤¨áªà¥â¨§�æ¨¨ ¤�−−ëå ç¥à¥§ N . �ã¤¥¬
à�áá¬�âà¨¢�âì â®ç−®áâì ®æ¥−®ª, ¯®«ãç�¥¬ëå ª�¦¤ë¬ ¬¥â®¤®¬, −� á¨−â¥â¨ç¥áª¨å
¤�−−ëå (¨å ®¯¨á�−¨¥ ¤�−® ¢ ¯®¤à�§¤. 4.2) ¤«ï à�§«¨ç−®£® ç¨á«� £àã¯¯. „«ï íâ®£®
¢ ¬®¬¥−â ¢à¥¬¥−¨ t ®¯à¥¤¥«¨¬ áà¥¤−¥ª¢�¤à�â¨ç−ë¥ ®è¨¡ª¨ ª�¦¤®£® ¬¥â®¤� ¤«ï
¤¢ãå â¨¯®¢ ª®íää¨æ¨¥−â®¢:

RMSEnp(t, a) =

√√√√
∑n

i=0
(a(t)[i] − anp(t)[i])2

n
;

RMSEnp(t, b) =

√√√√
∑n

i=0
(b(t)[i] − bnp(t)[i])2

n
;

RMSEsp(t, a) =

√√√√
∑n

i=0
(a(t)[i] − asp(t)[i])2

n
;
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RMSEsp(t, b) =

√√√√
∑n

i=0
(b(t)[i] − bsp(t)[i])2

n
,

£¤¥ n| ç¨á«® í«¥¬¥−â®¢ ¢ à�áá¬�âà¨¢�¥¬®© ¢ë¡®àª¥ ¯à®æ¥áá� ¢ ¬®¬¥−â ¢à¥¬¥−¨ t
(à�§¬¥à−®áâì §�¤�ç¨). ��¯à¨¬¥à, ¤«ï ¤�−−ëå ¢ ä®à¬�â¥ ª�àâë à�§¬¥à� 10 × 10
à�§¬¥à−®áâì n ¡ã¤¥â à�¢−� 100.

�à®¢¥¤¥¬ â�ª¦¥ áâ�â¨áâ¨ç¥áªãî ¯à®¢¥àªã à�§«¨ç¨© ¬¥¦¤ã ¤¢ã¬ï ¢ë¡®àª�-
¬¨ ¯®«ãç�¥¬ëå ®æ¥−®ª ¤«ï ª�¦¤®£® â¨¯� ª®íää¨æ¨¥−â®¢ á ¯®¬®éìî ªà¨â¥à¨ï
“¨«ª®ªá®−�{Œ�−−�{“¨â−¨. „�−−ãî ®¯¥à�æ¨î ¬®¦−® ¯à®¢¥áâ¨ ¨ −� à¥�«ì-
−ëå £¥®ä¨§¨ç¥áª¨å ¤�−−ëå, ¯®áª®«ìªã ¤«ï â¥áâ� −¥ −ã¦−® §−�−¨¥ à¥�«ì−®£®
à�á¯à¥¤¥«¥−¨ï ª®íää¨æ¨¥−â®¢.

÷�áá¬®âà¨¬ N =ML â®ç¥ª ®¡«�áâ¨ à�§¬¥à� M × L = 10× 10, ¢ ª�¦¤®© ¨§
ª®â®àëå ®æ¥−¨¬, ¡ã¤ãâ «¨ à�§«¨ç¨ï ¢ ®æ¥−ª�å ¯�à�¬¥âà®¢, ¯®«ãç�¥¬ëå ¤¢ã¬ï
¨áá«¥¤ã¥¬ë¬¨ ¬¥â®¤�¬¨, áâ�â¨áâ¨ç¥áª¨ §−�ç¨¬ë¬¨ á®£«�á−® ªà¨â¥à¨î “¨«ª®ª-
á®−�{Œ�−−�{“¨â−¨ [12]. �ã«¥¢�ï £¨¯®â¥§� ªà¨â¥à¨ï ¢ ¨á¯®«ì§ã¥¬®© à¥�«¨§�æ¨¨
§�ª«îç�¥âáï ¢ â®¬, çâ® ¤�−−ë¥ ¢ë¡®àª¨ ¨¬¥îâ à�§«¨ç−ë¥ à�á¯à¥¤¥«¥−¨ï. ‡�-
ä¨ªá¨àã¥¬ ãà®¢¥−ì §−�ç¨¬®áâ¨ α = 0,05 ¨ ¯®áç¨â�¥¬ ç¨á«® â®ç¥ª, ¢ ª®â®àëå
¯®«ãç¥−−®¥ ªà¨â¥à¨¥¬ p-§−�ç¥−¨¥ ®ª�§�«®áì ¤®áâ�â®ç−® ¬�«®, çâ®¡ë ¯à¨ §�-
¤�−−®¬ ãà®¢−¥ §−�ç¨¬®áâ¨ ¬®¦−® ¡ë«® ®â¢¥à£−ãâì à�áá¬�âà¨¢�¥¬ãî £¨¯®â¥§ã,
â. ¥. ¯à¥¤¯®«®¦¨âì, çâ® à�á¯à¥¤¥«¥−¨ï á®¢¯�¤�îâ. ÷�áá¬�âà¨¢�¥âáï ®â−®è¥−¨¥
result ¯®«ãç¥−−®£® ç¨á«� â®ç¥ª, ¢ ª®â®àëå ¯à¨−ïâ® à¥è¥−¨¥ ®â¢¥à£−ãâì £¨¯®â¥§ã,
ª ®¡é¥¬ã ç¨á«ã à�áá¬�âà¨¢�¥¬ëå â®ç¥ª N :

result =
#i : pi < α

N
.

ˆ−ë¬¨ á«®¢�¬¨, à�áá¬�âà¨¢�¥âáï ¯à¥¤¯®«®¦¥−¨¥ ® â®¬, çâ® ¢® ¢á¥å à�áá¬�â-
à¨¢�¥¬ëå â®çª�å à�á¯à¥¤¥«¥−¨ï ®æ¥−®ª ¤®áâ�â®ç−® ¡«¨§ª¨, çâ®¡ë á §�¤�−−ë¬
ãà®¢−¥¬ §−�ç¨¬®áâ¨ ¬®¦−® ¡ë«® áª�§�âì, çâ® à¥§ã«ìâ�âë à�¡®âë ¬¥â®¤®¢ ¡«¨§ª¨.

3 Методология

3.1 Дискретизация данных

„® −¥¯®áà¥¤áâ¢¥−−®© à�¡®âë ¬¥â®¤®¢ ®æ¥−¨¢�−¨ï ª®íää¨æ¨¥−â®¢ âà¥¡ã¥â-
áï ¯à¥¤¢�à¨â¥«ì−® ¯¥à¥©â¨ ®â ä®à¬�«ì−® ¡¥áª®−¥ç−®£® ¬−®¦¥áâ¢� ¢®§¬®¦−ëå
§−�ç¥−¨© ¯à®æ¥áá� ª ª®−¥ç−®¬ã ¬−®¦¥áâ¢ã. „«ï íâ®£® ¯à®¢®¤¨âáï á«¥¤ãîé¥¥
¯à¥¤¢�à¨â¥«ì−®¥ ¤¥©áâ¢¨¥ | ¤¨áªà¥â¨§�æ¨ï ¤�−−ëå. �¥§�¢¨á¨¬® ¤«ï ª�¦¤®-
£® í«¥¬¥−â� à�áá¬�âà¨¢�¥¬®£® ¯à®æ¥áá� (X(t) ¢ ®¤−®¬¥à−®¬ á«ãç�¥ «¨¡® ¯�àë
(X1(t),X2(t)) ¢ ¤¢ã¬¥à−®¬ á«ãç�¥) §� −¥ª®â®àë© ¯¥à¨®¤ ¢à¥¬¥−¨ à�áá¬�âà¨¢�-
îâáï ¢á¥ ¨§¢¥áâ−ë¥ §−�ç¥−¨ï ¯à®æ¥áá�. ‚ë¡¨à�ï N â®ç¥ª (−�¯à¨¬¥à, N = 1000)
{p1, . . . , pN}, à�§¤¥«ïîé¨å ®âà¥§®ª [0, 1] −� ç�áâ¨ ®¤¨−�ª®¢®© ¤«¨−ë, ¤«ï ª�¦¤®-
£® pi ¯® à�áá¬�âà¨¢�¥¬®© ¢ë¡®àª¥ −�å®¤¨¬ ª¢�−â¨«ì á®®â¢¥âáâ¢ãîé¥£® ¯®àï¤ª�.
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�¡®§−�ç¨¬ ¨å qi, i = 1, N . ‡�â¥¬ ª�¦¤®¥ §−�ç¥−¨¥ ¯à®æ¥áá� (¤«ï ¤¢ã¬¥à−®£®
®¯¥à�æ¨ï ¯à®¢®¤¨âáï −¥§�¢¨á¨¬® ¤«ï ®¡®¨å ª®¬¯®−¥−â), ¯®¯�¢è¥¥ ¢ ¨−â¥à¢�«
[qi, qi+1], §�¬¥−ï¥âáï ¢¥«¨ç¨−®© (qi+ qi+1)/2. ‚ ¤�«ì−¥©è¥¬ ¡ã¤¥¬ −�§ë¢�âì ¨−-
â¥à¢�«ë [qi, qi+1] £àã¯¯�¬¨. „�−−®¥ à�§¡¨¥−¨¥ ¤�−−ëå á â®çª¨ §à¥−¨ï áâ�â¨áâ¨ª¨
¯®å®¦¥ −� ¯à®æ¥áá ¯à¨¡«¨¦¥−¨ï �¡á®«îâ−® −¥¯à¥àë¢−®© á«ãç�©−®© ¢¥«¨ç¨−ë
¤¨áªà¥â−®©.

3.2 Непараметрический метод

�á®¡¥−−®áâì ¤�−−®£® ¬¥â®¤� §�ª«îç�¥âáï ¢ ¢®§¬®¦−®áâ¨ ¥£® à�¡®âë ¯à¨
®âáãâáâ¢¨¨ ª�ª®©-«¨¡® �¯à¨®à−®© ¨−ä®à¬�æ¨¨ ® ä®à¬¥ ª®íää¨æ¨¥−â®¢ ¤à¥©ä�
¨ ¤¨ääã§¨¨. „«ï ¯®áâà®¥−¨ï ®æ¥−®ª á«ãç�©−ëå äã−ªæ¨© a(t, x) ¨ b(t, x)
¢ ¬®¬¥−â ¢à¥¬¥−¨ t −¥¯�à�¬¥âà¨ç¥áª¨¬ ¬¥â®¤®¬ −¥®¡å®¤¨¬® ®æ¥−¨âì ¯¥à¥å®¤−ë¥
¢¥à®ïâ−®áâ¨ ¯à®æ¥áá� ¬¥¦¤ã ¬®¬¥−â�¬¨ ¢à¥¬¥−¨ t ¨ t+ 1:

pij =
#{X(t) = Xi,X(t+ 1) = Xj}

#{X(t) = Xi}
.

‡¤¥áì á¨¬¢®« # ®¡®§−�ç�¥â ç¨á«® í«¥¬¥−â®¢ ¢ á®®â¢¥âáâ¢ãîé¥¬ ¬−®¦¥áâ¢¥, j =
= 1, N , i ∈ {1, . . . , N} : #{X(t) = Xi} > 0. �ç¥¢¨¤−®, çâ® ¯à¨ íâ®¬ ¤«ï i,

á®®â¢¥âáâ¢ãîé¨å −¥¯ãáâ®¬ã −�¡®àã ¢ ¬®¬¥−â ¢à¥¬¥−¨ t,
∑N

j=1 pij = 1.

�æ¥−ª¨ ¤«ï ª®íää¨æ¨¥−â� ¯¥à¥−®á� a(t, x) ¢ ¬®¬¥−â ¢à¥¬¥−¨ t ∈ [0, T − 1]
áâà®ïâáï á«¥¤ãîé¨¬ ®¡à�§®¬:

axi
=

N∑

j=1

(xi − y)pij, xi, y ∈ {X1, . . . ,XN} ,

£¤¥ pij | ¯®«ãç¥−−ë¥ ®æ¥−ª¨ ¯¥à¥å®¤−ëå ¢¥à®ïâ−®áâ¥©.
�æ¥−ª¨ ª¢�¤à�â� ª®íää¨æ¨¥−â� ¤¨ääã§¨¨ áâà®ïâáï �−�«®£¨ç−ë¬ ®¡à�§®¬:

bk,l,i =

N∑

j=1

(xk,i − yl)
2pij ,

£¤¥ k = 1, 2 ¨ l = 1, 2 | ¤¢� ¨−¤¥ªá�, á®®â¢¥âáâ¢ãîé¨å ¯¥à¢®¬ã ¨ ¢â®à®¬ã
í«¥¬¥−âã ¯�àë ¢ ¬®¬¥−â ¢à¥¬¥−¨ t ¨ t+ 1 á®®â¢¥âáâ¢¥−−®.

3.3 Полупараметрический метод

ˆ§¢¥áâ−® [11], çâ® ¤«ï ‘„“ ˆâ® (1) á −¥á«ãç�©−ë¬¨ ª®íää¨æ¨¥−â�¬¨
¯à¨ ¤®¯®«−¨â¥«ì−ëå ¯à¥¤¯®«®¦¥−¨ïå ®¡ ¨§¬¥à¨¬®áâ¨ ¯à®æ¥áá� ¢ ®â−®è¥−¨¨
¥áâ¥áâ¢¥−−®© ä¨«ìâà�æ¨¨ ¨ −®à¬�«ì−®áâ¨ à�á¯à¥¤¥«¥−¨ï −�ç�«ì−®£® §−�ç¥−¨ï
à¥è¥−¨¥ ¨¬¥¥â ¢¨¤ −¥ª®â®à®£® £�ãáá®¢áª®£® ¯à®æ¥áá� á §�¤�−−ë¬ áà¥¤−¨¬ ¨ ª®-
¢�à¨�æ¨®−−®© äã−ªæ¨¥©. ‚ íâ®© á¨âã�æ¨¨ ¯à¨à�é¥−¨ï ¯à®æ¥áá� â�ª¦¥ ®ª�-
§ë¢�îâáï £�ãáá®¢áª¨¬¨ á«ãç�©−ë¬¨ ¢¥«¨ç¨−�¬¨. �¤−�ª®, ¥á«¨ ª�¦¤ë© ¯�-
à�¬¥âà ï¢«ï¥âáï á«ãç�©−ë¬, ¥áâ¥áâ¢¥−−ë¬ ®¡à�§®¬ ¢®§−¨ª�îâ à�á¯à¥¤¥«¥−¨ï
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¢¨¤� E�((x−A)/B), â. ¥. ¤¨á¯¥àá¨®−−®-á¤¢¨£®¢ë¥ á¬¥á¨ −®à¬�«ì−ëå §�ª®−®¢.
Œ¥â®¤ ¡ë« −�§¢�− ¯®«ã¯�à�¬¥âà¨ç¥áª¨¬, ¯®áª®«ìªã ®− á®ç¥â�¥â ¯�à�¬¥âà¨ç¥-
áªãî �¯¯à®ªá¨¬�æ¨î à�á¯à¥¤¥«¥−¨ï ¯à¨à�é¥−¨© ª®−¥ç−®© −®à¬�«ì−®© á¬¥áìî
á −¥¯�à�¬¥âà¨ç¥áª¨¬ ãáà¥¤−¥−¨¥¬ ¯® £àã¯¯�¬, çâ® ¯®§¢®«ï¥â ¨§¡¥¦�âì ¦¥áâª®©
¯�à�¬¥âà¨§�æ¨¨ ¢á¥£® ¯à®æ¥áá�.

ˆâ�ª, ¯®«ã¯�à�¬¥âà¨ç¥áª¨© áâ�â¨áâ¨ç¥áª¨© ¬¥â®¤ ®á−®¢ë¢�¥âáï −� à¥ª®−-
áâàãªæ¨¨ à�á¯à¥¤¥«¥−¨© −¥¨§¢¥áâ−ëå á«ãç�©−ëå ª®íää¨æ¨¥−â®¢ ¤à¥©ä� ¨ ¤¨ä-
äã§¨¨ ¨ ¯®¤à�§ã¬¥¢�¥â, çâ® ¯à®æ¥áá ®æ¥−ª¨ ¢ë¯®«−ï¥âáï á ¨á¯®«ì§®¢�−¨¥¬
à�§¤¥«¥−¨ï á¤¢¨£-¬�áèâ�¡−ëå ª®−¥ç−ëå á¬¥á¥© −®à¬�«ì−ëå §�ª®−®¢. „«ï íâ®-
£® ¢ ¨áå®¤−®¬ ¢à¥¬¥−−�®¬ àï¤ã ¢ë¤¥«ï¥âáï ®ª−®, −�¡«î¤¥−¨ï ¢−ãâà¨ ª®â®à®£®
à�áá¬�âà¨¢�îâáï ª�ª ®¤−®à®¤−�ï ¢ë¡®àª�. ’¥®à¥â¨ç¥áª®¥ à�á¯à¥¤¥«¥−¨¥ íâ¨å
−�¡«î¤¥−¨© ¯à¥¤áâ�¢«ï¥â á®¡®© −®à¬�«ì−ãî á¬¥áì ¯® èª�«¥ á¤¢¨£�. „«ï ¬�â¥-
¬�â¨ç¥áª®© ª®àà¥ªâ−®áâ¨ §�¤�ç¨ −¥¯à¥àë¢−ë¥ −®à¬�«ì−ë¥ á¬¥á¨ �¯¯à®ªá¨¬¨àã-
îâáï ª®−¥ç−ë¬¨ −®à¬�«ì−ë¬¨ á¬¥áï¬¨, ª®â®àë¥ áç¨â�îâáï ¨¤¥−â¨ä¨æ¨àã¥¬ë-
¬¨ [13].

�¯¯à®ªá¨¬�æ¨ï ¯à®æ¥áá� X(t) ª®−¥ç−ë¬¨ −®à¬�«ì−ë¬¨ á¬¥áï¬¨ ¢ë£«ï¤¨â
á«¥¤ãîé¨¬ ®¡à�§®¬ [13]:

P(X(ti)−X(ti−1) < x) ≈
K∑

k=1

pk�

(
x− ak

bk

)
,

£¤¥ �(x)| äã−ªæ¨ï à�á¯à¥¤¥«¥−¨ï áâ�−¤�àâ−®£® −®à¬�«ì−®£® §�ª®−�, K ∈ N ,

pk ≥ 0, k = 1,K,
∑K

k=1 pk = 1.
„«ï áâ�â¨áâ¨ç¥áª®© ®æ¥−ª¨ ¯�à�¬¥âà®¢ pk, ak ¨ bk ¬®¦−® ¨á¯®«ì§®¢�âì ¬¥â®¤

áª®«ì§ïé¥£® à�§¤¥«¥−¨ï á¬¥á¥© (−�¯à¨¬¥à, −� ®á−®¢¥ EM-�«£®à¨â¬� [14]). ��
®á−®¢¥ £¨áâ®£à�¬¬ ¢ë¡®à®ª ¤�−−ëå, ¯®¯�¤�îé¨å ¢ ®¤−ã £àã¯¯ã, ¡ë«® ¯à¨−ï-
â® à¥è¥−¨¥ ¨á¯®«ì§®¢�âì ¤¢ãåª®¬¯®−¥−â−ë¥ á¬¥á¨. ��ç�«ì−ë¥ ¯à¨¡«¨¦¥−¨ï
¢ë¡¨à�îâáï á«ãç�©−ë¬ ®¡à�§®¬. �¬¯¨à¨ç¥áª¨¬ á¯®á®¡®¬ ç¨á«® úå®«®¤−ëå
áâ�àâ®¢û …Œ-�«£®à¨â¬� á® á«ãç�©−ë¬ −�ç�«ì−ë¬ ¯à¨¡«¨¦¥−¨¥¬ ¡ë«® ¢ë¡à�−®
à�¢−ë¬ 5.

„«ï ª�¦¤®£® −�¡®à� â®ç¥ª, ª®â®àë¥ ¯®¯�¤�îâ ¢ ®¤−ã ¨ âã ¦¥ £àã¯¯ã ¢® ¢à¥¬ï
¤¨áªà¥â¨§�æ¨¨ (á¬. ¯®¤à�§¤. 3.1) §−�ç¥−¨© ¯à®æ¥áá� X(t), ¬®£ãâ ¡ëâì ¯®«ãç¥−ë
®æ¥−ª¨ áà¥¤−¥£® §−�ç¥−¨ï ¨ ¤¨á¯¥àá¨¨ �¯¯à®ªá¨¬¨àãîé¥© á¬¥á¨, á®®â¢¥âáâ¢ã-
îé¨¥ ¦¥«�¥¬ë¬ ®æ¥−ª�¬ ª®íää¨æ¨¥−â®¢ a(t,X) ¨ b(t,X).

ˆâ�ª, ®æ¥−ª¨ á«ãç�©−ëå ª®íää¨æ¨¥−â®¢ ‘„“ ˆâ® (1) a(t,X) ¨ b(t,X)
¯®«ã¯�à�¬¥âà¨ç¥áª¨¬ ¬¥â®¤®¬ ¢ ¬®¬¥−â ¢à¥¬¥−¨ t ¢ â®çª�å á ª®®à¤¨−�â�¬¨
(i1, j1), (i2, j2), . . . , (in, jn) §�¤�îâáï ä®à¬ã«�¬¨:

�a(t, im, jm) =

N∑

i=1

wiai; �b2(t, im, jm) =

N∑

i=1

wi(a
2
i + σ

2
i ).

‚ ®â«¨ç¨¥ ®â −¥¯�à�¬¥âà¨ç¥áª®£® ¯®«ã¯�à�¬¥âà¨ç¥áª¨© ¬¥â®¤ ®à¨¥−â¨à®¢�−
−� à�¡®âã á ¤�−−ë¬¨ ª®−¥ç−®£® à�§¬¥à�, ¯®íâ®¬ã ª«�áá¨ç¥áª�ï �á¨¬¯â®â¨ç¥áª�ï
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â¥®à¨ï ¢ ¤�−−®¬ á«ãç�¥ −¥ ¯à¨¬¥−¨¬� ¯® ª®−áâàãªâ¨¢−ë¬ ¯à¨ç¨−�¬. ‚ à�¬ª�å
í¬¯¨à¨ç¥áª®£® â¥áâ¨à®¢�−¨ï ¤�«¥¥ ¡ã¤¥¬ ¯ëâ�âìáï ãáâ�−®¢¨âì áâ�â¨áâ¨ç¥áªãî
íª¢¨¢�«¥−â−®áâì ¯®«ã¯�à�¬¥âà¨ç¥áª®£® ¯®¤å®¤� á ª«�áá¨ç¥áª¨¬ −¥¯�à�¬¥âà¨-
ç¥áª¨¬, ¤«ï ª®â®à®£®, ¢ á¢®î ®ç¥à¥¤ì, ¤®ª�§�−� á®áâ®ïâ¥«ì−®áâì ¯®«ãç�¥¬ëå
®æ¥−®ª [6,10].

4 Тестовые данные

4.1 Данные реанализа

‚ ª�ç¥áâ¢¥ à¥�«ì−ëå ¤�−−ëå ¨á¯®«ì§ãîâáï ¤�−−ë¥ à¥�−�«¨§� ¡�§ë ERA5 [15]
® ï¢−®¬ ¨ áªàëâ®¬ ¯®â®ª�å â¥¯«�, � â�ª¦¥ ¯à¨§¥¬−®£® �â¬®áä¥à−®£® ¤�¢«¥−¨ï
¢ ®¡«�áâ¨ ‘¥¢¥à−®© �â«�−â¨ª¨ (à¨á. 1) §� ¯¥à¨®¤ á 1 ï−¢�àï 1979 £. ¯® 31 ¤¥ª�¡àï
2024 £. „�−−ë¥ á®áà¥¤®â®ç¥−ë ¢ ã§«�å à�¢−®¬¥à−®© á¥âª¨ á è�£®¬ ¢ 0,5◦, ¯®ªàë-
¢�îé¥© ®¡«�áâì ‘¥¢¥à−®© �â«�−â¨ª¨. ƒà�−¨æë á¥âª¨ ¯® è¨à®â¥ á®áâ�¢«ïîâ ®â
−90◦ ¤® 0◦, � ¯® ¤®«£®â¥ | ®â 0◦ ¤® 80◦. ˜�£ ¨§¬¥à¥−¨© ¯® ¢à¥¬¥−¨ á®áâ�¢«ï¥â
24 ç, −� ®¤−¨ áãâª¨ ¯à¨å®¤¨âáï 1 ¨§¬¥à¥−¨¥, ¯®«ãç¥−−®¥ ãáà¥¤−¥−¨¥¬ ç¥âëà¥å
¨§¬¥à¥−¨© §� áãâª¨: ¢ ¯®«−®çì, 06 : 00, 12 : 00 ¨ 18 : 00.

�� à¨á. 1 ¯à¥¤áâ�¢«¥− ¯à¨¬¥à ¢¨§ã�«¨§�æ¨¨ ¤�−−ëå ¯�àë ï¢−®£® ¨ áªàëâ®£®
¯®â®ª®¢ â¥¯«� á áãâ®ç−ë¬ ãáà¥¤−¥−¨¥¬: £à�ä¨ª −� à¨á. 1, � á®®â¢¥âáâ¢ã¥â ï¢−ë¬,

÷¨á. 1 �à¨¬¥à ¨á¯®«ì§ã¥¬ëå ¤�−−ëå à¥�−�«¨§�: (�) ï¢−ë© ¯®â®ª; (¡) áªàëâë© ¯®â®ª
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� −� à¨á. 1, ¡ | áªàëâë¬ ¯®â®ª�¬ â¥¯«�. –¢¥â®¢�ï èª�«� ¬¥−ï¥âáï ®â á¨−¥£®
(¯à¨ ®âà¨æ�â¥«ì−ëå §−�ç¥−¨ïå ¯®â®ª®¢) ¤® ¡¥«®£® (¯à¨ §−�ç¥−¨ïå, ¡«¨§ª¨å
ª −ã«î) ¨ ¤�«¥¥ ¤® ªà�á−®£® (¯à¨ ¯®«®¦¨â¥«ì−ëå §−�ç¥−¨ïå). Ÿàª®áâì æ¢¥â�
¢ ª®−ªà¥â−®© â®çª¥ á®®â¢¥âáâ¢ã¥â ã¤�«¥−−®áâ¨ §−�ç¥−¨ï ®â −ã«ï. ’¥¬−®-§¥«¥−ë¬
æ¢¥â®¬ ®¡®§−�ç¥−ë ãç�áâª¨ áãè¨. ‚ ª�ç¥áâ¢¥ ¯®¤®¡«�áâ¨ à�§¬¥à� 10 × 10 â®ç¥ª
¢ á«¥¤ãîé¨å à�§¤¥«�å ¨á¯®«ì§ã¥âáï ®¡«�áâì á ª®®à¤¨−�â�¬¨ ®â −50◦ ¤® −45◦
è¨à®âë ¨ ®â 40◦ ¤® 45◦ ¤®«£®âë.

4.2 Синтетические данные

„«ï ®æ¥−ª¨ â®ç−®áâ¨ à�¡®âë ¬¥â®¤®¢ −¥®¡å®¤¨¬® ¢ ï¢−®¬ ¢¨¤¥ §−�âì §−�ç¥−¨ï
ª®íää¨æ¨¥−â®¢ ¤à¥©ä� ¨ ¤¨ääã§¨¨. „«ï íâ®£® −¥®¡å®¤¨¬® á¬®¤¥«¨à®¢�âì
á¨−â¥â¨ç¥áª¨¥ ¤�−−ë¥. †¥«�â¥«ì−® ª â®¬ã ¦¥, çâ®¡ë ®−¨ −¥ ¡ë«¨ âà¨¢¨�«ì−ë¬¨
¨ ®¡«�¤�«¨ ¯®å®¦¨¬¨ −� ¢áâà¥ç�îé¨¥áï ¢ ä¨§¨ª¥ ª®íää¨æ¨¥−âë ¤«ï ¯®«ãç¥−¨ï
íâ�«®−−ëå ¤�−−ëå, ¨áª«îç�îé¨å ¢«¨ï−¨¥ ª«¨¬�â¨ç¥áª¨å ä�ªâ®à®¢ −� ¬¥â®¤ë
®æ¥−¨¢�−¨ï ¯�à�¬¥âà®¢.

‚ ª�ç¥áâ¢¥ ¬®¤¥«ì−®£® à�á¯à¥¤¥«¥−¨ï ¨á¯®«ì§ã¥âáï à¥�«¨§�æ¨ï ¯à®æ¥áá�,
á®®â¢¥âáâ¢ãîé¥£® ãà�¢−¥−¨î ˆâ® (1), á ¨á¯®«ì§®¢�−¨¥¬ §�¤�−−ëå äã−ªæ¨©
a(t,X) ¨ b(t,X) âà¨£®−®¬¥âà¨ç¥áª®£® ¢¨¤�, ª®â®àë¥ ®¡¥á¯¥ç¨¢�îâ ï¢−ë© ¢¨¤
à¥è¥−¨ï:

a(t,X) =

M∑

k=1

pk cos (ωkt)αXt−1; b(t,X) =

M∑

k=1

pk cos (ωkt)βXt−1,

£¤¥ ωk | ç�áâ®âë M à�áá¬�âà¨¢�¥¬ëå £�à¬®−¨ª; pk | ¨å ¢¥á�, ¤«ï ª®â®àëå

¢ë¯®«−ï¥âáï ®£à�−¨ç¥−¨¥
∑M

k=1 pk = 1.
„«ï £¥−¥à�æ¨¨ ¤�−−ëå, �−�«®£¨ç−ëå ä®à¬�âã £¥®£à�ä¨ç¥áª®© ª�àâë, ¤«ï

¯à®¢¥àª¨ à�¡®â®á¯®á®¡−®áâ¨ �«£®à¨â¬®¢ ¡¥àãâáï −¥áª®«ìª® £�à¬®−¨ª á á®®â¢¥â-
áâ¢ãîé¨¬¨ ¢¥á�¬¨. ‚¥á� ¯®¤¡¨à�îâáï â�ª¨¬ ®¡à�§®¬, çâ®¡ë ¨å ª®¬¡¨−�æ¨ï −¥
á¢®¤¨«�áì ª âà¨¢¨�«ì−®© ¨ ¨å ç¨á«® −¥ á®¢¯�¤�«® á ª®«¨ç¥áâ¢®¬ ª®¬¯®−¥−â®¢
á¬¥á¨, ª®â®à®© §�â¥¬ �¯¯à®ªá¨¬¨àãîâáï ¤�−−ë¥. ‚ ç�áâ−®áâ¨, ç¨á«® £�à¬®−¨ª
¨ ¨å ¢¥á� ¡ë«¨ ¯®«®¦¥−ë à�¢−ë¬¨M = 6, p = {0,35; 0,2; 0,1; 0,1; 0,1; 0,1; 0,05};
ª®íää¨æ¨¥−âë α ¨ β ¨ −�¡®à ç�áâ®â ¯®¤®¡à�−ë â�ª¨¬ ®¡à�§®¬, çâ®¡ë §�âãå�−¨¥
¯à®æ¥áá� (áå®¦¤¥−¨¥ âà�¥ªâ®à¨© ª −ã«î á â¥ç¥−¨¥¬ ¢à¥¬¥−¨) ¯à®¨áå®¤¨«® −¥
á«¨èª®¬ ¡ëáâà® ¨ ¢ â® ¦¥ ¢à¥¬ï à�§«¨ç−ë¥ ª®¬¯®−¥−âë −¥ á®¢¯�¤�«¨ ¯® ä�§¥
â�ª ç�áâ®, çâ® ¯®§¢®«ï«® ¡ë ¨¬ ¡ëâì ¢ë¤¥«ï¥¬ë¬¨. ‚ à¥§ã«ìâ�â¥ ¡ë« ¢ë¡à�−
á«¥¤ãîé¨© −�¡®à ¯�à�¬¥âà®¢:

α = −0,1, β = 0,001, ω =

{
π

2
,
2π

3
, 2π,

π

6
,
π

7
,
4π

3

}
,

p = {0,35; 0,2; 0,1; 0,1; 0,1; 0,1; 0,05}.
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�â¨ ¤�−−ë¥ ®â«¨ç�îâáï ®â ¨á¯®«ì§ã¥¬ëå ¢ áâ�âì¥ [10], ¢®-¯¥à¢ëå, ã¢¥«¨-
ç¥−¨¥¬ ç¨á«� £¥−¥à¨àã¥¬ëå ª®¬¯®−¥−â, � ¢®-¢â®àëå, §−�ç¥−¨ï¬¨ ª®íää¨æ¨¥−-
â®¢, çâ®¡ë ®¡¥á¯¥ç¨âì ¡®«¥¥ ¯«�¢−®¥ ¨§¬¥−¥−¨¥ §−�ç¥−¨© ¬¥¦¤ã ¤¢ã¬ï ¯®¤àï¤
¨¤ãé¨¬¨ ¬®¬¥−â�¬¨ ¢à¥¬¥−¨, çâ® ¡®«¥¥ á®®â¢¥âáâ¢ã¥â ¯®¢¥¤¥−¨î à¥�«ì−ëå £¥®-
ä¨§¨ç¥áª¨å ¤�−−ëå.

�¡®§−�ç¨¬ §−�ç¥−¨¥ á«ãç�©−®£® ¯à®æ¥áá� X ¢ ¬®¬¥−â ¢à¥¬¥−¨ t ¢ â®ç-
ª¥ á ª®®à¤¨−�â�¬¨ (i, j) ª�ª Xt[i, j] ¨ §�¤�¤¨¬ −�ç�«ì−ë¥ §−�ç¥−¨ï (¢ ¬®¬¥−â
¢à¥¬¥−¨ t = 0) ¢ ª�¦¤®© â®çª¥ ª�àâë ª�ª à¥�«¨§�æ¨î á«ãç�©−®© ¢¥«¨ç¨−ë
á −®à¬�«ì−ë¬ à�á¯à¥¤¥«¥−¨¥¬ á ¯�à�¬¥âà�¬¨ (1, 1):

X0[i, j] ∼ N(1, 1) ∀i = 1, n , j = 1,m .

’®£¤� §−�ç¥−¨ï ¯à®æ¥áá� ¢ á«¥¤ãîé¨¥ ¬®¬¥−âë ¢à¥¬¥−¨ t > 0 ¬®£ãâ ¡ëâì
¢ëç¨á«¥−ë á ¨á¯®«ì§®¢�−¨¥¬ á«¥¤ãîé¥© à¥ªãàà¥−â−®© ä®à¬ã«ë:

Xt[i, j] = Xt−1[i, j] + at−1[i, j] + bt−1[i, j]–Wt,

£¤¥ –Wt ∼ N(0, 1) ®¡®§−�ç�¥â ¯®á«¥¤®¢�â¥«ì−®áâì ¯à¨à�é¥−¨© ¢¨−¥à®¢áª®£®
¯à®æ¥áá�.

5 Результаты

5.1 Влияние числа групп в дискретизации на точность методов

÷�áá¬®âà¨¬ à�§«¨ç¨ï ¢ â®ç−®áâ¨ ®æ¥−®ª, ¯®«ãç�¥¬ëå ®¡®¨¬¨ ¬¥â®¤�¬¨, ¯à¨
¨§¬¥−¥−¨¨ ç¨á«� £àã¯¯ −� íâ�¯¥ ¤¨áªà¥â¨§�æ¨¨. �ç¥¢¨¤−®, çâ® ¯à¨ ã¬¥−ìè¥-
−¨¨ ç¨á«� £àã¯¯ N à�áâ¥â ª®«¨ç¥áâ¢® §−�ç¥−¨©, ¯®¯�¤�îé¨å ¢ ®¤−ã £àã¯¯ã,
� §−�ç¨â, ¨ ç¨á«® â®ç¥ª, ¨á¯®«ì§ã¥¬ëå ¤«ï ®æ¥−¨¢�−¨ï ¯¥à¥å®¤−ëå ¢¥à®ïâ−®áâ¥©
¢ −¥¯�à�¬¥âà¨ç¥áª®¬ ¬¥â®¤¥, ¨«¨ è¨à¨−� ®ª−� ¢ ª�¦¤®© £àã¯¯¥, ¯®¤�îé¥£®áï
−� ¢å®¤ EM-�«£®à¨â¬ã ¢ ¯®«ã¯�à�¬¥âà¨ç¥áª®¬ ¬¥â®¤¥. �� à¨á. 2 ¯®ª�§�−ë
§−�ç¥−¨ï áà¥¤−¥ª¢�¤à�â¨ç−ëå ®è¨¡®ª ¬¥â®¤®¢ ¤«ï ª®íää¨æ¨¥−â®¢ a ¨ b ¯à¨
¨á¯®«ì§®¢�−¨¨ á¨−â¥â¨ç¥áª¨å ¤�−−ëå. Œ®¦−® §�¬¥â¨âì, çâ® ¯à¨ ¢á¥å à�áá¬�âà¨-
¢�¥¬ëå §−�ç¥−¨ïå ç¨á«� £àã¯¯ ¯®«ã¯�à�¬¥âà¨ç¥áª¨© ¬¥â®¤ ¯®ª�§ë¢�¥â «ãçè¨¥
à¥§ã«ìâ�âë. ‘â®¨â ®â¬¥â¨âì, çâ® ¥£® â®ç−®áâì â�ª¦¥ ¨§¬¥−ï¥âáï, −® −� ¬¥−ìè¥¬
¬�áèâ�¡¥, ç¥¬ ã −¥¯�à�¬¥âà¨ç¥áª®£® ¬¥â®¤�, ¨§-§� ç¥£® ¯à¨ ®¤−®¢à¥¬¥−−®¬ ®â®¡-
à�¦¥−¨¨ −� ®¤−®¬ à¨áã−ª¥ ¥£® ®è¨¡ª¨ ¢¨§ã�«ì−® ¡«¨§ª¨ ª ¯àï¬®© «¨−¨¨. ��
à¨á. 3 ¯®ª�§�−® ¯®¢¥¤¥−¨¥ ®è¨¡®ª â®«ìª® ¤«ï ¯®«ã¯�à�¬¥âà¨ç¥áª®£® ¬¥â®¤� ¤«ï
ª®íää¨æ¨¥−â� a, ¤«ï ª®íää¨æ¨¥−â� b ®è¨¡ª¨ íâ®£® ¬¥â®¤� ¨¬¥îâ �−�«®£¨ç−®¥
¯®¢¥¤¥−¨¥ ¨ ä®à¬ã ªà¨¢®© ¢ ®â«¨ç¨¥ ®â −¥¯�à�¬¥âà¨ç¥áª®£® ¬¥â®¤�.

Œ®¦−® á¤¥«�âì ¢ë¢®¤ ® â®¬, çâ® ¤«ï −¥¯�à�¬¥âà¨ç¥áª®£® ¬¥â®¤� å�à�ªâ¥à−®
ã¢¥«¨ç¥−¨¥ áà¥¤−¥ª¢�¤à�â¨ç−®© ®è¨¡ª¨ ¯à¨ à®áâ¥ ç¨á«� £àã¯¯ ¤«ï ª®íää¨æ¨-
¥−â� a, −® ¯à¨ íâ®¬ ã¬¥−ìè¥−¨¥ ®è¨¡ª¨ ¤«ï ª®íää¨æ¨¥−â� b; á«¥¤®¢�â¥«ì−®,
¢ë¡®à ®¯â¨¬�«ì−®£® ç¨á«� £àã¯¯ §�¢¨á¨â ®â ¯®áâ�¢«¥−−®© §�¤�ç¨ | −ã¦−® «¨
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÷¨á. 2 ‚¥«¨ç¨−ë ®è¨¡®ª ¢ â¥à¬¨−�å ¬¥âà¨ª¨ RMSE −¥¯�à�¬¥âà¨ç¥áª®£® (1) ¨ ¯®«ã-
¯�à�¬¥âà¨ç¥áª®£® (2) ¬¥â®¤®¢ −� á¨−â¥â¨ç¥áª¨å ¤�−−ëå ¯à¨ ®æ¥−¨¢�−¨¨ ª®íää¨æ¨¥−-
â®¢ a (�) ¨ b (¡)

÷¨á. 3 ‚¥«¨ç¨−ë ®è¨¡®ª ¢ â¥à¬¨−�å ¬¥âà¨ª¨ RMSE ¯®«ã¯�à�¬¥âà¨ç¥áª®£® ¬¥â®¤� −�
á¨−â¥â¨ç¥áª¨å ¤�−−ëå ¯à¨ ®æ¥−¨¢�−¨¨ ª®íää¨æ¨¥−â� a
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â®ç−¥¥ ®æ¥−¨âì ®¤¨− ¨§ ª®íää¨æ¨¥−â®¢, ¨«¨ ¬®¦−® ¯à®¢¥áâ¨ ®æ¥−ªã ¤¢�¦¤ë −�
®¤−¨å ¨ â¥å ¦¥ ¤�−−ëå á à�§−ë¬ ç¨á«®¬ £àã¯¯ ¤«ï ¤¢ãå ª®íää¨æ¨¥−â®¢.

�� à¨á. 4{6 ¯à¨¢¥¤¥−ë áà�¢−¥−¨ï à¥§ã«ìâ�â®¢ ®æ¥−®ª ª®íää¨æ¨¥−â®¢ a
¨ b ¤¢ã¬ï ¬¥â®¤�¬¨ ¯à¨ ¨á¯®«ì§®¢�−¨¨ 50 £àã¯¯ −� íâ�¯¥ ¤¨áªà¥â¨§�æ¨¨. ��
à¨á. 4 ¨ 5 ¯®ª�§�−ë ¯®«ãç�¥¬ë¥ ®æ¥−ª¨ ¤«ï ï¢−®£® ¨ áªàëâ®£® ¯®â®ª®¢ â¥¯«�
á®®â¢¥âáâ¢¥−−®. „«ï ®¡®¨å â¨¯®¢ ¯®â®ª� ¬®¦−® −�¡«î¤�âì ¡®«¥¥ ¢ëá®ª¨¥ ¯®

÷¨á. 4 �â«¨ç¨ï ®æ¥−®ª −¥¯�à�¬¥âà¨ç¥áª®£® («¥¢ë© áâ®«¡¥æ) ¨ ¯®«ã¯�à�¬¥âà¨ç¥áª®£®
(¯à�¢ë© áâ®«¡¥æ) ¬¥â®¤®¢ ¤«ï ï¢−®£® ¯®â®ª� â¥¯«� ¯à¨ ¨á¯®«ì§®¢�−¨¨ 50 £àã¯¯ ¤«ï
ª®íää¨æ¨¥−â®¢ a (a) ¨ b (¡)
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÷¨á. 5 �â«¨ç¨ï ®æ¥−®ª −¥¯�à�¬¥âà¨ç¥áª®£® («¥¢ë© áâ®«¡¥æ) ¨ ¯®«ã¯�à�¬¥âà¨ç¥áª®£®
(¯à�¢ë© áâ®«¡¥æ) ¬¥â®¤®¢ ¤«ï áªàëâ®£® ¯®â®ª� â¥¯«� ¯à¨ ¨á¯®«ì§®¢�−¨¨ 50 £àã¯¯ ¤«ï
ª®íää¨æ¨¥−â®¢ a (a) ¨ b (¡)

¬®¤ã«î §−�ç¥−¨ï ¢¤®«ì ƒ®«ìäáâà¨¬� ¨ ¤àã£¨å â¥ç¥−¨© á¨áâ¥¬ë �â«�−â¨ç¥áª®©
¬¥à¨¤¨®−�«ì−®© ®¯à®ª¨¤ë¢�îé¥© æ¨àªã«ïæ¨¨, çâ® á®®â¢¥âáâ¢ã¥â ¨å ä¨§¨ç¥áª®©
¯à¨à®¤¥ [16].

÷¨áã−®ª 6 ¤¥¬®−áâà¨àã¥â à�§«¨ç¨ï ¤«ï ¤�−−ëå �â¬®áä¥à−®£® ¤�¢«¥−¨ï. ��
à¨á. 6 ¤«ï ®¡®¨å ª®íää¨æ¨¥−â®¢ ¢¨¤−ë ª®«ìæ¥¢ë¥ áâàãªâãàë, ª®â®àë¥ ¢ëà�¦�îâ
ªàã¯−®¬�áèâ�¡−ãî ¤¨−�¬¨ªã �â¬®áä¥àë (æ¨ª«®−ë), á¢ï§�−−ãî á â¥¯«®¢ë¬¨
¯®â®ª�¬¨. ‚¨¤−®, çâ® ®æ¥−ª¨, ¯®«ãç�¥¬ë¥ −¥¯�à�¬¥âà¨ç¥áª¨¬ ¬¥â®¤®¬, ¨¬¥îâ
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÷¨á. 6 �â«¨ç¨ï ®æ¥−®ª ¬¥â®¤®¢ −¥¯�à�¬¥âà¨ç¥áª®£® («¥¢ë© áâ®«¡¥æ) ¨ ¯®«ã¯�à�-
¬¥âà¨ç¥áª®£® (¯à�¢ë© áâ®«¡¥æ) ¬¥â®¤®¢ ¤«ï ¤�¢«¥−¨ï ¯à¨ ¨á¯®«ì§®¢�−¨¨ 50 £àã¯¯ ¤«ï
ª®íää¨æ¨¥−â®¢ a (a) ¨ b (¡)

¡®«¥¥ ïàª¨¥ æ¢¥â� (� §−�ç¨â, ¡®«¥¥ ã¤�«¥−−ë¥ ¯® ¬®¤ã«î ®â −ã«ï §−�ç¥−¨ï), ç¥¬
�−�«®£¨ç−ë¥ ®æ¥−ª¨ ¯®«ã¯�à�¬¥âà¨ç¥áª¨¬ ¬¥â®¤®¬. ’�ª¦¥ ¤«ï −¥¯�à�¬¥âà¨ç¥-
áª®£® ¬¥â®¤� å�à�ªâ¥à−ë ¡®«¥¥ à¥§ª¨¥ ¯¥à¥å®¤ë ¬¥¦¤ã á®á¥¤−¨¬¨ ®¡«�áâï¬¨,
ç¥¬ ¤«ï ¯®«ã¯�à�¬¥âà¨ç¥áª®£® ¬¥â®¤�. ˆ§ íâ®£® ¬®¦−® á¤¥«�âì ¢ë¢®¤ ® â®¬,
çâ® ®æ¥−ª¨, ¯®«ãç�¥¬ë¥ −¥¯�à�¬¥âà¨ç¥áª¨¬ ¬¥â®¤®¬, ¡®«¥¥ £àã¡ë¥ ¨, ¢¥à®ïâ−®,
−�å®¤ïâáï ¤�«ìè¥ ®â à¥�«ì−ëå §−�ç¥−¨©, ç¥¬ ®æ¥−ª¨ ¯®«ã¯�à�¬¥âà¨ç¥áª®£®
¬¥â®¤�, â�ª ª�ª ¤�−−ë¥ á�¬¨å ¯®â®ª®¢ ¨ ¤�¢«¥−¨ï ¨¬¥îâ ¡®«¥¥ ¯«�¢−ë¥ ¯¥à¥å®¤ë,
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� ª®íää¨æ¨¥−â a ¨¬¥¥â ä¨§¨ç¥áª¨© á¬ëá« âà¥−¤� ¯®â®ª�. „�−−ë© ¢ë¢®¤ á®-
£«�áã¥âáï á ¯®«ãç¥−−ë¬¨ ¢ëè¥ à¥§ã«ìâ�â�¬¨ ¤«ï ¨áªãááâ¢¥−−® á£¥−¥à¨à®¢�−−ëå
¤�−−ëå.

�¥¯�à�¬¥âà¨ç¥áª¨© ¬¥â®¤ ®æ¥−¨¢�¥â ¯¥à¥å®¤−ë¥ ¢¥à®ïâ−®áâ¨ pij −¥¯®áà¥¤-
áâ¢¥−−® ¯® í¬¯¨à¨ç¥áª¨¬ ç�áâ®â�¬ ¯®¯�¤�−¨ï §−�ç¥−¨© ¢ ¤¨áªà¥â−ë¥ ïç¥©ª¨
(£àã¯¯ë). �â� ®æ¥−ª� ®ª�§ë¢�¥âáï ªãá®ç−®-¯®áâ®ï−−®©: ¤«ï ª�¦¤®© ïç¥©ª¨ Xi

¢ ¬®¬¥−â ¢à¥¬¥−¨ t áâà®¨âáï á¢®ï £¨áâ®£à�¬¬� ¯¥à¥å®¤®¢, ¨ §−�ç¥−¨ï ª®íää¨-
æ¨¥−â®¢ a ¨ b ¯®«ãç�îâáï ¯ãâ¥¬ ãáà¥¤−¥−¨ï ¯® íâ®© £¨áâ®£à�¬¬¥. ’�ª®© ¯®¤å®¤
çã¢áâ¢¨â¥«¥− ª «®ª�«ì−ë¬ ä«ãªâã�æ¨ï¬ ¤�−−ëå ¨ ¬®¦¥â ¯à¨¢®¤¨âì ª à¥§ª¨¬
áª�çª�¬ ®æ¥−®ª −� £à�−¨æ�å ïç¥¥ª, ®á®¡¥−−® ¯à¨ ¬�«®¬ ç¨á«¥ −�¡«î¤¥−¨© ¢ ïç¥©-
ª¥, çâ® ¢¨§ã�«ì−® ¯à®ï¢«ï¥âáï ª�ª úèã¬û ¨ úà¥§ª¨¥ ¯¥à¥å®¤ëû −� ª�àâ�å (¡®«¥¥
ïàª¨¥, ª®−âà�áâ−ë¥ æ¢¥â� −� à¨á. 4{6).

‚ ®â«¨ç¨¥ ®â íâ®£®, ¯®«ã¯�à�¬¥âà¨ç¥áª¨© ¬¥â®¤ á−�ç�«� �¯¯à®ªá¨¬¨àã¥â
à�á¯à¥¤¥«¥−¨¥ ¯à¨à�é¥−¨© ¯à®æ¥áá� ¢−ãâà¨ ª�¦¤®© ïç¥©ª¨ á ¯®¬®éìî ª®−¥ç−®©
−®à¬�«ì−®© á¬¥á¨. �à®æ¥¤ãà� ®æ¥−¨¢�−¨ï ¯�à�¬¥âà®¢ á¬¥á¨ (−�¯à¨¬¥à, …Œ-
�«£®à¨â¬) ¨ ¯®á«¥¤ãîé¥£® ¢§¢¥è¥−−®£® ãáà¥¤−¥−¨ï ¤«ï ¯®«ãç¥−¨ï ¨â®£®¢ëå
®æ¥−®ª a ¨ b ¯® á¢®¥© áãâ¨ ®ª�§ë¢�¥âáï á£«�¦¨¢�îé¥©. �−� −¥ ¯à®áâ® áç¨â�¥â
ç�áâ®âë, � ¯®¤¡¨à�¥â £«�¤ªãî ¯�à�¬¥âà¨ç¥áªãî ä®à¬ã (áã¬¬ã £�ãáá¨�−) ¤«ï
®¯¨á�−¨ï ¤�−−ëå ¢−ãâà¨ ïç¥©ª¨. �â® ¯®§¢®«ï¥â à�á¯à®áâà�−¨âì ¨−ä®à¬�æ¨î
®â á®á¥¤−¨å â®ç¥ª, çâ® ¯à¨¢®¤¨â ª ¡®«¥¥ ãáâ®©ç¨¢ë¬ ¨, ª�ª á«¥¤áâ¢¨¥, ¡®«¥¥
£«�¤ª¨¬ ®æ¥−ª�¬ ª®íää¨æ¨¥−â®¢. �® áãâ¨, ¯®«ã¯�à�¬¥âà¨ç¥áª¨© ¬¥â®¤ ¢¢®¤¨â
¤®¯®«−¨â¥«ì−ãî à¥£ã«ïà¨§�æ¨î ç¥à¥§ ¯�à�¬¥âà¨ç¥áªãî ä®à¬ã á¬¥á¨, çâ® ¤¥«�¥â
¥£® ¬¥−¥¥ çã¢áâ¢¨â¥«ì−ë¬ ª ¢ë¡à®á�¬ ¨ «®ª�«ì−ë¬ èã¬�¬, ç¥¬ ç¨áâë© −¥¯�à�-
¬¥âà¨ç¥áª¨© ç�áâ®â−ë© ¯®¤å®¤.

„«ï ®¡ê¥ªâ¨¢−®© ®æ¥−ª¨ áå®¤áâ¢� ¯®«ãç�¥¬ëå ª�àâ ¯à¨ à�§«¨ç−ëå §−�ç¥-
−¨ïå N ¡ë«� ¨á¯®«ì§®¢�−� ¬¥âà¨ª� áâàãªâãà−®£® áå®¤áâ¢� SSIM (structural
similarity index measure) [17], ç�áâ® ¨á¯®«ì§ã¥¬�ï ¤«ï ®æ¥−ª¨ ¡«¨§®áâ¨ ¨§®¡à�-
¦¥−¨©. ‚ â�¡«. 1 ¯à¨¢¥¤¥−ë ¯®«ãç¥−−ë¥ §−�ç¥−¨ï SSIM. Œ¥âà¨ª� ¯à¨−¨¬�¥â
§−�ç¥−¨ï ®â 0 ¤® 1, £¤¥ ¡®«ìè¥¥ §−�ç¥−¨¥ ®§−�ç�¥â ¡®«ìèãî ¡«¨§®áâì ¨§®¡à�¦¥-
−¨©, 1 ¬¥âà¨ª� ¢ë¤�¥â −� á®¢¯�¤�îé¨å ¨§®¡à�¦¥−¨ïå. �® §−�ç¥−¨ï¬ ¢ â�¡«. 1
¢¨¤−®, çâ® ¬¥âà¨ª� ¢®§à�áâ�¥â ¤«ï ®¡®¨å ª®íää¨æ¨¥−â®¢ ¨ ¢á¥å ¤�−−ëå ¯à¨ à®áâ¥

’�¡«¨æ� 1 ‡−�ç¥−¨ï ¬¥âà¨ª¨ SSIM ¤«ï ®æ¥−®ª ª®íää¨æ¨¥−â®¢ a ¨ b ¤«ï
¤�−−ëå à¥�−�«¨§�

ƒàã¯¯ë
Ÿ¢−ë© ¯®â®ª ‘ªàëâë© ¯®â®ª „�¢«¥−¨¥
a b a b a b

50 0,415 0,441 0,618 0,635 0,655 0,496
100 0,479 0,503 0,667 0,651 0,716 0,601
150 0,630 0,570 0,669 0,615 0,739 0,645
200 0,716 0,583 0,717 0,651 0,947 0,743
250 0,762 0,599 0,750 0,661 0,994 0,752
300 0,777 0,634 0,773 0,655 0,981 0,888
350 0,771 0,628 0,806 0,685 0,994 0,954
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ç¨á«� £àã¯¯, −® ¥á«¨ ¯à¨ ¯¥à¥å®¤¥ ®â 50 ª 100 £àã¯¯�¬ −�¡«î¤�¥âáï à¥§ª¨© à®áâ
(®á®¡¥−−® §�¬¥â¥− ¤«ï ¤�¢«¥−¨ï), â® á ª�¦¤ë¬ ¤�«ì−¥©è¨¬ è�£®¬ ®− §�¬¥¤«ï¥âáï,
� −� ¯®á«¥¤−¥¬ è�£¥ ¤«ï ï¢−®£® ¯®â®ª� ¤�¦¥ á«¥£ª� ãåã¤è�¥âáï. „«ï §−�ç¥−¨ï 50
¬¥âà¨ª� SSIM ¯®ª�§ë¢�¥â, çâ® ¨§®¡à�¦¥−¨ï áãé¥áâ¢¥−−® ®â«¨ç�îâáï. „«ï
ç¨á«� ¦¥ £àã¯¯ ®â 250, ®á®¡¥−−® ¤«ï ª®íää¨æ¨¥−â� a, ¬®¦−® ãâ¢¥à¦¤�âì, çâ® à¥-
§ã«ìâ¨àãîé¨¥ ª�àâë ¤®áâ�â®ç−® ¯®å®¦¨ (SSIM ≥ 0, 750). „«ï ª®íää¨æ¨¥−â� b
§−�ç¥−¨ï ¬¥âà¨ª¨ áâ�¡¨«ì−® −¨¦¥, çâ® á®£«�áã¥âáï á ®áâ�«ì−ë¬¨ à¥§ã«ìâ�â�¬¨ |
®æ¥−ª¨ ª®íää¨æ¨¥−â� ¤¨ääã§¨¨ ¤¢ãå ¬¥â®¤®¢ ¬¥−¥¥ ¡«¨§ª¨, ç¥¬ ª®íää¨æ¨¥−â�
¤à¥©ä�.

�â¤¥«ì−® áâ®¨â ã¯®¬ï−ãâì, çâ® ¯à¨ à�áç¥â¥ íâ®© ¬¥âà¨ª¨ −� à¥�«ì−ëå £¥®-
£à�ä¨ç¥áª¨å ª�àâ�å −� ¨§®¡à�¦¥−¨ïå ¡ã¤ãâ £�à�−â¨à®¢�−−® á®¢¯�¤�âì ®¡«�áâ¨
áãè¨, ª®â®àë¥ §�¤�−ë −ã«ï¬¨ ¯à¨ à�áç¥â¥, ¨ íâ® ®â¤�«¨â ¬¨−¨¬�«ì−ãî ¢®§-
¬®¦−ãî SSIM ¤«ï ª�àâ ®â −ã«ï ¤�¦¥ ¯à¨ á®¢¥àè¥−−® à�§−ëå §−�ç¥−¨ïå ¢®¤−®©
ç�áâ¨, ¯à¥¤áâ�¢«ïîé¥© ¨−â¥à¥á. �−�«®£¨ç−® áâ®¨â §�¬¥â¨âì, çâ® ¤«ï á¨−â¥â¨-
ç¥áª¨å ¤�−−ëå à�áç¥â SSIM −¥ ¨¬¥¥â á¬ëá«�, ¯®áª®«ìªã â®çª¨ ¢ á¨−â¥â¨ç¥áª¨å
¤�−−ëå −¥ á¢ï§�−ë ¬¥¦¤ã á®¡®© ¨ −¥ ®ª�§ë¢�îâ ¢«¨ï−¨ï ¤àã£ −� ¤àã£�, � â�ª¦¥
−¥ ®¡à�§ãîâ á¢ï§�−−ë¥ ®¡«�áâ¨, ª�ª ƒ®«ìäáâà¨¬ ¤«ï â¥¯«®¢ëå ¯®â®ª®¢ ¨«¨ ªàã£¨
æ¨ª«®−®¢ ¤«ï ¤�¢«¥−¨ï.

5.2 Статистическая проверка различий методов

�à®¢¥à¨¬, ¡ã¤ãâ «¨ à¥§ã«ìâ�âë, ¯®«ãç�¥¬ë¥ ®¡®¨¬¨ ¬¥â®¤�¬¨ ¯à¨ à�§«¨ç-
−ëå §−�ç¥−¨ïå ç¨á«� £àã¯¯ −� íâ�¯¥ ¤¨áªà¥â¨§�æ¨¨, áâ�â¨áâ¨ç¥áª¨ §−�ç¨¬ë¬¨.
�� à¨á. 7 ¯à¥¤áâ�¢«¥−� ¡«®ª-áå¥¬� ®¯¨á�−−®£® �«£®à¨â¬�.

�à¨ ®¤−®¢à¥¬¥−−®© ¯à®¢¥àª¥ £¨¯®â¥§ë ® à�§«¨ç¨¨ à�á¯à¥¤¥«¥−¨© ¢N = 100
â®çª�å ®¡«�áâ¨ ¢®§−¨ª�¥â ¯à®¡«¥¬� ¬−®¦¥áâ¢¥−−ëå áà�¢−¥−¨©. �à¨ ¨á¯®«ì§®-
¢�−¨¨ áâ�−¤�àâ−®£® ãà®¢−ï §−�ç¨¬®áâ¨ α = 0,05 ¤«ï ª�¦¤®£® â¥áâ� ¯® ®â¤¥«ì-
−®áâ¨ ¢ á«ãç�¥ ¯®«−®© íª¢¨¢�«¥−â−®áâ¨ ¬¥â®¤®¢ ¬®¦−® ®¦¨¤�âì, çâ® ¢ áà¥¤−¥¬
100 × 0,05 = 5 â®ç¥ª ¡ã¤ãâ ®è¨¡®ç−® ¯®ª�§�−ë ª�ª ú§−�ç¨¬® à�§«¨ç−ë¥û ¯à®á-
â® ¨§-§� á«ãç�©−®áâ¨, çâ® ¯à¨¢¥¤¥â ª ¯®à®£®¢®¬ã §−�ç¥−¨î ®â−®è¥−¨ï result,
ª®â®à®¥ ¯® �−�«®£¨¨ â®¦¥ áà�¢−¨¢�¥âáï á® §−�ç¥−¨¥¬ 0,05. —â®¡ë ¨áª«îç¨âì
íâ¨ «®¦−ë¥ áà�¡�âë¢�−¨ï ¨ ®¡¥á¯¥ç¨âì ¤®áâ®¢¥à−®áâì ¢ë¢®¤®¢ ¢ æ¥«®¬ ¯® ¢á¥©
®¡«�áâ¨, −¥®¡å®¤¨¬� ª®àà¥ªæ¨ï ãà®¢−ï §−�ç¨¬®áâ¨. �à¨¬¥−¨¬ ª ¯®«ãç¥−-
−ë¬ à¥§ã«ìâ�â�¬ ¯®¯à�¢ªã •®«¬�{�®−ä¥àà®−¨ ¯¥à¥¤ à�áç¥â®¬ ®â−®è¥−¨ï result
ª ¢¥ªâ®àã ¯®«ãç�¥¬ëå p-§−�ç¥−¨© ¤«ï ª�¦¤®£® ª®−ªà¥â−®£® −�¡®à� ¤�−−ëå ¨ ç¨á-
«� £àã¯¯. „�−−�ï ¯à®æ¥¤ãà� ¯à¥¤áâ�¢«ï¥â á®¡®© ¬®¤¨ä¨ª�æ¨î ª«�áá¨ç¥áª®©
¯®¯à�¢ª¨ �®−ä¥àà®−¨, −® ®¡«�¤�¥â ¡®«ìè¥© ¬®é−®áâìî, â�ª ª�ª ª®àà¥ªâ¨àã¥â
ãà®¢−¨ §−�ç¨¬®áâ¨ ¯®á«¥¤®¢�â¥«ì−®, ®â −�¨¬¥−ìè¥£® p-§−�ç¥−¨ï ª −�¨¡®«ìè¥¬ã.
‚ â�¡«.2 ¯®ª�§�−ë ¯®«ãç¥−−ë¥ à¥§ã«ìâ�âë á ãç¥â®¬ ¯®¯à�¢ª¨.

Œ®¦−® §�¬¥â¨âì, çâ®, −�ç¨−�ï á −¥ª®â®à®£® ç¨á«� £àã¯¯ à�§¡¨¥−¨ï (à�§«¨ç-
−®£® ¤«ï à�§−ëå â¨¯®¢ ¤�−−ëå), ¯®«ãç�¥¬ë¥ ®¡®¨¬¨ ¬¥â®¤�¬¨ ¢¥ªâ®àë ®æ¥−®ª
áâ�−®¢ïâáï ¤®áâ�â®ç−® ¡«¨§ª¨¬¨. †¨à−ë¬ èà¨äâ®¬ ¢ â�¡«. 2 ¢ë¤¥«¥−ë §−�ç¥−¨ï
®â−®è¥−¨ï result, −¥ ¯à¥¢ëè�îé¨¥ 0,05. —¨á«® £àã¯¯ ¬¥−ìè¥ 50 ¨ ¡®«¥¥ 350 −¥
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÷¨á. 7 �«®ª-áå¥¬� �«£®à¨â¬� ¯®¤áç¥â� ®â−®è¥−¨ï result

’�¡«¨æ� 2 ‡−�ç¥−¨ï ®â−®è¥−¨ï result ¤«ï ®æ¥−®ª ª®íää¨æ¨¥−â®¢ a ¨ b ¤«ï à�§«¨ç−ëå
¤�−−ëå ¯®á«¥ ¯à¨¬¥−¥−¨ï ¯®¯à�¢ª¨ •®«¬�{�®−ä¥àà®−¨

ƒàã¯¯ë
‘¨−â¥â¨ª� Ÿ¢−ë© ¯®â®ª ‘ªàëâë© ¯®â®ª „�¢«¥−¨¥
a b a b a b a b

50 0,06 0,77 0,89 1,00 0,00 1,00 0,12 1,00
100 0,04 0,93 0,08 0,05 0,00 0,00 0,00 0,80
150 0,03 0,89 0,00 0,00 0,00 0,00 0,00 0,00
200 0,02 0,52 0,00 0,00 0,00 0,00 0,00 0,00
250 0,01 0,38 0,00 0,00 0,00 0,00 0,00 0,00
300 0,01 0,24 0,00 0,00 0,00 0,00 0,00 0,00
350 0,00 0,31 0,00 0,00 0,00 0,00 0,00 0,00

à�áá¬�âà¨¢�«®áì, â�ª ª�ª ¢ ®¡®¨å á«ãç�ïå −�àãè�¥âáï «®£¨ª� à�¡®âë ª�¦¤®£® ¨§
¬¥â®¤®¢: ¢ £àã¯¯¥ ®ª�§ë¢�¥âáï «¨¡® á«¨èª®¬ ¡®«ìè®¥, «¨¡® á«¨èª®¬ ¬�«®¥ ç¨á-
«® í«¥¬¥−â®¢, çâ® ¯à¨¢®¤¨â ª ¨§«¨è−¥¬ã ãáà¥¤−¥−¨î à¥§ã«ìâ�â®¢ ¯® ®¡«�áâ¨ ¨«¨
ª −¥¢®§¬®¦−®áâ¨ �¤¥ª¢�â−® ¯à¨¬¥−¨âì �«£®à¨â¬ë á«¥¤ãîé¨å è�£®¢ −� á«¨èª®¬
¬�«¥−ìª¨å ¢ë¡®àª�å á®®â¢¥âáâ¢¥−−®.

5.3 Техническая реализация

÷�áç¥âë ®æ¥−®ª ª®íää¨æ¨¥−â®¢ a ¨ b ¢ë¯®«−ï«¨áì −� ¢ëá®ª®¯à®¨§¢®¤¨-
â¥«ì−®¬ ª«�áâ¥à¥ ¢ ¨−¤¨¢¨¤ã�«ì−®© ¢ëç¨á«¨â¥«ì−®© áà¥¤¥ −� ®á−®¢¥ â¥å−®«®-
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£¨¨ ¢¨àâã�«ì−®© ª®−â¥©−¥à¨§�æ¨¨ Docker. �®á«¥ ¢ë¯®«−¥−¨ï ¢á¥å à�áç¥â®¢
¤«ï à�áá¬�âà¨¢�¥¬ëå ¢¥«¨ç¨− −� «®ª�«ì−®© ¬�è¨−¥ ¡ë«¨ ®âà¨á®¢�−ë £à�-
ä¨ª¨ ¢ ä®à¬�â¥ ª�àâ á ¯®á«¥¤ãîé¥© á¡®àª®© ¢ ¢¨¤¥®ä�©«ë ä®à¬�â� mp4
¯à®¤®«¦¨â¥«ì−®áâìî ®ª®«® ç�á� ª�¦¤®¥. �à®£à�¬¬−�ï à¥�«¨§�æ¨ï ¡ë«� ¢ë¯®«-
−¥−� −� ï§ëª¥ Python 3.7 á ¨á¯®«ì§®¢�−¨¥¬ ¡¨¡«¨®â¥ª Matplotlib, NumPy,
Pandas, SciPy, Skimage, Seaborn, Xarray (¤«ï çâ¥−¨ï grib-ä�©«®¢) ¨ ¤à.
�®«−ë© ¯à®£à�¬¬−ë© ª®¤ ¤®áâã¯¥− ¢ Github-à¥¯®§¨â®à¨¨ https://github.com/
Alandriya/Ocean components.

ˆáå®¤−ë¥ ¤�−−ë¥ ¨§¬¥à¥−¨© ï¢−®£® ¨ áªàëâ®£® ¯®â®ª� ¯à¥¤áâ�¢«ï«¨ á®-
¡®© 2 ä�©«� ä®à¬�â� grib ¨§ ®âªàëâ®© ¡�§ë ERA51, ª�¦¤ë© ¨§ ª®â®àëå
á®¤¥à¦�« ¢ á¥¡¥ ¥¦¥¤−¥¢−ë¥ ¨§¬¥à¥−¨ï á è�£®¬ ¢ 6 ç §� ¯¥à¨®¤ 01.01.1979{
31.12.2025 −� á¥âª¥ á è�£®¬ ¢ 0,5◦ á® §−�ç¥−¨ï¬¨ è¨à®âë ¢ ¯à¥¤¥«�å [−90, 0]
¨ ¤®«£®âë ¢ ¨−â¥à¢�«¥ [0◦, 80◦]. „«ï à�áç¥â� ª®íää¨æ¨¥−â®¢ ¤�−−ë¥ ¡ë«¨ ¯¥à¥-
£àã¯¯¨à®¢�−ë ¢ numpy-¬�áá¨¢ë ¯® ¤¥áïâ¨«¥â¨ï¬ (1979{1989 ££., 1989{1999 ££.,
1999{2009 ££., 2009{2019 ££. ¨ 2019{2025 ££.) á ã¬¥−ìè¥−¨¥¬ à�§¬¥à−®áâ¨ á¥âª¨
¤® 1◦. ‡�â¥¬ ¤«ï ¢ë¯®«−¥−¨ï à�áç¥â®¢ á è�£®¬ ¢ 1 ¤¥−ì ¤�−−ë¥ ¡ë«¨ ãáà¥¤−¥−ë
¯® 4 ¯®¤àï¤ ¨¤ãé¨å ¨§¬¥à¥−¨ï §� ª�¦¤ë© ¤¥−ì. �«�£®¤�àï á¢®©áâ¢�¬ ¬�àª®¢®áâ¨
à�áá¬�âà¨¢�¥¬ëå ¯à®æ¥áá®¢ áâ�«® ¢®§¬®¦−® à¥�«¨§®¢�âì ¯�à�««¥«ì−ë© à�áç¥â
−� −¥áª®«ìª¨å ¯à®æ¥áá�å-−¨âïå á ¯®á«¥¤ãîé¥© á¡®àª®© à¥§ã«ìâ�â®¢ ¨ ®¡à�¡®â-
ª®© £à�−¨æ ¨−â¥à¢�«®¢ à®¤¨â¥«ìáª¨¬ ¯à®æ¥áá®¬, £¤¥ ¯�à�««¥«¨§¬ ¢ë¯®«−ï«áï
¯® ª®®à¤¨−�â¥ ¢à¥¬¥−¨.

6 Заключение

„�−−�ï à�¡®â� ¯à®¤®«¦�¥â ¨áá«¥¤®¢�−¨¥ −¥¯�à�¬¥âà¨ç¥áª®£® ¨ ¯®«ã¯�à�¬¥â-
à¨ç¥áª®£® ¬¥â®¤®¢ ®æ¥−¨¢�−¨ï á«ãç�©−ëå ª®íää¨æ¨¥−â®¢ ‘„“ ˆâ® (1). ‚ áâ�âì¥
�−�«¨§¨àã¥âáï ¢«¨ï−¨¥ ç¨á«� £àã¯¯ −� íâ�¯¥ ¤¨áªà¥â¨§�æ¨¨ ¤�−−ëå −� ¨â®£®¢ãî
â®ç−®áâì ®æ¥−®ª, � â�ª¦¥ ¯à¨¢®¤ïâáï à¥§ã«ìâ�âë ¯à¨¬¥−¥−¨ï áâ�â¨áâ¨ç¥áª®-
£® ªà¨â¥à¨ï “¨«ª®ªá®−�{Œ�−−�{“¨â−¨ ¤«ï ¯à®¢¥àª¨ £¨¯®â¥§ë ® à�§«¨ç¨¨ ¨å
à�á¯à¥¤¥«¥−¨©. „®¯®«−¨â¥«ì−® ¢ë¯®«−¥− à�áç¥â ®â−®è¥−¨ï result á ¯à¥¤¢�à¨-
â¥«ì−®© ª®àà¥ªâ¨à®¢ª®© ¢¥ªâ®à� p-§−�ç¥−¨© á ¯®¬®éìî ¯®¯à�¢ª¨ •®«¬�{�®−-
ä¥àà®−¨, çâ® ¯®§¢®«¨«® ãáâà�−¨âì íää¥ªâ ¬−®¦¥áâ¢¥−−ëå áà�¢−¥−¨©.

�®«ãç¥−−ë¥ à¥§ã«ìâ�âë ¯®§¢®«ïîâ á¤¥«�âì ¢ë¢®¤, çâ® −�ç¨−�ï á −¥ª®â®à®£®
ç¨á«� £àã¯¯ à¥§ã«ìâ�âë ®¡®¨å ¬¥â®¤®¢ áâ�−®¢ïâáï ¤®áâ�â®ç−® áâ�â¨áâ¨ç¥áª¨ ¡«¨§-
ª¨, çâ®¡ë ¬®¦−® ¡ë«® ¨á¯®«ì§®¢�âì «î¡®© ¨§ ¬¥â®¤®¢ ¤«ï ¯®«ãç¥−¨ï ®æ¥−®ª.
�â® á¢¨¤¥â¥«ìáâ¢ã¥â ®¡ ¨¤¥−â¨ç−®¬ å�à�ªâ¥à¥ ¯®¢¥¤¥−¨ï ¯®«ãç�¥¬ëå ®æ¥−®ª, çâ®
®âªàë¢�¥â ¢®§¬®¦−®áâ¨ ¤«ï ¯¥à¥−®á� á¢®©áâ¢, ¤®ª�§�−−ëå ¤«ï ®¤−®£® ¨§ ¬¥â®¤®¢,
−� ¤àã£®© ¯à¨ ¢ë¯®«−¥−¨¨ ®¯à¥¤¥«¥−−ëå ãá«®¢¨© −� ¬¨−¨¬�«ì−®¥ ç¨á«® £àã¯¯,
¨á¯®«ì§ã¥¬ëå −� íâ�¯¥ ¤¨áªà¥â¨§�æ¨¨ ¤�−−ëå.

„�«ì−¥©è¨¬ −�¯à�¢«¥−¨¥¬ ¨áá«¥¤®¢�−¨© ¯à¥¤áâ�¢«ï¥âáï ¢ëï¢«¥−¨¥ ï¢−®£®
¢¨¤� §�¢¨á¨¬®áâ¥© ª®íää¨æ¨¥−â®¢ a ¨ b ®â ¯à®æ¥áá� X ¤«ï à�áá¬�âà¨¢�¥¬®£®

1https://www.ecmwf.int/en/forecasts/datasets/reanalysis-datasets/era5.
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â¨¯� ¤�−−ëå. �â® ¯®§¢®«¨â ¢ë¯¨á�âì à¥è¥−¨¥ á®®â¢¥âáâ¢ãîé¥£® ‘„“ ˆâ® (1)
ãà�¢−¥−¨ï ”®ªª¥à�{�«�−ª� á æ¥«ìî ¯®«ãç¥−¨ï ¢ ï¢−®¬ ¢¨¤¥ áâ�æ¨®−�à−®£®
à�á¯à¥¤¥«¥−¨ï ¨áá«¥¤ã¥¬®£® ¯à®æ¥áá�.
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STATISTICAL ANALYSIS OF THE EQUIVALENCE
OF ALGORITHMS FOR ESTIMATING PARAMETERS

OF DYNAMICAL-STOCHASTIC MODELS OF TURBULENT HEAT
EXCHANGE BETWEEN THE OCEAN AND ATMOSPHERE

A. A. Osipova

Federal Research Center \Computer Science and Control" of the Russian Academy
of Sciences, 44-2 Vavilov Str., Voscow 119333, Russian Federation

Abstract: The paper presents a statistical analysis of the equivalence between
nonparametric and semiparametric approaches to estimating the random coef-
ficients of an Ito stochastic differential equation which is employed to model
turbulent heat fluxes between the ocean and atmosphere. The Wilcoxon{Mann{
Whitney test was utilized to evaluate the performance of these estimators as
a function of the number of bins used during the input data discretization phase.
The study was conducted using both synthetic data sets with predefined param-
eters and empirical ERA5 reanalysis data for the North Atlantic. The results
indicate that as the number of bins increases, the accuracy of the nonparametric
method deteriorates for the drift coefficient but improves for the diffusion coeffi-
cient, whereas the semiparametric method demonstrates high stability. Based on
statistical testing with the Holm{Bonferroni correction for multiple hypotheses
testing, a threshold number of bins (approximately 200{250) was identified, be-
yond which the distributions of estimates from both methods become statistically
indistinguishable. This confirms their practical equivalence for the analysis of
geophysical data.
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BALANCING POWER DEMAND AND PERFORMANCE
IN A DELAYED DEACTIVATION M/G/1-TYPE MODEL

A. S. Golovin1, E. V. Morozov2, and A. S. Rumyantsev3

Abstract: An M/G/1-type model with deactivation and activation periods
following a hot-standby period in the empty state is considered where all periods
possess general distributions. The model is treated as an exceptional first service
system and, together with regenerative arguments, it allows one to obtain the
stationary performance (workload, response time) distributions (in the transform
domain) as well as the average power demand in explicit form. The optimal
value of the hot-standby parameter which minimizes the average power demand
(under restricted performance degradation) is obtained. It is shown that the
constant-time hot-standby policy is sufficient to guarantee optimality. These
results are useful to study power and performance tradeoffs in larger models such
as a heterogeneous server pool as shown by a numerical study.

Keywords: delayed deactivation; energy efficiency; exceptional first service;
performance monotonicity; Laplace transform order; optimal policy
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1 Introduction

The substantial power demand of information and communication technology (ICT)
infrastructure strongly motivates research in the field of energy efficiency. Significant
focus is placed on various aspects of power saving across a wide spectrum of ICT
devices, ranging from small battery-powered equipment used in the Internet of
Things [1,2] to large-scale server farms [3,4].
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In a single-server system, power demand can be decreased using various tech-
niques such as dynamic voltage and frequency scaling [5], demand response meth-
ods [6], or low-power/sleep/inactive modes [7]. In these states (known as Advanced
Configuration and Power Interface sleeping states (ACPI S-states), data processing
is normally suspended. However, a part of the system may be ready to trigger system
activation. Mathematically, many of these systems can be modeled by the so-called
vacation queues (see, e. g. [8]).

The cost of transitions to/from the inactive mode (i. e., deactivation and
activation, respectively) is usually rather high both in terms of performance and
power demand [9]. The energy-performance tradeoff in such systems may be achieved
by means of a delayed deactivation (further in the text called hot-standby), that is,
the time period before switching the server to the inactive state if no customers arrive
during this period. Typically, such a tradeoff is studied by means of Markov chain
analysis [10, 11], matrix-analytic methods [12{14], mean-field approximation [15],
and Markov decision processes [16] both in single server and multiserver case.
The exact analysis is usually performed under the exponential assumptions of
the governing random sequences (with a notable exception [16]), whereas in the
general case, simulation is performed (see, e. g., [17]). An extension towards general
distributions may be rather challenging, although necessity is motivated by workload
data [18]. We address this challenge in the present paper.

We generalize three most relevant studies [11, 13, 16] towards an M/G/1-type
queue with generally distributed de/activation and hot-standby times. The main
elements of our analysis are (i) the interpretation of the system as an exceptional
first service M/G/1 model, and (ii) the treatment of the hot-standby duration as
a policy under various optimization criteria. The exceptional first service model has
been studied in pioneering work [19] followed by significant extensions obtained
in [20,21].

In the present work, we address minimization of the average stationary power
demand under constrained performance degradation where the performance is treated
as the average stationary workload or response time. We establish the monotonicity
of the performance measures and provide the optimal hot-standby policy in a single-
server queue. However, in a more realistic environment, many servers are used,
e. g., in a server pool with heterogeneous servers. For such a case, we supplement
the theoretical analysis with a simulation.

The key contributions of the present research are as follows:

{ explicit analysis of the distribution of workload/response times (in transform
domain) is performed for the M/G/1-type system with generally distributed
hot-standby, deactivation, and activation times, using exceptional first service
model and regenerative technique;

{ Laplace transform monotonicity is established for the system performance (sta-
tionary workload/response times) with respect to the hot-standby policy;
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{ optimal policy is obtained explicitly for the minimized power demand under
constrained performance degradation; and

{ applicability of the results to larger models such as heterogeneous server pool is
demonstrated by numerical study.

The structure of the paper is as follows. Section 2 contains notation, model
description, and problem statement. Section 3 contains some necessary results for
the single-server queue with the exceptional first service. In Section 4, we derive
the results for the delayed deactivation M/G/1-type system. The results of the
simulation of a server pool model are given in Section 5. We complete the paper
with a conclusion.

2 Model Description and Problem Statement

We start with some notations used through the paper: the indicator function I(A)
of an event A; the sign ∼ connects a random variable (r.v.) X and its cumulative
distribution function (CDF)FX . For the r.v.X, we denote ϕX(s) = Ee

−sX (s ≥ 0)
its Laplace{Stieltjes transform (LST). (For the purpose of this research, it suffices
to consider only X ≥ 0.) For the r.v. X ≥ 0 with EX < ∞, the integrated-tail

CDF FX(e) of an r.v. X(e) is defined as

FX(e)(x) =
1

EX

x∫

0

FX(y) dy

where F (x) = 1 − F (x) is the tail CDF. (The r.v. X(e) is sometimes called an
equilibrium version of X [22].) It is straightforward to check that

ϕX(e)(s) =
1− ϕX(s)

sEX
(1)

and provided that EX2 <∞,

EX(e) =
EX2

2EX
. (2)

The serial index denoting the generic element of independent and identically
distributed (i.i.d.) r.v.'s is omitted.

A detailed description of the delayed deactivation M/G/1-type model studied in
this paper is presented below. The arrivals follow the Poisson process with rate λ,
interarrival times T ∼ Exp(λ), the iid service times have CDF FS with finite mean
ES =: 1/µ and LST ϕS(s). A customer leaving the system empty initiates the
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hot-standby period • ∼ F• followed by a deactivation period B ∼ FB if the system
is still empty at the end of hot-standby period. The first customer arriving during
the deactivation period (if any) cannot interrupt it but triggers an (uninterruptible)
activation period A ∼ FA right after the end of deactivation. Otherwise, if no
customers arrive during the deactivation period, the server becomes inactive. If
a customer arrives at the inactive system, the activation period starts. During both
the deactivation and activation periods as well as in the inactive state, no customers
are served.

The hot-standby duration • is treated as a system policy parameter aiming to
strike a balance between the minimization of power demand and the degradation
of system performance. Notably, • = ∞ provides the conventional M/G/1 system
(without power demand management), while • = 0 corresponds to the system with
an instant transition to deactivation. In the following section, the power demand
optimization problem is formally defined.

To reflect the mechanism of inactivity, system states are defined as pairs
(s, j) where s ∈ {0, b} represents the queue status and j ∈ {1, 2, 3} indicates the
server state. More exactly, if s = 0, there are no customers in the system and
simultaneously, the server may be in one of the following states (enumerated by j):
j = 1 | inactive; j = 2 | hot-standby; or j = 3 | deactivation. If s = b, the
system is not empty (busy) and the server may be in one of the following states:
j = 1| activation; j = 2| active; or j = 3| deactivation.

Let Ps,j denote the corresponding stationary probabilities (provided they exist)
and ds,j represent the respective power demands. The goal is to determine the
policy • that minimizes the mean stationary power demand

E(•) :=
∑

s∈{0,b}

3∑

j=1

ds,jPs,j → min
•≥0

, (3)

subject to the following constraint on the mean stationary workload EW(•),

EW(•) ≤ (1 + ε)EW(∞), (4)

or on the mean stationary response (sojourn) time EV(•),

EV(•) ≤ (1 + ε)EV(∞), (5)

for a predefined ε > 0. To solve these problems, an M/G/1-type system with
exceptional first service is employed as described in the next section.

3 Exceptional First Service M/G/1 System Revisited

The key element of the analysis presented in the research is the interpretation of the
model under consideration as an exceptional first service M/G/1-type system. The
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remaining deactivation and activation periods are interpreted as an addendum to the
(basic) service time of the first customer in a busy cycle. Notably, the workload
W(•) in this a case also contains fictitious work induced by server deactivation and
activation periods, during which the server cannot serve customers but is considered
busy. For this reason, the main results from [19], which are crucial for the subsequent
analysis, are summarized below.

Consider an M/G/1-type queueing system with Poisson input and i.i.d. (expo-
nential) interarrival times {Tn}n≥1 with rate λ. Customers who arrive in the empty

system start new busy periods and have i.i.d. service times {Ŝn}with Ŝ ∼ F
Ŝ

, while
customers arriving within busy periods have i.i.d. service times {Sn} with generic
service time S ∼ FS. In general, F

Ŝ
6= FS and such a system is called the system

with the exceptional first service (see, for instance, [19{21]). By (1), the LSTs of the
original r.v.'s and their equilibrium versions are connected as

ϕS(e)(s) = Ee
−sS(e) =

1− ϕS(s)

sES
; ϕŜ(e)(s) = Ee

−sŜ(e) =
1− ϕŜ(s)

sEŜ
. (6)

The workload (remaining work) Wn seen by the nth customer upon arrival satisfies
a (slightly) modified Lindley recursion:

Wn+1 =
(
Wn + Sn − Tn +

(
Ŝn − Sn

)
I(Wn = 0)

)+

where (·)+ = max(0, ·), and the response time of customer n is

Vn =Wn + Sn +
(
Ŝn − Sn

)
I(Wn = 0), n ≥ 1.

The objective is to determine the (limiting) CDF FW and FV of the stationary
workload W and response times V , respectively.
Regenerative structure of the system. To develop an explicit stationary perfor-
mance analysis of the system for general distributions of •, A, andB, a regenerative
approach is utilized, since the workload process (and other related processes) are re-
generative. Standard regenerations occur when a new customer meets an idle system
(see, e. g., [23, 24]). However, to analyze the model with generally distributed •,
B, and A, the regenerative structure is modified to eliminate the dependence of the
future workload process on the attained hot-standby time at the arrival instance. Let

{dn} denote the customer departure instances from the system and let “Wn represent
the workload at the instant dn, n ≥ 1. The regeneration points of the workload
process { “Wn} are defined as the departure instances that leave the system empty:

θn+1 := min(k > θn : “Wk = 0), n ≥ 0 (θ0 := 0).
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Since the input process is Poisson, it is evident that {θn+1−θn} are i.i.d. regeneration
period lengths, counting the arrivals between two adjacent regeneration times. Let θ
denote the generic regeneration period length. It is evident that θ also equals the
length of a (conventional) regeneration period generated by nonwaiting customer
arrivals.

According to [19] (and can be easily established by regenerative argument, see,
e. g., [24, Ch. 2]), the stability condition of this model is given by

ρ := λES < 1

which is assumed to be fulfilled in what follows. In particular, it guarantees the
existence of the stationary workload W and the response time V as the weak limits
Wn ⇒ W and Vn ⇒ V , respectively, as n → ∞ (see, e. g., [23]). (Although the

weak limit of “Wn also exists, it is not utilized in the reminder of this paper.)
Performance analysis. It follows from [19, Theorem 4] that

ϕW (s) = Ee
−sW = P0

s− λ(ϕŜ(s)− ϕS(s))

s− λ(1− ϕS(s))
. (7)

Here, P0 is the stationary idle probability

P0 =
1− ρ
1− ρ+ ρ̂ (8)

where
ρ̂ = λEŜ.

It is worth mentioning that, by the property PASTA (Poisson Arrivals See Time
Averages), P0 is both the limiting fraction of idle time of the server and the fraction
of customers meeting idle server (in steady-state regime). Using Egs. (6) and (8),
Eq. (7) can be written as follows:

ϕW (s) = P0

(
1 +

λ(1− ϕŜ(s))

s− λ(1− ϕS(s))

)
= P0

(
1 +

ρ̂ϕŜ(e)(s)

1− ρϕS(e)(s)

)
(9)

= P0 + P0ρ̂ϕŜ(e)(s)

∞∑

k=0

ρk (ϕS(e)(s))
k

= P0 + (1− P0)ϕŜ(e)(s)

∞∑

k=0

(1− ρ)ρk (ϕS(e)(s))
k . (10)

It follows from Eq. (9) that

FW (x) = P0 + (1− P0)
∞∑

k=0

(1− ρ)ρk(F
Ŝ(e)
∗ F ∗k

S(e)
)(x)
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where ∗ denotes the convolution operator; and F ∗k
S(e)

is the k-fold convolution of

FS(e) with itself. It follows from (10) that the mean stationary workload

EW = −ϕ′
W (0) = (1− P0)

[
EŜ(e) +

ρ

1− ρ ES
(e)

]
(11)

which becomes the Pollaczek{Khintchine formula for a standard M/G/1 system if

Ŝ = S. Expression (11) can be rewritten using Eq. (2) as follows:

EW = (1− P0)
(
EŜ2

2EŜ
+

ρ

1− ρ
ES2

2ES

)

. (12)

By the known relation Eθ = 1/P0, we find from expression (8) that

Eθ = 1 +
ρ̂

1− ρ . (13)

The parameter ρ̂ is the mean number of arrivals during the first service time within
a busy period, while the term 1/(1 − ρ) denotes the mean number of arrivals
during a `standard' busy period in the conventional stationary M/G/1 system [23].
(Equivalently, 1/(1 − ρ) signifies the mean discrete regeneration period length.)
Thus, an intuitive interpretation of expression (13) can be established using the
LIFO (Last-In-First-Out) service discipline: the mean regeneration period length
Eθ comprises the first customer and the mean number ρ̂ of standard regeneration
cycle lengths (each equal to 1/(1 − ρ)) generated (under the LIFO rule) by arrivals
during the first service. Based on the PASTA property, the mean continuous-time
regeneration cycle length is obtained as follows:

ET Eθ =
1

λP0
=
1

λ
+
EŜ

1− ρ =
1− ρ+ ρ̂
λ(1− ρ) . (14)

Remark 1. In [19, Theorem 3], the following relation is obtained:

ϕW (s)ϕS(s) +
(
ϕŜ(s)− ϕS(s)

)
P0 = ϕV (s) (15)

where ϕV (s) is the LST of the stationary response time V . Substituting Eq. (10)
into Eq. (15) yields:

ϕV (s) = P0ϕ̂S(s) + (1− P0)ϕS(s)ϕŜ(e)
(s)

∞∑

k=0

(1− ρ)ρk (ϕS(e)(s))
k . (16)

68 Sistemy i Sredstva Informatiki | Systems and Means of Informatics 2026 vol 36 no 2



Balancing power demand and performance in a delayed deactivationM/G/1-type model

Expression (16) admits the following intuitive interpretation: with probabili-

ty P0, the response time (for the first customer in a busy cycle) equals Ŝ; otherwise,
it is a sum of the (nonzero) workload and the `standard' service time S. Based on
Eq. (11), the mean response time is derived as

EV = −ϕ′
V (0) = EW +ES +P0(EŜ −ES) = EW +P0EŜ+ (1−P0)ES. (17)

Equation (8) directly implies that

λ
(
P0EŜ + (1− P0)ES

)
= 1− P0 (18)

which represents a particular case of Little's law since P0EŜ + (1 − P0)ES is the
mean service time of a generic customer.

Remark 2. The result (10) gives the following procedure for sampling from
(in general unknown) stationary distribution FW in the exceptional first service
M/G/1-type system (using arguments similar to [24, p. 43]).

1. Toss a coin with the success probability P0, and output W = 0 upon success.

2. Otherwise, with probability 1−P0, sample an r.v. Q geometrically distributed
with a success probability 1− ρ, and the output

W = Ŝ(e) +

Q∑

k=1

S
(e)
k

with i.i.d. S
(e)
k ∼ FS(e), k = 1, Q, and Ŝ(e) ∼ FŜ(e) (

∑
∅ := 0).

The importance of this procedure is that it allows one to simulate the (stationary)
paths of the workload process starting in steady state.

4 Balancing Power Demand and Performance

In this section, the problems stated in Section 2 are solved. The results obtained
herein align with those derived in [13, 25] for the M/M-type model with exponen-
tially distributed hot-standby, deactivation, and activation times and extend those
from [16] to the nonzero deactivation times.
Distribution of the First Service Time. For convenience, let T0 denote the
remaining interarrival time at (any) instant θn. Recall that T0 ∼ Exp(λ).

To determine the distribution of the service time Ŝ of the first customer in a given
regenerative period, three (mutually exclusive) events are defined,HI ,HD, andHS:
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(i) HI = {T0 < •}. Then, with probability

pI := P{T0 < •} =
∞∫

0

(1− e−λx) dF•(x) = 1− ϕ•(λ), (19)

the new customer starts the busy period immediately and has service time Ŝ = S.

Let now HI = {T0 ≥ •} hold good. This event occurs with probability

P{HI} = 1− pI = ϕ•(λ)

and is split into two cases, HS and HD.

(ii) HS = {T0 ≥ • + B}, that is, the first customer arrives during the inactivity
period. This event occurs with probability

pS := P{HS} = Ee−λ(•+B) = ϕ•(λ)ϕB(λ)

and immediately triggers an activation period A, in which case the service time

Ŝ = A+ S ∼ FA ∗ FS; and

(iii) finally, HD = {• ≤ T0 < •+B} = HI \HS, that is, the first customer arrives
during the deactivation period, which happens with probability

pD := P{HD} = P{HI} − P{HS} = ϕ•(λ)(1− ϕB(λ)). (20)

In this case, the service time Ŝ of the first customer consists of the remaining

deactivation period “B = • + B − T0 followed by the activation period A and
the standard service time S.

Based on the analysis above, the first service time can be represented as

Ŝ = SI(HI) + ( “B +A+ S) I(HD) + (A+ S) I(HS)

= S +AI(HI) + “B I(HD). (21)

Now, using (2) and taking into account the dependence between “B and I(HD), one
obtains, after some straightforward algebra,

EŜ = ES + ϕ•(λ)

(
EA+EB − 1− ϕB(λ)

λ

)
(22)

where, in particular, we use

E( “B I(HD)) = ϕ•(λ)

(
EB − 1− ϕB(λ)

λ

)
.
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Similarly, using (21), one obtains

EŜ2 = ES2+ϕ•(λ)(EA
2+2ES EA)+2E( “B I(HD))(ES +EA)+E( “B

2 I(HD))

where

E( “B2 I(HD)) = ϕ•(λ)EB
2 − 2

λ
E
(
“B I(HD)

)
.

To derive the LST of Ŝ, representation (21) is used. Taking into account the

dependence of I(HI) and I(HD) on “B, one obtains, after some algebra,

ϕ
Ŝ
(s) = ϕS(s)

(
1− ϕ•(λ)

[
1− (sϕB(λ)− λϕB(s))ϕA(s)

s− λ

])
. (23)

It is easy to check from (23) that, as expected, −ϕ′
Ŝ
(0) gives (22).

System Performance. The target performance metrics can be determined in an
explicit form, emphasizing the dependence on • in the notation such as W(•) for the
stationary workload. By (22), using (8), one gets

P0 =
1− ρ

1 + c2ϕ•(λ)

where
c2 = λ(EA+ EB)− (1− ϕB(λ)) ≥ 0 . (24)

The nonnegativity of c2 holds good since one has, using (1),

λEB − (1− ϕB(λ)) = λEB(1− ϕB(e)(λ)) ≥ 0.
To get EW as a function of ϕ•(λ), we use (22){(24) in (12). It follows that

EW(•) = c1 +
c3ϕ•(λ)

1 + c2ϕ•(λ)
(25)

where

c1 = EW(∞) =
λES2

2(1− ρ) ;

c3 = c2ES + (λEA− 1)
(
EB − 1− ϕB(λ)

λ

)
+
λEB2

2
+
λEA2

2
.

Note that c1 is the mean stationary workload (delay) in the conventional M/G/1
system. On the other hand,

EW(0) = c1 +
c3
1 + c2

.
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Similar results can be obtained for the response time. It follows from (17) that
the difference EV(•) − EW(•) (i. e., the mean service time, see (18)) is

EV(•) − EW(•) =
1− P0
λ

=
ES + ϕ•(λ)c2/λ

1 + c2ϕ•(λ)
. (26)

Thus, by (26) and (25),

EV(•) = c1 + ES +
(c3 + c2(1− ρ)/λ)ϕ•(λ)

1 + c2ϕ•(λ)
. (27)

Note that (27) in case B = 0 aligns with [16, Section 5].

The following theorem states the monotonicity of the stationary performance
metrics with respect to the policy • in terms of the so-called Laplace transform
order [26], that is, X ≥Lt Y if the order ϕX(s) ≤ ϕY (s) holds for all s ≥ 0.
Theorem 1. Let W(•1) and W(•2) denote the stationary workloads and let V(•1)
and V(•2) represent the stationary response times in two systems where, ceteris
paribus, the following relation holds:

ϕ•1(λ) ≥ ϕ•2(λ) ≥ 0.

Then,
W(•1) ≥Lt W(•2), V(•1) ≥Lt V(•2).

P r o o f . Using (23) in (10), one has, after some algebra,

ϕW (s)=P0

(
1 +

λ(1− ϕŜ(s))

s− λ(1− ϕS(s))

)
=

1− ρ
1− ρϕS(e)(s)

1 + “c2(s)ϕ•(λ)ϕS(s)

1 + c2ϕ•(λ)
(28)

where one has, for s ≥ 0,

“c2(s) =
λ

s

[
1− s

s− λ ϕB(λ)ϕA(s) +
λ

s− λ ϕB(s)ϕA(s)

]

=
λ

λ− s [λ(EAϕA(e)(s) + EBϕA(s)ϕB(e)(s))− (1− ϕB(λ)ϕA(s))] ≤ c2.

The latter inequality follows from (24) and assures ϕW (s) is decreasing with ϕ•(λ).
The analysis for ϕV is similar and is based on the representation (16).

Remark 3. Since the Laplace ordering implies ordering of expectations (see [26,
p. 234]), then under the conditions of Theorem 1,

EW(•1) ≥ EW(•2).
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Remark 4. Stochastic ordering •1 ≤st •2 implies •1 ≤Lt •2 [26, Th. 5.A.16], and
both these orderings are sufficient for Theorem 4 to hold.

Remark 5. It is clear from the proof of Theorem 1 that ϕW and ϕV depend on • only
through a single value ϕ•(λ). It then follows from Remarks 3 and 4 that • = ∞
(corresponding to conventional M/G/1 system) and • = 0 imply the smallest and
the largest average stationary workload, respectively. Thus, the quality degradation
in (4) is upper bounded as

1 + ε ≤ EW(0)
EW(∞)

= 1 +
c3

c1(1 + c2)
.

Power Demand Optimization. To compute the mean stationary power demand (3),
the probabilities Ps,j, s ∈ {0, b}, j = 1, 2, 3, are determined below. Since P0 is the
probability of a customer entering an empty system and using the probabilities (19)
and (20) and the property PASTA, the fractions of time that the empty system
spends in the inactive, hot-standby, and deactivation states are obtained as

P0,1 = pSP0; P0,2 = pIP0; P0,3 = pDP0. (29)

The stationary probabilities Pb,1, Pb,2, and Pb,3 of the nonempty system being
in activation, busy, and deactivation states, respectively, are determined next.
By a regenerative argument, the fraction of time that the system serves the first
(exceptional) customer is (see (14) and (22))

EŜ

ET Eθ
= λP0

(
ES + ϕ•(λ)EA+ ϕ•(λ)

(
EB − 1− ϕB(λ)

λ

))
.

Since Pb,1 and Pb,3 correspond to the activation and deactivation periods, respec-
tively, then, using regenerative arguments,

Pb,1 =
E
(
A I(HI)

)

EθET
= λP0ϕ•(λ)EA ;

Pb,3 =
E
(
“B I(HD)

)

EθET
= λP0ϕ•(λ)

(
EB − 1− ϕB(λ)

λ

)
,

and, taking into account Eqs. (8) and (22),

Pb,2 = 1− P0 − Pb,1 − Pb,3 = ρ . (30)

Notably, while Pb,2 is the (stationary) busy probability in the conventional M/G/1
system, the probabilities Pb,1 and Pb,3 correspond to the activation and deactivation
states, respectively.
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From (29) and (30), one gets, after some algebra,

E(•) =
κϕ•(λ)

1 + c2ϕ•(λ)
+ (1− ρ)d0,2 + ρdb,2

where

κ = (1− ρ)
[
d0,1ϕB(λ) + (d0,3 − db,3)(1− ϕB(λ))

+ db,1λEA+ db,3λEB − d0,2(1 + c2)
]
.

Depending on the sign of κ, the mean power demand E(•) is monotone with
respect to ϕ•(λ). In particular, if κ < 0, using Eq. (25), one can check that
minimum in Eq. (3) is attained from equality (4) as

ϕ•(λ) = ϕ
W
• (λ) :=

εc1
c3 − εc1c2

. (31)

Similarly, solving the equality (5) and applying Eq. (27), the corresponding value is
obtained as

ϕ•(λ) =: ϕ
V
• (λ) =

ε(c1 + ES)

c3 + c2(1− ρ)/λ− ε (c1 + ES) c2
.

If κ > 0, the minimum power demand is attained at ϕ•(λ) = 0, e. g., for • = ∞
(conventional M/G/1 system). For κ = 0, the power demand does not depend on •
and is the same as for the (conventional) M/G/1 system.

Remark 6. Due to Remark 5, two systems with policies •1 and •2 having
different distributions (e. g., exponential vs. deterministic) will have exactly the
same workload (response time) distributions and exactly the same mean stationary
power demands. This allows one to use, for simplicity, the deterministic (constant)
hot-standby duration where the optimal • = •W can be obtained from (31) as

•W =
log(c3 − εc1c2)− log(c1ε)

λ
.

In essence, the optimal policy among all possible hot-standby strategies can be chosen
as a \threshold-type policy": deactivate if no arrival happens during constant-time
hot-standby period •W .

5 Energy/Performance Tradeoff in a Server Pool

In this section, the theoretical results derived in Sections 3 and 4 are applied to
a server pool model inspired by [25]. In this heterogeneous system, there are two
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server pools of sizes N1 and N2, respectively. The (Poisson, rate λ) input customers
are dispatched (by tossing a coin) to the first pool with probability p1. Within each
pool, the servers are identical and a random server assignment policy is used for the
input. Consequently, each server in pool i ∈ {1, 2} receives a Poisson input having
rate λpi/Ni where p2 = 1−p1. The superscript (i) is employed to denote the driving
sequences for the pool i = 1, 2.

The service, deactivation, and activation times follow a (type-II) Pareto distri-
bution ParetoII(κ, x0) with a shape parameter κ and a scale parameter x0 defined
(for some r.v. X ∼ FX ) by

FX(x) = 1−
xκ
0

(x+ x0)
κ , κ > 2, x ≥ 0.

So, one may check

EX =
x0
κ− 1 , EX2 =

2x20
(κ− 1)(κ − 2) <∞ .

The following parameters are used inspired by the performance/power demand of
ORACLE server X9 1 (Intel Xeon Gold 6354 18c at 3.0 GHz, 2 × 32 GB RAM,
NVME) and ORACLE server X8 1 (Intel Xeon 8260 at 2.4 GHz, 32 GB RAM,
SSD) for pool 1 and pool 2, respectively:

S(1) ∼ ParetoII (3, 5); A(1) ∼ ParetoII (3, 1); B(1) ∼ ParetoII (3, 1),
S(2) ∼ ParetoII (4, 10); A(2) ∼ ParetoII (4, 3); B(2) ∼ ParetoII (4, 3).

Throughout the section, the power demands are defined as follows:

d
(1)
0,1 = 10; d

(1)
0,2 = 71; d

(1)
b,1 = d

(1)
b,2 = d

(1)
b,3 = d

(1)
0,3 = 304;

d
(2)
0,1 = 15; d

(2)
0,2 = 97; d

(2)
b,1 = d

(2)
b,2 = d

(2)
b,3 = d

(2)
0,3 = 267.

These parameters are obtained from the corresponding hardware specifications
(power demand for active/idle/inactive states), whereas the ratio of the average
service times matches the (benchmark) performance ratio of the two aforementioned
server models. The parameters for the activation and deactivation phases are chosen
to provide an average duration of 0.5 (say, minute) for the first pool and 1 for the
second pool.

The system is investigated under a light load, λ = 0.1
(
N1/ES

(1) +N2/ES
(2)
)
.

Furthermore, the policies •i are assumed to be deterministic for i = 1, 2.
Within the experiment, the sensitivity of the server pool model to the dispatching

parameter p1 and the policies •1 and •2 is investigated, while optimality of such
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Figure 1 Response time 95% quantile vs. dispatching policy p1 for the server pool
model with 20 + 80 M/G/1-type servers with parameters defined in Section 5 for various
(deterministic) hot-standby times •i, i = 1, 2: 1 | •1 = ∞, •2 = ∞; 2 | •1 = 10

−2,
•2 = 10

−2; 3 | •1 = 10
2, •2 = 10

−2; and 4 | •1 = 10
−2, •2 = 10

2

a system is beyond the scope of this paper. We vary p1 ∈ (0, 1) and evaluate the
95% response time quantile (by plugging (28) and (23) into (15) and numerical LST
inversion at 300 points) and average power demand for the model with the setup tuple
(p1,•1,•2) where •i ∈ {0.01, 100}. As a baseline for comparison, •1 = •2 =∞ is
utilized.

Figure 1 depicts the 95% response time quantile vs. the dispatching policy p1.
The U-shape curve 1 corresponds to the baseline model,whereas the curve 2 is for
•1 = •2 = 10

−2. Interestingly, the curve 3 coincides with the curve 2 for small
values of p1 and converges to curve 1 for large values of p1, while the opposite
behavior is observed for curve 4. This is due to the fact that for p1 ≈ 1, almost all
traffic is routed to the first pool, and the policy •1 = 100 for the curve 2, which
almost never lets the system stay inactive. On the other hand, for p1 ≈ 0, the traffic
is routed to the second pool, and the policy •2 is exactly the same for the systems
represented by curves 2 and 3.

Figure 2 depicts the average power power demand. Since line 1 represents
a pool of conventional M/G/1 systems, the average power demand can be calculated
explicitly. Namely, for p1 = 1, all the traffic is routed to the first pool, and one

can check ρ(1) = λES(1)/N1 = 0.4. Consequently, the mean power demand in the
system with the setup tuple (1,∞,∞) equals

N1

[
ρ(1)d

(1)
b,2 + (1− ρ(1))d

(1)
0,2

]
+N2d

(2)
0,2 = 11044.

Similarly, for p1 = 0, one has ρ(2) = λES(2)/N2 = 0.133, and the mean power
demand in the system with the setup tuple (0,∞,∞) equals

N1d
(1)
0,2 +N2

[
ρ(2)d

(2)
b,2 + (1− ρ(2))d

(2)
0,2

]
= 10989.
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Figure 2 Average power demand vs. dispatching policy p1 for the server pool model with
20 + 80 M/G/1-type servers with parameters defined in Section 5 for various (deterministic)
hot-standby times •i, i = 1, 2: 1 | •1 = ∞, •2 = ∞; 2 | •1 = 10

−2, •2 = 10
−2;

3 | •1 = 10
2, •2 = 10

−2; and 4 | •1 = 10
−2, •2 = 10

2. The logarithmic scale is used
on y axis

For this reason, the line 1 seems almost constant. One may also note the nonlinear
dependence of the average power demand on the dispatching probability.

6 Concluding Remarks and Discussion

In summary, an M/G/1-type model with deactivation and activation periods fol-
lowing a hot-standby period (all having arbitrary distributions), was investigated.
The stationary workload and response time distributions were derived explicitly
in the LST form by using the exceptional first service model. Laplace transform
monotonicity for the workload and response time distributions (with respect to the
hot-standby policy) was established. It was demostrated that these distributions
depend on the single value of LST of the hot-standby distribution, and thus, in
practice, it is sufficient to implement a deterministic hot-standby duration to mini-
mize the average stationary power demand. An explicit expression for this optimal
policy was also presented.

The explicit results for EW(•), EV(•), and E(•) were obtained; so, one can also
use these expressions to obtain various policies that use combinations of these metrics,
such as the Energy-Response Weighted Sum (ERWS) [27] or the Energy-Response
Product (ERP) [27], Performance-per-Watt (PPW) [12] or normalized PPW [28].

Moreover, as demonstrated in Section 5, one may also solve optimization
problems where performance is defined by the CDF itself, say, by imposing
restrictions on the quantile of the performance CDF, as those given by the so-called
green service level agreement (green SLA) [6, 25] in a heterogeneous pool of fog
nodes or within a cloud environment. Addressing such optimization problems might
be a promissing direction for future research.
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âãà¨à®¢�−−ëå à�á¯à¥¤¥«¥−¨©, â�ª¨å çâ® ª�¦¤�ï ®¤−®¬¥à−�ï ¯à®¥ªæ¨ï á«ã-
ç�©−®£® ¢¥ªâ®à� á â�ª¨¬ à�á¯à¥¤¥«¥−¨¥¬ ¨¬¥¥â ª¢�§¨áâ¥¯¥−−®¥ á¬¥è�−−®¥
−®à¬�«ì−®¥ à�á¯à¥¤¥«¥−¨¥, á®¢¯�¤�îé¥¥ á à�á¯à¥¤¥«¥−¨¥¬ á«ãç�©−®© ¢¥«¨-
ç¨−ë |QX |γsignX, £¤¥ γ > 0; Q | −¥ª®â®à�ï ¯®«®¦¨â¥«ì−�ï á«ãç�©−�ï
¢¥«¨ç¨−�;X | á«ãç�©−�ï ¢¥«¨ç¨−� á® áâ�−¤�àâ−ë¬ −®à¬�«ì−ë¬ à�á¯à¥¤¥«¥-
−¨¥¬, −¥§�¢¨á¨¬�ï ®â Q. �à¨ γ > 1 ¯«®â−®áâ¨ ¬−®£®¬¥à−ëå ª¢�§¨áâ¥¯¥−−ëå
á¬¥è�−−ëå −®à¬�«ì−ëå à�á¯à¥¤¥«¥−¨© ¢ −ã«¥ ¡¥áª®−¥ç−ë. �â® á¢®©áâ¢® ¯®-
§¢®«ï¥â ¨á¯®«ì§®¢�âì ¬−®£®¬¥à−ë¥ ª¢�§¨áâ¥¯¥−−ë¥ á¬¥è�−−ë¥ −®à¬�«ì−ë¥
à�á¯à¥¤¥«¥−¨ï á γ > 1 ¢ ª�ç¥áâ¢¥ ¬®¤¥«¥© áâ�â¨áâ¨ç¥áª¨å §�ª®−®¬¥à−®-
áâ¥© ¯®¢¥¤¥−¨ï ¯à¨à�é¥−¨© ¬−®£®¬¥à−ëå ¯à®æ¥áá®¢, ã ª®â®àëå ®â−®á¨â¥«ì−®
¯à®¤®«¦¨â¥«ì−ë¥ ¯¥à¨®¤ë, ª®£¤� ¯à®æ¥áá «¨¡® −¥ ¨§¬¥−ï¥âáï, «¨¡® ¬�«®
¨§¬¥−ï¥âáï, ç¥à¥¤ãîâáï á ¯¥à¨®¤�¬¨, ª®£¤� −�¡«î¤�îâáï ¤®¢®«ì−® ¡®«ìè¨¥
áª�çª¨. �® ¢ ®â«¨ç¨¥ ®â úç¨áâëåû ª¢�§¨áâ¥¯¥−−ëå −®à¬�«ì−ëå à�á¯à¥¤¥-
«¥−¨© ª¢�§¨áâ¥¯¥−−ë¥ á¬¥è�−−ë¥ −®à¬�«ì−ë¥ à�á¯à¥¤¥«¥−¨ï ¨¬¥îâ ¡®«¥¥
âï¦¥«ë¥ å¢®áâë, çâ® ¬®¦¥â ¡ëâì ¯®«¥§−ë¬, ¥á«¨ ¨áá«¥¤ã¥¬ë© ¯à®æ¥áá ¨−®£¤�
¤¥¬®−áâà¨àã¥â ®ç¥−ì ¡®«ìè¨¥ áª�çª¨. �à¨¢®¤ïâáï ¯à¥¤¥«ì−ë¥ â¥®à¥¬ë ® áå®-
¤¨¬®áâ¨ à�á¯à¥¤¥«¥−¨© ¬−®£®¬¥à−ëå áâ�â¨áâ¨ª, ¯®áâà®¥−−ëå ¯® ¢ë¡®àª�¬
á«ãç�©−®£® ®¡ê¥¬�, ¢ â®¬ ç¨á«¥ á«ãç�©−ëå áã¬¬, ª ¬−®£®¬¥à−ë¬ ª¢�§¨-
áâ¥¯¥−−ë¬ á¬¥è�−−ë¬ −®à¬�«ì−ë¬ à�á¯à¥¤¥«¥−¨ï¬. ‚ ª�ç¥áâ¢¥ ¯à¨¬¥à�
à�áá¬�âà¨¢�¥âáï ¬−®£®¬¥à−®¥ í««¨¯â¨ç¥áª¨ ª®−âãà¨à®¢�−−®¥ ª¢�§¨áâ¥¯¥−−®¥
«®£¨áâ¨ç¥áª®¥ à�á¯à¥¤¥«¥−¨¥.

Š«îç¥¢ë¥ á«®¢�: ª¢�§¨áâ¥¯¥−−®¥ −®à¬�«ì−®¥ à�á¯à¥¤¥«¥−¨¥; ¬�áèâ�¡−�ï
á¬¥áì −®à¬�«ì−ëå §�ª®−®¢; í««¨¯â¨ç¥áª¨ ª®−âãà¨à®¢�−−®¥ à�á¯à¥¤¥«¥−¨¥;
¯à¥¤¥«ì−�ï â¥®à¥¬�; á«ãç�©−�ï áã¬¬�
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1 Введение

‚ ¤�−−®© áâ�âì¥ ¢¢®¤¨âáï ¨ ¨áá«¥¤ã¥âáï ª«�áá ¬−®£®¬¥à−ëå í««¨¯â¨ç¥áª¨ ª®−-
âãà¨à®¢�−−ëå à�á¯à¥¤¥«¥−¨©, â�ª¨å çâ® ª�¦¤�ï ®¤−®¬¥à−�ï ¯à®¥ªæ¨ï á«ãç�©−®-
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Œ−®£®¬¥à−ë¥ ª¢�§¨áâ¥¯¥−−ë¥ á¬¥è�−−ë¥ −®à¬�«ì−ë¥ à�á¯à¥¤¥«¥−¨ï

£® ¢¥ªâ®à� á â�ª¨¬ à�á¯à¥¤¥«¥−¨¥¬ ¨¬¥¥â ª¢�§¨áâ¥¯¥−−®¥ á¬¥è�−−®¥ −®à¬�«ì−®¥
à�á¯à¥¤¥«¥−¨¥. �¤−®¬¥à−ë¥ ª¢�§¨áâ¥¯¥−−ë¥ á¬¥è�−−ë¥ −®à¬�«ì−ë¥ à�á¯à¥¤¥-
«¥−¨ï ¢¢¥¤¥−ë ¢ à�¡®â¥ [1]. ˆ−â¥à¥á ª íâ®© ¯à®¡«¥¬¥ ¢®áå®¤¨â ª ā. ‚. �à®-
å®à®¢ã, ª®â®àë© ¢ ª®−æ¥ 1980-å ££. ¯à¥¤«®¦¨« §�¤�çã: ¯à¨ ª�ª¨å ¯®ª�§�â¥«ïå
áâ¥¯¥−¨ à�á¯à¥¤¥«¥−¨ï áâ¥¯¥−¥© −®à¬�«ì−® à�á¯à¥¤¥«¥−−ëå á«ãç�©−ëå ¢¥«¨ç¨−
¯à¥¤áâ�¢«ïîâ á®¡®© ¬�áèâ�¡−ë¥ á¬¥á¨ −®à¬�«ì−ëå §�ª®−®¢. �â� §�¤�ç� ¡ë«�
ç�áâ¨ç−® à¥è¥−� ãç¥−¨ª®¬ ā. ‚. �à®å®à®¢� �. �. ��£¨à®¢ë¬ [2, 3]. ˆáç¥à¯ë-
¢�îé¥¥ à¥è¥−¨¥ íâ®© §�¤�ç¨ ¯®«ãç¥−® ¢ à�¡®â�å [4,5].

‚®§¬®¦−®áâì ¯à¥¤áâ�¢«¥−¨ï ¢¥à®ïâ−®áâ−®£® à�á¯à¥¤¥«¥−¨ï ¢ ¢¨¤¥ á¬¥á¨
−®à¬�«ì−ëå §�ª®−®¢ ¯®«¥§−� ¯® á«¥¤ãîé¨¬ á®®¡à�¦¥−¨ï¬. …á«¨ ª�ª®¥-«¨¡®
à�á¯à¥¤¥«¥−¨¥ ¢¥à®ïâ−®áâ¥© ¬®¦−® ¯à¥¤áâ�¢¨âì ¢ ¢¨¤¥ ¬�áèâ�¡−®© á¬¥á¨ −®à-
¬�«ì−ëå §�ª®−®¢, â®, ª�ª ¯®ª�§�−® ¢ à�¡®â¥ [6], â�ª®¥ à�á¯à¥¤¥«¥−¨¥ ¬®¦¥â ¡ëâì
¯à¥¤¥«ì−ë¬ ¤«ï á«ãç�©−ëå áã¬¬ −¥§�¢¨á¨¬ëå á«ãç�©−ëå ¢¥«¨ç¨− ¨«¨ ¡®«¥¥
®¡é¨å áâ�â¨áâ¨ª, ¯®áâà®¥−−ëå ¯® ¢ë¡®àª�¬ á«ãç�©−®£® ®¡ê¥¬�, � −�«¨ç¨¥ â�-
ª®£® á¢®©áâ¢�, ¢ á¢®î ®ç¥à¥¤ì, ¬®¦¥â á«ã¦¨âì ®¡®á−®¢�−¨¥¬ ¯à¨¬¥−¥−¨ï â�ª®£®
à�á¯à¥¤¥«¥−¨ï ¢ ª�ç¥áâ¢¥ �á¨¬¯â®â¨ç¥áª®© �¯¯à®ªá¨¬�æ¨¨ ¢ §�¤�ç�å �−�«¨§�
¤�−−ëå ¨«¨ ®¯¨á�â¥«ì−®© áâ�â¨áâ¨ª¨ (¯®¤à®¡−¥¥ ®¡ íâ®¬ á¬. [7]). ‚ à�¡®â¥ [1]
¯®ª�§�−®, çâ® ¥á«¨ à�á¯à¥¤¥«¥−¨¥ −¥ª®â®à®© á«ãç�©−®© ¢¥«¨ç¨−ë Y ¤®¯ãáª�¥â
¯à¥¤áâ�¢«¥−¨¥ ¢ ¢¨¤¥ ¬�áèâ�¡−®© á¬¥á¨ −®à¬�«ì−ëå à�á¯à¥¤¥«¥−¨©, â® ®¯¥à�æ¨ï
ú¢®§¢¥¤¥−¨ï ¢ ª¢�§¨áâ¥¯¥−ìû −¥ ¢ë¢®¤¨â ¥¥ à�á¯à¥¤¥«¥−¨¥ §� ¯à¥¤¥«ë á¥¬¥©-
áâ¢� ¬�áèâ�¡−ëå á¬¥á¥© −®à¬�«ì−ëå à�á¯à¥¤¥«¥−¨©. �®íâ®¬ã à�á¯à¥¤¥«¥−¨ï
ª¢�§¨áâ¥¯¥−¥© á«ãç�©−ëå ¢¥«¨ç¨−, à�á¯à¥¤¥«¥−¨ï ª®â®àëå ¯à¥¤áâ�¢«ïîâ á®¡®©
¬�áèâ�¡−ë¥ á¬¥á¨ −®à¬�«ì−ëå §�ª®−®¢, â�ª¦¥ ¬®£ãâ ¡ëâì ¯à¥¤¥«ì−ë¬¨ ¤«ï á«ã-
ç�©−ëå áã¬¬ ¨ ¢¯®«−¥ ®¡®á−®¢�−−® ¨á¯®«ì§®¢�âìáï ¢ ª�ç¥áâ¢¥ �á¨¬¯â®â¨ç¥áª¨å
�¯¯à®ªá¨¬�æ¨© ¢ §�¤�ç�å ¯à¨ª«�¤−®© áâ�â¨áâ¨ª¨.

‚ ¤�−−®© áâ�âì¥ à¥§ã«ìâ�âë à�¡®âë [1] ®¡®¡é�îâáï −� ¬−®£®¬¥à−ë© á«ãç�©
á ¨á¯®«ì§®¢�−¨¥¬ ¯®¤å®¤�, à¥�«¨§®¢�−−®£® ¢ áâ�âì¥ [8] ¤«ï ®¯à¥¤¥«¥−¨ï ¬−®-
£®¬¥à−®£® í««¨¯â¨ç¥áª¨ ª®−âãà¨à®¢�−−®£® «®£¨áâ¨ç¥áª®£® à�á¯à¥¤¥«¥−¨ï. �à¨
íâ®¬ ¢ ª�ç¥áâ¢¥ ¯à¨¬¥à� à�áá¬�âà¨¢�¥âáï ¬−®£®¬¥à−®¥ ª¢�§¨áâ¥¯¥−−®¥ «®£¨áâ¨-
ç¥áª®¥ à�á¯à¥¤¥«¥−¨¥.

2 Обозначения

�ãáâì r ∈ N. �¡®§−�ç¥−¨¥ x ¨á¯®«ì§ã¥âáï ¤«ï ¢¥ªâ®à-áâ®«¡æ� x =
= (x1, . . . , xr)

⊤. ‚¥ªâ®à á® ¢á¥¬¨ −ã«¥¢ë¬¨ ª®®à¤¨−�â�¬¨ ¡ã¤¥â ®¡®§−�ç�âìáï 0.
�ã¤¥¬ áç¨â�âì, çâ® ¢á¥ á«ãç�©−ë¥ ¢¥«¨ç¨−ë ¨ á«ãç�©−ë¥ ¢¥ªâ®àë §�¤�−ë −�
®¤−®¬ ¨ â®¬ ¦¥ ¢¥à®ïâ−®áâ−®¬ ¯à®áâà�−áâ¢¥ (Ÿ,A,P). ÷�á¯à¥¤¥«¥−¨ï á«ãç�©−®©
¢¥«¨ç¨−ë Y ¨«¨ r-¬¥à−®£® á«ãç�©−®£® ¢¥ªâ®à� Y ®â−®á¨â¥«ì−® ¢¥à®ïâ−®áâ-
−®© ¬¥àë P ¡ã¤ãâ ®¡®§−�ç�âìáï L(Y ) ¨ L(Y ) á®®â¢¥âáâ¢¥−−®. �®¤ ¢¥ªâ®à�¬¨
¯®¤à�§ã¬¥¢�îâáï ¢¥ªâ®à-áâ®«¡æë.

‘å®¤¨¬®áâì ¯® à�á¯à¥¤¥«¥−¨î, á®¢¯�¤¥−¨¥ à�á¯à¥¤¥«¥−¨© ¨ áå®¤¨¬®áâì ¯®

¢¥à®ïâ−®áâ¨ ¡ã¤ãâ á®®â¢¥âáâ¢¥−−® ®¡®§−�ç�âìáï á¨¬¢®«�¬¨ =⇒,
d
= ¨

P−→. �à®-
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Œ. �. ˆ¢�−®¢, ‚. ā. Š®à®«¥¢

¨§¢¥¤¥−¨¥ −¥§�¢¨á¨¬ëå á«ãç�©−ëå í«¥¬¥−â®¢ ¡ã¤¥â ®¡®§−�ç�âìáï á¨¬¢®«®¬ ◦.
‘¨¬¢®« 2 ®§−�ç�¥â ª®−¥æ ¤®ª�§�â¥«ìáâ¢�. �ã¤¥¬ £®¢®à¨âì, çâ® Nn → ∞ ¯®
¢¥à®ïâ−®áâ¨, ¥á«¨ P(Nn > K)→ 1 ¤«ï «î¡®£® K ∈ (0,∞).

‚ ¤�«ì−¥©è¥¬ ¤«ï ã¤®¡áâ¢� ®¡®§−�ç¥−¨© ¨ ªà�âª®áâ¨ ¤®ª�§�â¥«ìáâ¢ ¨§«®-
¦¥−¨¥ ¡ã¤¥â ¢¥áâ¨áì ¢ â¥à¬¨−�å á«ãç�©−ëå ¢¥«¨ç¨−, å®âï ä�ªâ¨ç¥áª¨ ¡ã¤ãâ
¯®¤à�§ã¬¥¢�âìáï ¨å à�á¯à¥¤¥«¥−¨ï.

‹î¡�ï á«ãç�©−�ï ¢¥«¨ç¨−� á® áâ�−¤�àâ−®© −®à¬�«ì−®© äã−ªæ¨¥© à�á¯à¥¤¥-
«¥−¨ï

�(x) =
1√
2π

x∫

−∞

e−y2/2dy, x ∈ R,

¡ã¤¥â ®¡®§−�ç�âìáï X.
�ãáâì›| á¨¬¬¥âà¨ç−�ï ¯®«®¦¨â¥«ì−® ®¯à¥¤¥«¥−−�ï ¬�âà¨æ� à�§¬¥à� r×r.

�®à¬�«ì−®¥ à�á¯à¥¤¥«¥−¨¥ ¢ R
r á −ã«¥¢ë¬ ¢¥ªâ®à®¬ áà¥¤−¨å ¨ ª®¢�à¨�æ¨®−−®©

¬�âà¨æ¥© › ¡ã¤¥â ®¡®§−�ç�âìáï Nr,›. �â® à�á¯à¥¤¥«¥−¨¥ §�¤�¥âáï «¥¡¥£®¢®©
¯«®â−®áâìî

ϕr,›(x) =
exp{−(1/2)x⊤›−1x}
(2π)r/2|›|1/2

, x ∈ R
r.

•�à�ªâ¥à¨áâ¨ç¥áª�ï äã−ªæ¨ï fXr,›
(t) á«ãç�©−®£® ¢¥ªâ®à� Xr,› =

= (X1, . . . ,Xr)
⊤, â�ª®£® çâ® L(Xr,›) = Nr,›, ¨¬¥¥â ¢¨¤:

fXr,›
(u) ≡ E exp{iu⊤Xr,›} = exp

{
−1
2

u⊤›u

}
, u ∈ R

r. (1)

�«®â−®áâì áâà®£® ãáâ®©ç¨¢®£® à�á¯à¥¤¥«¥−¨ï á å�à�ªâ¥à¨áâ¨ç¥áª¨¬ ¯®ª�§�-
â¥«¥¬ α ¨ ¯�à�¬¥âà®¬ ä®à¬ë θ, á®®â¢¥âáâ¢ãîéãî å�à�ªâ¥à¨áâ¨ç¥áª®© äã−ªæ¨¨

sα,θ(t) = exp

{
−|t|α exp{−1

2
iπθα signt}

}
, t ∈ R,

£¤¥ 0 < α ≤ 2 ¨ |θ| ≤ min{1, 2/α − 1}, ¡ã¤¥¬ ®¡®§−�ç�âì sα,θ(x), x ∈ R (á¬.,
−�¯à¨¬¥à, [9, â¥®à¥¬� B.4]).

‡−�ç¥−¨ï θ = 1 ¨ 0 < α ≤ 1 á®®â¢¥âáâ¢ãîâ ®¤−®áâ®à®−−¨¬ áâà®£® ãáâ®©ç¨¢ë¬
§�ª®−�¬, á®áà¥¤®â®ç¥−−ë¬ −� −¥®âà¨æ�â¥«ì−®© ¯®«ã®á¨. ��àë α = 1, θ = ±1
á®®â¢¥âáâ¢ãîâ à�á¯à¥¤¥«¥−¨ï¬, ¢ëà®¦¤¥−−ë¬ ¢±1 á®®â¢¥âáâ¢¥−−®. ‚ ç�áâ−®áâ¨,
P(S1,1 = 1) = 1. �áâ�«ì−ë¥ ãáâ®©ç¨¢ë¥ à�á¯à¥¤¥«¥−¨ï �¡á®«îâ−® −¥¯à¥àë¢−ë.
Ÿ¢−ë¥ ¢ëà�¦¥−¨ï ãáâ®©ç¨¢ëå ¯«®â−®áâ¥© ¢ â¥à¬¨−�å í«¥¬¥−â�à−ëå äã−ªæ¨©
®âáãâáâ¢ãîâ §� ç¥âëàì¬ï ¨áª«îç¥−¨ï¬¨ (−®à¬�«ì−ë© §�ª®− (α = 2, θ = 0),
à�á¯à¥¤¥«¥−¨¥ Š®è¨ (α = 1, θ = 0), à�á¯à¥¤¥«¥−¨¥ ‹¥¢¨ (α = 1/2, θ = 1)
¨ à�á¯à¥¤¥«¥−¨¥, á¨¬¬¥âà¨ç−®¥ ª à�á¯à¥¤¥«¥−¨î ‹¥¢¨ (α = 1/2, θ = −1)).
‚ëà�¦¥−¨ï ãáâ®©ç¨¢ëå ¯«®â−®áâ¥© ¢ â¥à¬¨−�å äã−ªæ¨© ”®ªá� (®¡®¡é¥−−ëå
G-äã−ªæ¨© Œ¥©¥à�) ¬®¦−® −�©â¨ ¢ [10,11].
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Œ−®£®¬¥à−ë¥ ª¢�§¨áâ¥¯¥−−ë¥ á¬¥è�−−ë¥ −®à¬�«ì−ë¥ à�á¯à¥¤¥«¥−¨ï

3 Одномерные квазистепенные нормальные распределения

�ãáâì A | ª«�áá á«ãç�©−ëå ¢¥«¨ç¨− Y, à�á¯à¥¤¥«¥−¨ï ª®â®àëå ¯à¥¤áâ�-
¢¨¬ë ¢ ¢¨¤¥ ¬�áèâ�¡−ëå á¬¥á¥© −®à¬�«ì−ëå §�ª®−®¢. �â® §−�ç¨â, çâ® ¤«ï
ª�¦¤®© á«ãç�©−®© ¢¥«¨ç¨−ë Y ∈ A áãé¥áâ¢ã¥â á«ãç�©−�ï ¢¥«¨ç¨−� QY > 0,
®¡¥á¯¥ç¨¢�îé�ï ¯à¥¤áâ�¢«¥−¨¥

Y
d
= X ◦QY . (2)

‡�¬¥â¨¬, çâ® ¢á¥ á«ãç�©−ë¥ ¢¥«¨ç¨−ë ª«�áá� A ¨¬¥îâ á¨¬¬¥âà¨ç−ë¥ à�á¯à¥¤¥-
«¥−¨ï ¢¢¨¤ã á¨¬¬¥âà¨ç−®áâ¨ −®à¬�«ì−®£® à�á¯à¥¤¥«¥−¨ï.

�ãáâì B | ª«�áá á«ãç�©−ëå ¢¥«¨ç¨− M > 0, â�ª¨å çâ® M (s) ≡ M −M ′ ∈
∈ A, £¤¥ á«ãç�©−ë¥ ¢¥«¨ç¨−ë M ¨ M ′ −¥§�¢¨á¨¬ë ¨ ®¤¨−�ª®¢® à�á¯à¥¤¥«¥−ë.
‚ à�¡®â�å [2,3] ¡ë«¨ ¤®ª�§�−ë á«¥¤ãîé¨¥ ãâ¢¥à¦¤¥−¨ï.

’¥®à¥¬� 1. �ãáâì Y ∈ A, k ∈ N. ’®£¤� Y 2k ∈ B.

‘«¥¤áâ¢¨¥ 1. �ãáâì k ∈ N. ’®£¤� X2k−1 ∈ A. ˆ−ë¬¨ á«®¢�¬¨, à�á¯à¥¤¥-
«¥−¨¥ −®à¬�«ì−® à�á¯à¥¤¥«¥−−®© á«ãç�©−®© ¢¥«¨ç¨−ë, ¢®§¢¥¤¥−−®© ¢ −¥ç¥â−ãî
áâ¥¯¥−ì, ¯à¥¤áâ�¢¨¬® ¢ ¢¨¤¥ ¬�áèâ�¡−®© á¬¥á¨ −®à¬�«ì−ëå à�á¯à¥¤¥«¥−¨©.

‚ à�§¢¨â¨¥ à¥§ã«ìâ�â®¢ �. �. ��£¨à®¢� ¢ áâ�âì¥ [4] ¢¢¥¤¥−® ¯®−ïâ¨¥ ª¢�§¨-
áâ¥¯¥−−®£® −®à¬�«ì−®£® à�á¯à¥¤¥«¥−¨ï.

�¯à¥¤¥«¥−¨¥ 1. ‘«ãç�©−�ï ¢¥«¨ç¨−� Xγ ¨¬¥¥â ª¢�§¨áâ¥¯¥−−®¥ −®à¬�«ì−®¥
à�á¯à¥¤¥«¥−¨¥ á ¯�à�¬¥âà®¬ γ > 0, ¥á«¨

|Xγ | d
= |X|γ ,

� ¯«®â−®áâì Xγ ¨¬¥¥â ¢¨¤

pγ(x) =
1

γ
√
2π
|x|1/γ−1 exp

{
−1
2
|x|2/γ

}
, x ∈ R. (3)

�¥á«®¦−® ¢¨¤¥âì, çâ® ¯à¨ 0 < γ ≤ 1 ¯«®â−®áâ¨ ª¢�§¨áâ¥¯¥−−ëå −®à¬�«ì-
−ëå à�á¯à¥¤¥«¥−¨© ¨¬¥îâ ª®−¥ç−ë© ¬�ªá¨¬ã¬ ¢ −ã«¥. �à¨ γ > 1 ¯«®â−®áâ¨
ª¢�§¨áâ¥¯¥−−ëå −®à¬�«ì−ëå à�á¯à¥¤¥«¥−¨© ¢ −ã«¥ ¡¥áª®−¥ç−ë. �â® á¢®©áâ¢®
¯®§¢®«ï¥â ¨á¯®«ì§®¢�âì ª¢�§¨áâ¥¯¥−−ë¥ −®à¬�«ì−ë¥ à�á¯à¥¤¥«¥−¨ï á γ > 1,
−�¯à¨¬¥à ¢ ª�ç¥áâ¢¥ ¬®¤¥«¥© áâ�â¨áâ¨ç¥áª¨å §�ª®−®¬¥à−®áâ¥© ¯®¢¥¤¥−¨ï ¯à¨-
à�é¥−¨© ¯à®æ¥áá®¢, ã ª®â®àëå ®â−®á¨â¥«ì−® ¯à®¤®«¦¨â¥«ì−ë¥ ¯¥à¨®¤ë, ª®£¤�
¯à®æ¥áá «¨¡® −¥ ¨§¬¥−ï¥âáï, «¨¡® ¬�«® ¨§¬¥−ï¥âáï, ç¥à¥¤ãîâáï á ¯¥à¨®¤�¬¨,
ª®£¤� −�¡«î¤�îâáï ¤®¢®«ì−® ¡®«ìè¨¥ áª�çª¨.

‚ [4] â�ª¦¥ ¤®ª�§�−®, çâ® ¯à¨ γ ≥ 2 à�á¯à¥¤¥«¥−¨¥ á«ãç�©−®© ¢¥«¨ç¨−ë Xγ

¬®¦−® ¯à¥¤áâ�¢¨âì ¢ ¢¨¤¥ ¬�áèâ�¡−®© á¬¥á¨ −®à¬�«ì−ëå §�ª®−®¢ á −¥ª®â®à®©
á¬¥è¨¢�îé¥© á«ãç�©−®© ¢¥«¨ç¨−®© Aγ:

Xγ
d
= Aγ ◦X.
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‹¥£ª® ¢¨¤¥âì, çâ® ¯à¨ γ = 1 ¯«®â−®áâì (3) á®¢¯�¤�¥â á ¯«®â−®áâìî áâ�−¤�àâ−®£®
−®à¬�«ì−®£® à�á¯à¥¤¥«¥−¨ï, â. ¥. áâ�−®¢¨âáï âà¨¢¨�«ì−®© á¬¥áìî −®à¬�«ì−ëå
à�á¯à¥¤¥«¥−¨©. �®íâ®¬ã «®£¨ç−® ¯à¥¤¯®«®¦¨âì, çâ® ¯à¥¤áâ�¢«¥−¨¥ ¢ ¢¨¤¥ â�ª®£®
à®¤� á¬¥á¨ ¢®§¬®¦−® ¨ ¯à¨ γ ∈ [1, 2). ‚ à�¡®â¥ [5] ¯®ª�§�−®, çâ® íâ® ¤¥©áâ¢¨â¥«ì−®
â�ª (á¬. â�ª¦¥ [12]), � ¨¬¥−−®: á¯à�¢¥¤«¨¢ á«¥¤ãîé¨© à¥§ã«ìâ�â.

’¥®à¥¬� 2. �ãáâì γ > 0. “à�¢−¥−¨¥ |Xγ | d
= |X| ◦Aγ à�§à¥è¨¬® ®â−®á¨â¥«ì−®

−¥®âà¨æ�â¥«ì−®© á«ãç�©−®© ¢¥«¨ç¨−ë Aγ â®£¤� ¨ â®«ìª® â®£¤�, ª®£¤� γ > 1.
�à¨ íâ®¬

Aγ
d
= 2(γ−1)/2U

−1/2
2,1/γ ◦B

γ/2
1/2,(γ−1)/2, (4)

£¤¥ á«ãç�©−�ï ¢¥«¨ç¨−� Uα,α′ ®¯à¥¤¥«¥−� ¤«ï α > 0 ¨ α′ ∈ (0, 1], ¯à¨ç¥¬
P(Uα,1 = 1) = 1, � ¯à¨ 0 < α′ < 1 á«ãç�©−�ï ¢¥«¨ç¨−� Uα,α′ ¨¬¥¥â ¯«®â−®áâì

uα,α′(x) =
α′•(1/α)

•(1/(αα′))

sα′, 1(x)

x1/α
, x > 0.

‘«ãç�©−�ï ¢¥«¨ç¨−� Bα,β ®¯à¥¤¥«¥−� ¤«ï α, β > 0 ¨ ¨¬¥¥â ¡¥â�-à�á¯à¥¤¥«¥−¨¥
á ¯«®â−®áâìî

bα,β(x) =
xα−1(1− x)β−1
B(α, β)

, 0 < x < 1.

‡¤¥áì B(α, β) | ¡¥â�-äã−ªæ¨ï:

B(α, β) =

1∫

0

xα−1(1− x)β−1dx = •(α)•(β)
•(α+ β)

.

�âã â¥®à¥¬ã ¬®¦−® áä®à¬ã«¨à®¢�âì ¨−�ç¥: à�á¯à¥¤¥«¥−¨¥ á«ãç�©−®© ¢¥«¨-
ç¨−ëXγ ¯à¥¤áâ�¢¨¬® ¢ ¢¨¤¥ ¬�áèâ�¡−®© á¬¥á¨ −®à¬�«ì−®£® à�á¯à¥¤¥«¥−¨ï â®£¤�
¨ â®«ìª® â®£¤�, ª®£¤� γ > 1, ¯à¨ç¥¬ á¬¥è¨¢�îé�ï á«ãç�©−�ï ¢¥«¨ç¨−� ¨¬¥¥â
¢¨¤ (4).

‘«¥¤áâ¢¨¥ 2. Xγ ∈ A â®£¤� ¨ â®«ìª® â®£¤�, ª®£¤� γ > 1.

—â® ª�á�¥âáï á¢®©áâ¢ à�á¯à¥¤¥«¥−¨ï á«ãç�©−®© ¢¥«¨ç¨−ë Uα,α′, â®, ª�ª
¯®ª�§�−® ¢ à�¡®â¥ [13], ¤«ï α ∈ (0, 2], α′ ∈ (0, 1] ¯à¨ x → ∞ ¢ë¯®«−¥−®

á®®â−®è¥−¨¥ P(Uα,α′ > x) = O(xα′+1/α); ¬®¬¥−âë á«ãç�©−®© ¢¥«¨ç¨−ë Uα,α′

¯®àï¤ª®¢ δ > 1/α + α′ −¥ áãé¥áâ¢ãîâ, â®£¤� ª�ª ¯à¨ δ < 1/α + α′

EU δ
α,α′ =

α′•(1/α)•((α(α′ − δ) + 1)/(αα′))

•(1/(αα′))•(1 − δ + 1/α) .

�®«¥¥ â®£®, ¯à¨ δ > −1/α á¯à�¢¥¤«¨¢® á®®â−®è¥−¨¥

EU−δ
α,α′ =

•(1/α)•((δα + 1)/(αα′))

•(1/(αα′))•((δα + 1)/α)
. (5)
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4 Одномерные квазистепенные смешанные нормальные
распределения

‚ à�¡®â¥ [1] ¯®−ïâ¨¥ ª¢�§¨áâ¥¯¥−¨ ®¡®¡é¥−® −� á«ãç�©−ë¥ ¢¥«¨ç¨−ë, à�á¯à¥-
¤¥«¥−¨ï ª®â®àëå ¯à¥¤áâ�¢«ïîâ á®¡®© ¬�áèâ�¡−ë¥ á¬¥á¨ −®à¬�«ì−ëå §�ª®−®¢,
¨ ¨áá«¥¤®¢�−ë −¥ª®â®àë¥ á¢®©áâ¢� à�á¯à¥¤¥«¥−¨© â�ª¨å á«ãç�©−ëå ¢¥«¨ç¨−,
−�§¢�−−ëå ª¢�§¨áâ¥¯¥−−ë¬¨ á¬¥è�−−ë¬¨ −®à¬�«ì−ë¬¨.

�¯à¥¤¥«¥−¨¥ 2. �ãáâì γ > 0, Y ∈ A, Yγ | á«ãç�©−�ï ¢¥«¨ç¨−� á á¨¬¬¥âà¨ç−ë¬

à�á¯à¥¤¥«¥−¨¥¬, â�ª�ï çâ® |Yγ | d
= |Y |γ. ÷�á¯à¥¤¥«¥−¨¥ á«ãç�©−®© ¢¥«¨ç¨−ë Yγ

−�§ë¢�¥âáï ª¢�§¨áâ¥¯¥−−ë¬ á¬¥è�−−ë¬ −®à¬�«ì−ë¬ á ¯®ª�§�â¥«¥¬ γ.

�¯à¥¤¥«¥−¨¥ 3. �ãáâì γ > 0. ‚¢¥¤¥¬ ª«�áá Aγ = {Yγ : |Yγ | = |Y |γ , Y ∈ A}.
Š«�áá Aγ á®áâ®¨â ¨§ ¢á¥å á«ãç�©−ëå ¢¥«¨ç¨− á ª¢�§¨áâ¥¯¥−−ë¬¨ á¬¥è�−−ë¬¨
−®à¬�«ì−ë¬¨ à�á¯à¥¤¥«¥−¨ï¬¨ á ¯®ª�§�â¥«¥¬ γ.

‚ ãª�§�−−®© à�¡®â¥ ¤®ª�§�−ë á«¥¤ãîé¨¥ ãâ¢¥à¦¤¥−¨ï.

’¥®à¥¬� 3. …á«¨ γ > 1, â® Aγ ⊂ A, â. ¥. ¢á¥ ª¢�§¨áâ¥¯¥−−ë¥ á¬¥è�−−ë¥
−®à¬�«ì−ë¥ à�á¯à¥¤¥«¥−¨ï á γ > 1 ¯à¥¤áâ�¢¨¬ë ¢ ¢¨¤¥ ¬�áèâ�¡−ëå á¬¥á¥©
−®à¬�«ì−ëå à�á¯à¥¤¥«¥−¨©. �®«¥¥ â®£®, ¥á«¨ Yγ ∈ Aγ, â®

Yγ
d
=
(
Qγ

Y ◦Aγ

)
◦X, (6)

£¤¥ Aγ | á«ãç�©−�ï ¢¥«¨ç¨−�, ¢¢¥¤¥−−�ï ¢ (4), â. ¥. á«ãç�©−�ï ¢¥«¨ç¨−� Yγ

¨¬¥¥â á¬¥è�−−®¥ −®à¬�«ì−®¥ à�á¯à¥¤¥«¥−¨¥ á® á«ãç�©−ë¬ ¬�áèâ�¡®¬ Qγ
Y ◦Aγ .

�à¨ γ ∈ (0, 1) áãé¥áâ¢ã¥â á«ãç�©−�ï ¢¥«¨ç¨−� Yγ ∈ Aγ, â�ª�ï çâ® Yγ ∈ A.

’¥®à¥¬� 4. �ãáâì γ > 2, Yγ ∈ Aγ. ’®£¤� |Yγ | ∈ B.

‚ à�¡®â¥ [1] â�ª¦¥ ¯®ª�§�−®, çâ® ¯à¨ γ > 2, Yγ ∈ Aγ à�á¯à¥¤¥«¥−¨ï
á«ãç�©−ëå ¢¥«¨ç¨− Yγ ∈ Aγ ¨ |Yγ | ¡¥§£à�−¨ç−® ¤¥«¨¬ë.

�à¨ γ > 1 ¯«®â−®áâ¨ ª¢�§¨áâ¥¯¥−−ëå á¬¥è�−−ëå −®à¬�«ì−ëå à�á¯à¥¤¥«¥−¨©
¢ −ã«¥ ¡¥áª®−¥ç−ë. �â® á¢®©áâ¢® â�ª¦¥ ¯®§¢®«ï¥â ¨á¯®«ì§®¢�âì ª¢�§¨áâ¥¯¥−−ë¥
á¬¥è�−−ë¥ −®à¬�«ì−ë¥ à�á¯à¥¤¥«¥−¨ï á γ > 1 ¢ ª�ç¥áâ¢¥ ¬®¤¥«¥© áâ�â¨áâ¨ç¥-
áª¨å §�ª®−®¬¥à−®áâ¥© ¯®¢¥¤¥−¨ï ¯à¨à�é¥−¨© ¯à®æ¥áá®¢, ã ª®â®àëå ®â−®á¨â¥«ì−®
¯à®¤®«¦¨â¥«ì−ë¥ ¯¥à¨®¤ë, ª®£¤� ¯à®æ¥áá «¨¡® −¥ ¨§¬¥−ï¥âáï, «¨¡® ¬�«® ¨§¬¥-
−ï¥âáï, ç¥à¥¤ãîâáï á ¯¥à¨®¤�¬¨, ª®£¤� −�¡«î¤�îâáï ¤®¢®«ì−® ¡®«ìè¨¥ áª�çª¨.
�® ¢ ®â«¨ç¨¥ ®â úç¨áâëåû ª¢�§¨áâ¥¯¥−−ëå −®à¬�«ì−ëå à�á¯à¥¤¥«¥−¨© ª¢�§¨áâ¥-
¯¥−−ë¥ á¬¥è�−−ë¥ −®à¬�«ì−ë¥ à�á¯à¥¤¥«¥−¨ï ¨¬¥îâ ¡®«¥¥ âï¦¥«ë¥ å¢®áâë, çâ®
¬®¦¥â ¡ëâì ¯®«¥§−ë¬, ¥á«¨ ¨áá«¥¤ã¥¬ë© ¯à®æ¥áá ¨−®£¤� ¤¥¬®−áâà¨àã¥â ®ç¥−ì
¡®«ìè¨¥ áª�çª¨.

5 Многомерные квазистепенные смешанные нормальные
распределения

‚ íâ®¬ à�§¤¥«¥ ¡ã¤¥¬ à�áá¬�âà¨¢�âì ¬−®£®¬¥à−ë¥ í««¨¯â¨ç¥áª¨ ª®−âãà¨à®-
¢�−−ë¥ ª¢�§¨áâ¥¯¥−−ë¥ á¬¥è�−−ë¥ −®à¬�«ì−ë¥ à�á¯à¥¤¥«¥−¨ï ¯® �−�«®£¨¨ á â¥¬,
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ª�ª íâ® ¡ë«® á¤¥«�−® ¢ à�¡®â�å [8,14] ¤«ï ¬−®£®¬¥à−®£® «®£¨áâ¨ç¥áª®£® à�á¯à¥-
¤¥«¥−¨ï, ¨á¯®«ì§ãï á¢®©áâ¢® ¯®á«¥¤−¥£® ¡ëâì ¬�áèâ�¡−®© á¬¥áìî −®à¬�«ì−ëå
§�ª®−®¢, ¢ ª®â®à®© á¬¥è¨¢�îé¨¬ à�á¯à¥¤¥«¥−¨¥¬ á«ã¦¨â à�á¯à¥¤¥«¥−¨¥ Š®«-
¬®£®à®¢� [15,16].

‚¢¥¤¥¬ ª«�ááAr á«ãç�©−ëå ¢¥ªâ®à®¢Y , à�á¯à¥¤¥«¥−¨ï ª®â®àëå ¯à¥¤áâ�¢¨¬ë
¢ ¢¨¤¥ áª�«ïà−ëå ¬�áèâ�¡−ëå á¬¥á¥© r-¬¥à−ëå −®à¬�«ì−ëå §�ª®−®¢. �â®
®§−�ç�¥â, çâ® ¤«ï ª�¦¤®£® á«ãç�©−®£® ¢¥ªâ®à� Y ∈ Ar áãé¥áâ¢ã¥â á«ãç�©−�ï
¢¥«¨ç¨−� QY > 0, ®¡¥á¯¥ç¨¢�îé�ï ¯à¥¤áâ�¢«¥−¨¥

Y
d
= QY ◦Xr,›.

‡�¬¥â¨¬, çâ® ¢á¥ á«ãç�©−ë¥ ¢¥ªâ®àë ª«�áá� Ar ¨¬¥îâ í««¨¯â¨ç¥áª¨ ª®−âãà¨à®-
¢�−−ë¥ à�á¯à¥¤¥«¥−¨ï.

–¥«ì | ¯®áâà®¨âì â�ª®© ¬−®£®¬¥à−ë© í««¨¯â¨ç¥áª¨ ª®−âãà¨à®¢�−−ë© �−�-
«®£ ª¢�§¨áâ¥¯¥−−®£® á¬¥è�−−®£® −®à¬�«ì−®£® à�á¯à¥¤¥«¥−¨ï, ª®â®àë© ®¡«�¤�¥â
á¯¥æ¨�«ì−ë¬ á¢®©áâ¢®¬: ¢á¥ ®¤−®¬¥à−ë¥ ¯à®¥ªæ¨¨ á«ãç�©−®£® ¢¥ªâ®à� á â�ª¨¬
à�á¯à¥¤¥«¥−¨¥¬ ¤®«¦−ë ¨¬¥âì ®¤−®¬¥à−ë¥ ª¢�§¨áâ¥¯¥−−ë¥ á¬¥è�−−ë¥ −®à-
¬�«ì−ë¥ à�á¯à¥¤¥«¥−¨ï â®£® ¦¥ â¨¯�. „«ï íâ®£® −¥®¡å®¤¨¬® á®¡«îáâ¨ ãá«®¢¨¥
á®áâ®ïâ¥«ì−®áâ¨ (consistency condition), áä®à¬ã«¨à®¢�−−®¥ ¢ à�¡®â¥ [17]: ¬�à£¨-
−�«ì−ë¥ à�á¯à¥¤¥«¥−¨ï ¬−®£®¬¥à−®£® í««¨¯â¨ç¥áª¨ ª®−âãà¨à®¢�−−®£® à�á¯à¥-
¤¥«¥−¨ï ¯à¨−�¤«¥¦�â ª â®¬ã ¦¥ â¨¯ã â®£¤� ¨ â®«ìª® â®£¤�, ª®£¤� á¬¥è¨¢�îé¥¥
à�á¯à¥¤¥«¥−¨¥ ¢ áâ®å�áâ¨ç¥áª®¬ ¯à¥¤áâ�¢«¥−¨¨, �−�«®£¨ç−®¬ (2), −¥ §�¢¨á¨â ®â
à�§¬¥à−®áâ¨ r. —â®¡ë íâ® á¤¥«�âì, ä®à¬�«ì−® ¯¥à¥−¥á¥¬ á¢®©áâ¢® (6) ®¤−®¬¥à-
−®£® ª¢�§¨áâ¥¯¥−−®£® á¬¥è�−−®£® −®à¬�«ì−®£® à�á¯à¥¤¥«¥−¨ï ¡ëâì ¬�áèâ�¡−®©
á¬¥áìî −®à¬�«ì−ëå §�ª®−®¢ −� ¬−®£®¬¥à−ë© á«ãç�©. �®áª®«ìªã áª�«ïà−ë¥ ¬�á-
èâ�¡−ë¥ á¬¥á¨ −®à¬�«ì−ëå §�ª®−®¢ í««¨¯â¨ç¥áª¨ ª®−âãà¨à®¢�−ë [18{20], ¯®-
«ãç¥−−®¥ â�ª¨¬ ®¡à�§®¬ ¬−®£®¬¥à−®¥ ª¢�§¨áâ¥¯¥−−®¥ −®à¬�«ì−®¥ à�á¯à¥¤¥«¥−¨¥
¡ã¤¥â í««¨¯â¨ç¥áª¨ ª®−âãà¨à®¢�−−ë¬. ’�ª¨¬ ®¡à�§®¬, ¯à¨å®¤¨¬ ª á«¥¤ãîé¥¬ã
®¯à¥¤¥«¥−¨î.

�¯à¥¤¥«¥−¨¥ 4. �ãáâì γ > 0, › | ¯®«®¦¨â¥«ì−® ®¯à¥¤¥«¥−−�ï ¬�âà¨æ�
à�§¬¥à� r × r, Q | ¯®«®¦¨â¥«ì−�ï á«ãç�©−�ï ¢¥«¨ç¨−�. ÷�á¯à¥¤¥«¥−¨¥ r-¬¥à-
−®£® á«ãç�©−®£® ¢¥ªâ®à� Yr,γ,› = (Y1, . . . , Yr)

⊤, ®¯à¥¤¥«ï¥¬®£® ª�ª

Yr,γ,› = (Q
γ ◦Aγ) ◦Xr,›, (7)

£¤¥ Aγ | á«ãç�©−�ï ¢¥«¨ç¨−�, ¢¢¥¤¥−−�ï ¢ (4), −�§ë¢�¥âáï ¬−®£®¬¥à−ë¬ í«-
«¨¯â¨ç¥áª¨ ª®−âãà¨à®¢�−−ë¬ ª¢�§¨áâ¥¯¥−−ë¬ Q-á¬¥è�−−ë¬ −®à¬�«ì−ë¬ à�á-
¯à¥¤¥«¥−¨¥¬ á ¯�à�¬¥âà�¬¨ γ ¨ ›.

‡¤¥áì á«ãç�©−�ï ¢¥«¨ç¨−� Q ¨£à�¥â à®«ì á«ãç�©−®£® ¬�áèâ�¡� ¢ ú¨áå®¤−®©û
®¤−®¬¥à−®© ¬�áèâ�¡−®© á¬¥á¨ −®à¬�«ì−ëå §�ª®−®¢, ®¯à¥¤¥«ïï ¥¥ â¨¯, à�¢−® ª�ª
¨ â¨¯ ¥¥ ¬−®£®¬¥à−®£® �−�«®£�, ¢¢¥¤¥−−®£® ¢ (7).

�¡®§−�ç¨¬ Dγ,Q = Q
γ ◦Aγ ¨ Kγ, Q(x) = P(Dγ,Q < x) ¤«ï x ∈ R.
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’�ª ª�ª ¬�âà¨æ� › ¯®«®¦¨â¥«ì−® ®¯à¥¤¥«¥−�, ¯®−ïâ−®, çâ® x⊤›−1x > 0.
�¡®§−�ç¨¬ y2(x) = x⊤›−1x. ’®£¤�

ϕr,›(x) =
exp{−(1/2)y2(x)}
(2π)r/2|›|1/2

, x ∈ R
r.

‹¥¡¥£®¢� ¯«®â−®áâì fr,γ,›(x) á«ãç�©−®£® ¢¥ªâ®à� Yr,γ,› ¨¬¥¥â ¢¨¤:

fr,›(x) =

∞∫

0

1

z
ϕr,›

(
y(x)

z

)
dKγ,Q(z) =

=
1

(2π)r/2|›|1/2

∞∫

0

1

z
exp

{
−y
2(x)

2z2

}
dKγ, Q(z), x ∈ R

r.

��©¤¥¬ ¬®¬¥−â−ë¥ å�à�ªâ¥à¨áâ¨ª¨ á«ãç�©−®£® ¢¥ªâ®à� Yr,γ,› ¢ ¯à¥¤¯®«®¦¥-
−¨¨, çâ® γ > 1. �¥á«®¦−® ¢¨¤¥âì, çâ®

EYr,γ,› = 0.

�ãáâì σi,j | í«¥¬¥−â ª®¢�à¨�æ¨®−−®© ¬�âà¨æë ›, â. ¥. σi,j = Cov(Xi,Xj).
’®£¤�, ¨á¯®«ì§ãï (5), ¯®«ãç¨¬

Cov (Yi, Yj) = EYiYj = E (Dγ, Q ◦Xi) (Dγ, Q ◦Xj) =

= E (XiXj)

∞∫

0

u2dKγ,Q(u) = σi,jED
2
γ, Q = σi,jEA

2
γ2EQ

2γ =

= 2γ−1σi,jEQ
2γEU−1

2,1/γEB
γ
1/2,(γ−1)/2 =

=
2γ•(γ)B(γ+1/2, (γ−1)/2)
•(γ/2)B(1/2, (γ−1)/2) EQ

2γσi,j =
2γ+1•(γ)•(γ+1/2)

γ
√
π•(γ/2)

EQ2γσi,j. (8)

„àã£¨¬¨ á«®¢�¬¨, ª®¢�à¨�æ¨®−−�ï ¬�âà¨æ� á«ãç�©−®£® ¢¥ªâ®à� Yr, γ,› ¨¬¥¥â
¢¨¤:

CovYr, γ,› = cγEQ
2γ›,

£¤¥

cγ =
2γ+1•(γ)•(γ + 1/2)

γ
√
π•(γ/2)

. (9)

‘«¥¤ãîé¨¥ ãâ¢¥à¦¤¥−¨ï ®¯¨áë¢�îâ −¥ª®â®àë¥ á¢®©áâ¢� ¢¢¥¤¥−−ëå â�ª¨¬
®¡à�§®¬ ¬−®£®¬¥à−ëå í««¨¯â¨ç¥áª¨ ª®−âãà¨à®¢�−−ëå ª¢�§¨áâ¥¯¥−−ëå Q-á¬¥-
è�−−ëå −®à¬�«ì−ëå à�á¯à¥¤¥«¥−¨©.
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’¥®à¥¬� 5. �ãáâì p ∈ N, p ≤ r, › | á¨¬¬¥âà¨ç−�ï ¯®«®¦¨â¥«ì−® ®¯à¥¤¥«¥−-
−�ï ¬�âà¨æ� à�§¬¥à� r × r, V | ¬�âà¨æ� à�§¬¥à� p × r à�−£� p, Q | ¯®-
«®¦¨â¥«ì−�ï á«ãç�©−�ï ¢¥«¨ç¨−�, γ > 1, Yr,γ,› | r-¬¥à−ë© á«ãç�©−ë© ¢¥ªâ®à
á í««¨¯â¨ç¥áª¨ ª®−âãà¨à®¢�−−ë¬ ª¢�§¨áâ¥¯¥−−ë¬ Q-á¬¥è�−−ë¬ −®à¬�«ì−ë¬
à�á¯à¥¤¥«¥−¨¥¬ á ¬�âà¨ç−ë¬ ¯�à�¬¥âà®¬ ›. ’®£¤� á«ãç�©−ë© ¢¥ªâ®à V Yr,γ,›

¨¬¥¥â í««¨¯â¨ç¥áª¨ ª®−âãà¨à®¢�−−®¥ ª¢�§¨áâ¥¯¥−−®¥ Q-á¬¥è�−−®¥ −®à¬�«ì−®¥

à�á¯à¥¤¥«¥−¨¥ á ¬�âà¨ç−ë¬ ¯�à�¬¥âà®¬ V ›V ⊤, â. ¥. V Yr,γ,›
d
= Yp,γ,V ›V ⊤ .

„ ® ª � § � â ¥ « ì á â ¢ ® . ˆ§ ®¯à¥¤¥«¥−¨ï ¬−®£®¬¥à−®£® í««¨¯â¨ç¥áª¨ ª®−âã-
à¨à®¢�−−®£® ª¢�§¨áâ¥¯¥−−®£® Q-á¬¥è�−−®£® −®à¬�«ì−®£® à�á¯à¥¤¥«¥−¨ï á ãç¥-
â®¬ å®à®è® ¨§¢¥áâ−®£® á¢®©áâ¢� «¨−¥©−® ¯à¥®¡à�§®¢�−−ëå á«ãç�©−ëå ¢¥ªâ®à®¢
á ¬−®£®¬¥à−ë¬ −®à¬�«ì−ë¬ à�á¯à¥¤¥«¥−¨¥¬ (á¬., −�¯à¨¬¥à, [21, â¥®à¥¬� 2.4.4])
¨¬¥¥¬

V Yr,γ,›
d
= V (Dγ, Q ◦Xr,›)

d
= Dγ,Q ◦ (VXr,›)

d
=

d
= Dγ,Q ◦Xp, V ›V ⊤

d
= Yp,γ,V›V ⊤ . �

’¥®à¥¬� 6. �ãáâì γ > 1, Q | ¯®«®¦¨â¥«ì−�ï á«ãç�©−�ï ¢¥«¨ç¨−�, â�ª�ï
çâ® EQ2γ <∞. ‘«ãç�©−ë© ¢¥ªâ®à ¨¬¥¥â r-¬¥à−®¥ í««¨¯â¨ç¥áª¨ ª®−âãà¨à®-
¢�−−®¥ ª¢�§¨áâ¥¯¥−−®¥ Q-á¬¥è�−−®¥ −®à¬�«ì−®¥ à�á¯à¥¤¥«¥−¨¥ â®£¤� ¨ â®«ìª®
â®£¤�, ª®£¤� ª�¦¤�ï «¨−¥©−�ï ª®¬¡¨−�æ¨ï ¥£® ª®®à¤¨−�â ¨¬¥¥â ®¤−®¬¥à−®¥
ª¢�§¨áâ¥¯¥−−®¥ Q-á¬¥è�−−®¥ −®à¬�«ì−®¥ à�á¯à¥¤¥«¥−¨¥.

„ ® ª � § � â ¥ « ì á â ¢ ® . �¥®¡å®¤¨¬®áâì. �ãáâì x ∈ R
r | ¯à®¨§¢®«ì−ë©

¢¥ªâ®à, x 6= 0. �à¥¤¯®«®¦¨¬, çâ® á«ãç�©−ë© ¢¥ªâ®à U ¨¬¥¥â r-¬¥à−®¥ í««¨¯-
â¨ç¥áª¨ ª®−âãà¨à®¢�−−®¥ Q-á¬¥è�−−®¥ −®à¬�«ì−®¥ à�á¯à¥¤¥«¥−¨¥ á −¥ª®â®à®©

¯®«®¦¨â¥«ì−® ®¯à¥¤¥«¥−−®© ¬�âà¨æ¥© ›, â. ¥. U
d
= Yr,γ,›. ˆ¬¥¥¬

x⊤U
d
= x⊤Yr,γ,›

d
= x⊤(Dγ,Q ◦Xr,›)

d
= Dγ,Q ◦ (x⊤Xr,›)

d
=

d
=
√

x⊤›x · (Dγ, Q ◦X) d
=
√

x⊤›xYγ,Q ,

£¤¥ Yγ, Q | á«ãç�©−�ï ¢¥«¨ç¨−� á ®¤−®¬¥à−ë¬ ª¢�§¨áâ¥¯¥−−ë¬ á¬¥è�−−ë¬
−®à¬�«ì−ë¬ à�á¯à¥¤¥«¥−¨¥¬. ’�ª¨¬ ®¡à�§®¬, á â®ç−®áâìî ¤® áª�«ïà−®£® ú¬�á-

èâ�¡−®£®û ¬−®¦¨â¥«ï
√

x⊤›x à�á¯à¥¤¥«¥−¨¥ «¨−¥©−®© ª®¬¡¨−�æ¨¨ x⊤U ª®®à-
¤¨−�â ¢¥ªâ®à� U (¯à®¥ªæ¨¨ U −� −�¯à�¢«¥−¨¥ x) ¯à¥¤áâ�¢«ï¥â á®¡®© ®¤−®¬¥à−®¥
ª¢�§¨áâ¥¯¥−−®¥ á¬¥è�−−®¥ −®à¬�«ì−®¥ à�á¯à¥¤¥«¥−¨¥. �¥®¡å®¤¨¬®áâì ¤®ª�§�−�.

„®áâ�â®ç−®áâì. �ãáâì U | r-¬¥à−ë© á«ãç�©−ë© ¢¥ªâ®à á EU = 0 ¨ −¥ª®â®à®©
ª®¢�à¨�æ¨®−−®© ¬�âà¨æ¥© C, x ∈ R

r | ¯à®¨§¢®«ì−ë© ¢¥ªâ®à. ÷�áá¬®âà¨¬
«¨−¥©−ãî ª®¬¡¨−�æ¨î x⊤U ª®®à¤¨−�â ¢¥ªâ®à� U . �ç¥¢¨¤−®, ¨¬¥¥¬ Ex⊤U = 0
¨ D(x⊤U) = x⊤Cx. ‚ á®®â¢¥âáâ¢¨¨ á ãá«®¢¨¥¬ íâ� ª®¬¡¨−�æ¨ï á â®ç−®áâìî ¤®
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−¥ª®â®à®£® −¥á«ãç�©−®£® ¯�à�¬¥âà� ¬�áèâ�¡� σ > 0 ¨¬¥¥â ®¤−®¬¥à−®¥ ª¢�§¨áâ¥-

¯¥−−®¥ Q-á¬¥è�−−®¥ −®à¬�«ì−®¥ à�á¯à¥¤¥«¥−¨¥, â. ¥. x⊤U
d
= σYγ, Q. ‘ ãç¥â®¬

á®®â−®è¥−¨© (6), (4) ¨ (8) ¨¬¥¥¬

DYγ, Q = D(Q
γ ◦Aγ ◦X) = E(Qγ ◦ Aγ ◦X)2 = EQ2γEA2γ =

= 2γ−1EQ2γE
(
U−1
2,1/γ ◦B

γ
1/2,(γ−1)/2

)
= cγEQ

2γ ,

£¤¥ ª®−áâ�−â� cγ ¢¢¥¤¥−� ¢ (9). �â® ®§−�ç�¥â, çâ®

x⊤Cx = D(x⊤U) = σ2DYγ,Q = cγσ
2EQ2γ ,

®âªã¤� ¯®«ãç�¥¬

σ2 =
x⊤Cx

cγEQ
2γ = kγx⊤Cx, (10)

£¤¥ kγ = (cγEQ
2γ)−1. ’¥¯¥àì à�áá¬®âà¨¬ å�à�ªâ¥à¨áâ¨ç¥áªãî äã−ªæ¨î h(t)

á«ãç�©−®© ¢¥«¨ç¨−ë x⊤U . ‚ á¨«ã ¯à¥¤¯®«®¦¥−¨ï ¨ á ãç¥â®¬ (10) ¨¬¥¥¬

h(t) = Eeitx
⊤

U = EeitσYγ, Q = E exp {itσ(Dγ, Q ◦X)} =

=

∞∫

0

E exp {itσyX} dKγ, Q(y) =

∞∫

0

e−2t
2σ2y2dKγ, Q(y) =

=

∞∫

0

exp
{
kγ t

2y2
(
x⊤Cx

)}
dKγ,Q(y), t ∈ R. (11)

‘®®â−®è¥−¨¥ (11) á¯à�¢¥¤«¨¢® ¤«ï «î¡®£® x ∈ R
r. �®«�£�ï ¢ (11) t = 1 ¨ ¯à¨-

−¨¬�ï ¢® ¢−¨¬�−¨¥ (1), §�¬¥ç�¥¬, çâ® (11) ¯à¥¢à�é�¥âáï ¢ å�à�ªâ¥à¨áâ¨ç¥áªãî
äã−ªæ¨î hU(x) á«ãç�©−®£® ¢¥ªâ®à� U :

hU(x) = Ee
ix⊤

U =

∞∫

0

exp
{
−kγ y

2(x⊤Cx)
}
dKγ, Q(y) =

=

∞∫

0

E exp
{
ix⊤(yXr, kγC

)}
dKγ, Q(y) = E exp

{
ix⊤(Dγ, Q ◦Xr, kγC)

}
=

= E exp{ix⊤Yr, γ, kγC}, x ∈ R
r.

’�ª¨¬ ®¡à�§®¬, á«ãç�©−ë© ¢¥ªâ®à U ¨¬¥¥â r-¬¥à−®¥ í««¨¯â¨ç¥áª¨ ª®−âãà¨-
à®¢�−−®¥ ª¢�§¨áâ¥¯¥−−®¥ Q-á¬¥è�−−®¥ −®à¬�«ì−®¥ à�á¯à¥¤¥«¥−¨¥ á ¬�âà¨ç−ë¬
¯�à�¬¥âà®¬ kγC = (cγEQ

2γ)−1C. �
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6 Многомерное эллиптически контурированное квазистепенное
Q-смешанное нормальное распределение как предельное
для случайных сумм случайных векторов

‚ ¤�−−®¬ à�§¤¥«¥ à�áá¬®âà¨¬ ¯à¥¤¥«ì−ë¥ â¥®à¥¬ë ¤«ï ¬−®£®¬¥à−ëå áâ�â¨-
áâ¨ª (¨§¬¥à¨¬ëå äã−ªæ¨© ®â ¨¬¥îé¨åáï ¤�−−ëå), ¯®áâà®¥−−ëå ¯® ¢ë¡®àª�¬
á«ãç�©−®£® ®¡ê¥¬�, ¢ ª®â®àëå ¬−®£®¬¥à−®¥ í««¨¯â¨ç¥áª¨ ª®−âãà¨à®¢�−−®¥ ª¢�-
§¨áâ¥¯¥−−®¥ Q-á¬¥è�−−®¥ −®à¬�«ì−®¥ à�á¯à¥¤¥«¥−¨¥ ï¢«ï¥âáï ¯à¥¤¥«ì−ë¬.

Š�ª áª�§�−® ¢ ª−¨£¥ [22], ¯®§−�¢�â¥«ì−�ï æ¥−−®áâì â¥®à¨¨ ¢¥à®ïâ−®áâ¥©
à�áªàë¢�¥âáï â®«ìª® ¯à¥¤¥«ì−ë¬¨ â¥®à¥¬�¬¨. ‚ à�§¢¨â¨¥ íâ®£® â¥§¨á� ¢ ª−¨-
£¥ [23] ¢ëáª�§�−� ¬ëá«ì ® â®¬, çâ® ¢ ¯à¥¤¥«ì−ëå â¥®à¥¬�å â¥®à¨¨ ¢¥à®ïâ−®áâ¥©
¤«ï áã¬¬ á«ãç�©−ëå ¢¥«¨ç¨− ¨«¨ ¡®«¥¥ ®¡é¨å áâ�â¨áâ¨ª, ª®£¤� ¢ à�áá¬�âà¨-
¢�¥¬ãî áå¥¬ã ¢¢®¤¨âáï −¥ª®â®àë© ¡¥áª®−¥ç−® ¡®«ìè®© (¨«¨ ¡¥áª®−¥ç−® ¬�«ë©)
¯�à�¬¥âà, −�¯à¨¬¥à ®¡ê¥¬ ¤®áâã¯−®© ¢ë¡®àª¨ (¨«¨ ¢¥à®ïâ−®áâì úà¥¤ª®£®û á®¡ë-
â¨ï), ¯à®ï¢«ï¥âáï ¯à¨−æ¨¯ ¬�ªá¨¬ã¬� í−âà®¯¨¨, ¨£à�îé¨© äã−¤�¬¥−â�«ì−ãî
à®«ì ¢ á®¢à¥¬¥−−®© â¥®à¨¨ ¨−â¥««¥ªâã�«ì−ëå á¨áâ¥¬. �®-¢¨¤¨¬®¬ã, ¨¬¥−−®
¯®íâ®¬ã ¢ ¯à¨ª«�¤−®© â¥®à¨¨ ¢¥à®ïâ−®áâ¥© ¯à¨−ïâ® áç¨â�âì, çâ® âã ¨«¨ ¨−ãî ¢¥-
à®ïâ−®áâ−ãî ¬®¤¥«ì ¬®¦−® áç¨â�âì ¢ ¤®áâ�â®ç−®© ¬¥à¥ �¤¥ª¢�â−®© â®«ìª® â®£¤�,
ª®£¤� ®−� ®ª�§ë¢�¥âáï �á¨¬¯â®â¨ç¥áª®© �¯¯à®ªá¨¬�æ¨¥©, â. ¥. ª®£¤� áãé¥áâ¢ã¥â
¤®¢®«ì−® ¯à®áâ�ï ¯à¥¤¥«ì−�ï áå¥¬� (−�¯à¨¬¥à, áå¥¬� áã¬¬¨à®¢�−¨ï ¨«¨ áå¥¬�
¬�ªá¨¬ã¬�) ¨ á®®â¢¥âáâ¢ãîé�ï ¯à¥¤¥«ì−�ï â¥®à¥¬�, ¢ ª®â®à®© à�áá¬�âà¨¢�¥¬�ï
¬®¤¥«ì ¢ëáâã¯�¥â ¢ ª�ç¥áâ¢¥ ¯à¥¤¥«ì−®£® à�á¯à¥¤¥«¥−¨ï.

��ç−¥¬ á® áå¥¬ë á«ãç�©−®£® áã¬¬¨à®¢�−¨ï.
��¯®¬−¨¬, çâ® á¨¬¢®« =⇒ ®¡®§−�ç�¥â áå®¤¨¬®áâì ¯® à�á¯à¥¤¥«¥−¨î. �®à¥-

«¥¢áªãî σ-�«£¥¡àã ¯®¤¬−®¦¥áâ¢ R
r ®¡®§−�ç¨¬ Br.

÷�áá¬®âà¨¬ ¯®á«¥¤®¢�â¥«ì−®áâì −¥§�¢¨á¨¬ëå −¥®¡ï§�â¥«ì−® ®¤¨−�ª®¢® à�á-
¯à¥¤¥«¥−−ëå á«ãç�©−ëå ¢¥ªâ®à®¢ X1,X2, . . ., ¯à¨−¨¬�îé¨å §−�ç¥−¨ï ¢ R

r. „«ï
−�âãà�«ì−®£® n > 1 ¯®«®¦¨¬

Sn =X1 + · · ·+Xn.

�ãáâì N1, N2, . . . | ¯®á«¥¤®¢�â¥«ì−®áâì −¥®âà¨æ�â¥«ì−ëå æ¥«®ç¨á«¥−−ëå á«ã-
ç�©−ëå ¢¥«¨ç¨−, ®¯à¥¤¥«¥−−ëå −� â®¬ ¦¥ ¢¥à®ïâ−®áâ−®¬ ¯à®áâà�−áâ¢¥, â�ª çâ®
¯à¨ ª�¦¤®¬ n > 1 á«ãç�©−�ï ¢¥«¨ç¨−� Nn −¥§�¢¨á¨¬� ®â ¯®á«¥¤®¢�â¥«ì−®áâ¨

X1,X2, . . . „«ï ®¯à¥¤¥«¥−−®áâ¨ áç¨â�¥¬, çâ®
∑0

j=1 = 0.

‹¥¬¬� 1. �à¥¤¯®«®¦¨¬, çâ® á«ãç�©−ë¥ ¢¥ªâ®àë S1,S2, . . . ã¤®¢«¥â¢®àïîâ
ãá«®¢¨î

L

(
b−1/2n Sn

)
=⇒ Nr,› (12)

¯à¨ n→∞, £¤¥ {bn}n>1 | −¥®£à�−¨ç¥−−® ¢®§à�áâ�îé�ï ¯®á«¥¤®¢�â¥«ì−®áâì
¯®«®¦¨â¥«ì−ëå ç¨á¥«; ›| −¥ª®â®à�ï á¨¬¬¥âà¨ç−�ï ¯®«®¦¨â¥«ì−® ®¯à¥¤¥«¥−-
−�ï ¬�âà¨æ�. „àã£¨¬¨ á«®¢�¬¨, ¯ãáâì

b−1/2n Sn =⇒Xr,› (n→∞).
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Œ−®£®¬¥à−ë¥ ª¢�§¨áâ¥¯¥−−ë¥ á¬¥è�−−ë¥ −®à¬�«ì−ë¥ à�á¯à¥¤¥«¥−¨ï

�ãáâì {dn}n>1 | −¥®£à�−¨ç¥−−® ¢®§à�áâ�îé�ï ¯®á«¥¤®¢�â¥«ì−®áâì ¯®«®¦¨-
â¥«ì−ëå ç¨á¥«. ’®£¤� à�á¯à¥¤¥«¥−¨¥ F −� Br, â�ª®¥ çâ®

L(d−1/2n SNn) =⇒ F (n→∞),
áãé¥áâ¢ã¥â â®£¤� ¨ â®«ìª® â®£¤�, ª®£¤� áãé¥áâ¢ã¥â äã−ªæ¨ï à�á¯à¥¤¥«¥-
−¨ï H(x), ã¤®¢«¥â¢®àïîé�ï ãá«®¢¨ï¬:

(i) H(x) = 0 ¯à¨ x < 0;

(ii) ¤«ï «î¡®£® A ∈ Br

F (A) =

∞∫

0

Nr, u›(A) dH(u);

(iii) P(bNn < dnx) =⇒ H(x), n→∞.

„ ® ª � § � â ¥ « ì á â ¢ ® . �â® ãâ¢¥à¦¤¥−¨¥ | ç�áâ−ë© á«ãç�© ¡®«¥¥ ®¡é¥© â¥®à¥¬ë,
¤®ª�§�−−®© ¢ à�¡®â¥ [24]. �

’¥®à¥¬� 7. �à¥¤¯®«®¦¨¬, çâ® á«ãç�©−ë¥ ¢¥ªâ®àë X1,X2, . . . ã¤®¢«¥â¢®àïîâ
ãá«®¢¨î (12) á −¥ª®â®à®© −¥®£à�−¨ç¥−−® ¢®§à�áâ�îé¥© ¯®á«¥¤®¢�â¥«ì−®áâìî
{bn}n>1 ¯®«®¦¨â¥«ì−ëå ç¨á¥« ¨ −¥ª®â®à®© á¨¬¬¥âà¨ç−®© ¯®«®¦¨â¥«ì−® ®¯à¥-
¤¥«¥−−®© ¬�âà¨æ¥© ›. �ãáâì γ > 1, Q | −¥ª®â®à�ï ¯®«®¦¨â¥«ì−�ï á«ãç�©−�ï
¢¥«¨ç¨−�, {dn}n>1 | −¥ª®â®à�ï −¥®£à�−¨ç¥−−® ¢®§à�áâ�îé�ï ¯®á«¥¤®¢�â¥«ì-
−®áâì ¯®«®¦¨â¥«ì−ëå ç¨á¥«. ’®£¤� à�á¯à¥¤¥«¥−¨ï á«ãç�©−ëå áã¬¬ SNn −¥§�¢¨-
á¨¬ëå á«ãç�©−ëå ¢¥ªâ®à®¢, −®à¬¨à®¢�−−ëå ç¨á«�¬¨ dn, áå®¤ïâáï ª r-¬¥à−®¬ã
í««¨¯â¨ç¥áª¨ ª®−âãà¨à®¢�−−®¬ã ª¢�§¨áâ¥¯¥−−®¬ã Q-á¬¥è�−−®¬ã −®à¬�«ì−®¬ã
à�á¯à¥¤¥«¥−¨î, â. ¥.

d−1n SNn =⇒ Yr,γ,› (n→∞)
â®£¤� ¨ â®«ìª® â®£¤�, ª®£¤�

d−1n bNn =⇒ D2γ, Q (n→∞).

„ ® ª � § � â ¥ « ì á â ¢ ® . ‡�¬¥â¨¬, çâ® ¢ à�áá¬�âà¨¢�¥¬®¬ á«ãç�¥ ¢ ª�ç¥áâ¢¥ F (A)
¢ «¥¬¬¥ 1 ¬®¦−® ¢§ïâì F (A) = P(Yr,γ,› ∈ A), A ∈ Br. „�«¥¥, ¢ á¨«ã (7) ¨¬¥¥¬

F (A) = P(Yr,γ,› ∈ A) = P (Dγ, Q ◦Xr,› ∈ A) =

=

∞∫

0

Nr,u›(A) dP(D
2
γ,Q < u), A ∈ Br.

�®íâ®¬ã â¥®à¥¬� 7 ®ª�§ë¢�¥âáï −¥¯®áà¥¤áâ¢¥−−ë¬ á«¥¤áâ¢¨¥¬ «¥¬¬ë 1 áH(x) =
= P(D2γ,Q < x). �
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7 Многомерное эллиптически контурированное квазистепенное
Q-смешанное нормальное распределение как предельное
для статистик, построенных по выборкам случайного объема

’¥¯¥àì à�áá¬®âà¨¬ −¥®¡å®¤¨¬ë¥ ¨ ¤®áâ�â®ç−ë¥ ãá«®¢¨ï áå®¤¨¬®áâ¨ à�á¯à¥-
¤¥«¥−¨© ¡®«¥¥ ®¡é¨å ¬−®£®¬¥à−ëå áâ�â¨áâ¨ª, ¯®áâà®¥−−ëå ¯® ¢ë¡®àª�¬ á«ãç�©-
−®£® ®¡ê¥¬�, ª ¬−®£®¬¥à−ë¬ í««¨¯â¨ç¥áª¨ ª®−âãà¨à®¢�−−ë¬ ª¢�§¨áâ¥¯¥−−ë¬
Q-á¬¥è�−−ë¬ −®à¬�«ì−ë¬ à�á¯à¥¤¥«¥−¨ï¬.

”®à¬�«ì−�ï áå¥¬� â�ª®¢�. �ãáâì {Xn}n>1 | −¥§�¢¨á¨¬ë¥ ®¤¨−�ª®¢®
à�á¯à¥¤¥«¥−−ë¥ á«ãç�©−ë¥ ¢¥ªâ®àë á® §−�ç¥−¨ï¬¨ ¢ R

r, r ∈ N. „«ï n ∈ N

¯ãáâì Tn = Tn(X1, . . . ,Xn)| áâ�â¨áâ¨ª�, â. ¥. ¨§¬¥à¨¬�ï äã−ªæ¨ï á«ãç�©−ëå
¢¥ªâ®à®¢ X1, . . . ,Xn á® §−�ç¥−¨ï¬¨ ¢ R

m,m ∈ N. �ãáâì θ ∈ R
m. �à¥¤¯®«®¦¨¬,

çâ® áâ�â¨áâ¨ª� Tn �á¨¬¯â®â¨ç¥áª¨ −®à¬�«ì−� ¢ â®¬ á¬ëá«¥, çâ®
√
n(Tn − θ) =⇒Xm,› ¯à¨ n→∞ , (13)

£¤¥ Xm,› | á«ãç�©−ë© ¢¥ªâ®à, ¨¬¥îé¨© m-¬¥à−®¥ −®à¬�«ì−®¥ à�á¯à¥¤¥«¥−¨¥
á ª®¢�à¨�æ¨®−−®© ¬�âà¨æ¥©› à�§¬¥à�m×m. �à¨¬¥àë áâ�â¨áâ¨ª, ã¤®¢«¥â¢®àï-
îé¨å (13), å®à®è® ¨§¢¥áâ−ë. �â® ¢ë¡®à®ç−ë¥ ª¢�−â¨«¨, ®æ¥−ª¨ ¬�ªá¨¬�«ì−®£®
¯à�¢¤®¯®¤®¡¨ï ¬−®£®¬¥à−®£® ¯�à�¬¥âà� ¨ â. ¤.

�ãáâì N1, N2, . . . | ¯®á«¥¤®¢�â¥«ì−®áâì −¥®âà¨æ�â¥«ì−ëå á«ãç�©−ëå ¢¥«¨-
ç¨−, ®¯à¥¤¥«¥−−ëå −� â®¬ ¦¥ ¢¥à®ïâ−®áâ−®¬ ¯à®áâà�−áâ¢¥ â�ª, çâ® ¯à¨ ª�¦¤®¬
n > 1 á«ãç�©−�ï ¢¥«¨ç¨−� Nn −¥§�¢¨á¨¬� ®â ¯®á«¥¤®¢�â¥«ì−®áâ¨ X1,X2, . . .
„«ï ª�¦¤®£® n ≥ 1 ®¯à¥¤¥«¨¬ á«ãç�©−ë© ¢¥ªâ®à TNn, ¯®«�£�ï

TNn(ω) ≡ TNn(ω)

(
X1(ω), . . . ,XNn(ω)(ω)

)
, ω ∈ Ÿ.

�ãáâì γ > 1, Q | −¥ª®â®à�ï ¯®«®¦¨â¥«ì−�ï á«ãç�©−�ï ¢¥«¨ç¨−�. ‚ ¤�−-
−®¬ à�§¤¥«¥ à�áá¬®âà¨¬ ãá«®¢¨ï, £�à�−â¨àãîé¨¥ áå®¤¨¬®áâì à�á¯à¥¤¥«¥−¨©
m-¬¥à−ëå á«ãç�©−ëå ¢¥ªâ®à®¢ Ln =

√
n(TNn − θ) ª m-¬¥à−®¬ã í««¨¯â¨ç¥áª¨

ª®−âãà¨à®¢�−−®¬ã ª¢�§¨áâ¥¯¥−−®¬ãQ-á¬¥è�−−®¬ã −®à¬�«ì−®¬ã à�á¯à¥¤¥«¥−¨î
L(Ym,γ,›).

Š�ª ¯à�¢¨«®, ¢ ¯à¥¤¥«ì−ëå â¥®à¥¬�å â¥®à¨¨ ¢¥à®ïâ−®áâ¥© ¨ ¬�â¥¬�â¨ç¥áª®©
áâ�â¨áâ¨ª¨ æ¥−âà¨à®¢�−¨¥ ¨ −®à¬¨à®¢�−¨¥ á«ãç�©−ëå ¢¥«¨ç¨− ¨ ¢¥ªâ®à®¢ ¯à¨-
¬¥−ïîâáï ¤«ï â®£®, çâ®¡ë ¯®«ãç¨âì −¥âà¨¢¨�«ì−ë¥ ¯à¥¤¥«ì−ë¥ à�á¯à¥¤¥«¥−¨ï.
�á®¡® á«¥¤ã¥â ®â¬¥â¨âì, çâ® ¤«ï â®£®, çâ®¡ë ¯®«ãç¨âì à�§ã¬−ãî �á¨¬¯â®â¨ç¥-
áªãî �¯¯à®ªá¨¬�æ¨î ¤«ï à�á¯à¥¤¥«¥−¨ï à�áá¬�âà¨¢�¥¬ëå á«ãç�©−ëå ¢¥«¨ç¨−
¨«¨ ¢¥ªâ®à®¢ (¢ ¤�−−®¬ á«ãç�¥ íâ® TNn), −®à¬¨à®¢ª� ¤®«¦−� ¡ëâì −¥á«ãç�©-
−®©. ‚ ¯à®â¨¢−®¬ á«ãç�¥ �¯¯à®ªá¨¬¨àãîé¥¥ à�á¯à¥¤¥«¥−¨¥ á�¬® áâ�−®¢¨âáï
á«ãç�©−ë¬, â�ª çâ® §�¤�ç� ¢ëç¨á«¥−¨ï ¥£® ª¢�−â¨«¥© ¨«¨ ªà¨â¨ç¥áª¨å §−�ç¥−¨©
áâ�−®¢¨âáï ¡¥áá¬ëá«¥−−®©. �®íâ®¬ã, ®¯à¥¤¥«ïï ¢¥ªâ®à Un, −®à¬¨àã¥¬ áâ�â¨-
áâ¨ªã TNn, ¯®áâà®¥−−ãî ¯® ¢ë¡®àª¥ á«ãç�©−®£® ®¡ê¥¬�, −¥ ª®à−¥¬ ª¢�¤à�â−ë¬
¨§ ®¡ê¥¬� ¢ë¡®àª¨

√
Nn, � ¢¥«¨ç¨−®©

√
n. �à¨ íâ®¬ n ¬®¦−® áç¨â�âì à�¢-

−ë¬ ª�ª®¬ã-«¨¡® ¯�à�¬¥âàã ¯®«®¦¥−¨ï á«ãç�©−®© ¢¥«¨ç¨−ë Nn, −�¯à¨¬¥à ¥¥
¬�â¥¬�â¨ç¥áª®¬ã ®¦¨¤�−¨î ¨«¨ ¬¥¤¨�−¥.
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Œ−®£®¬¥à−ë¥ ª¢�§¨áâ¥¯¥−−ë¥ á¬¥è�−−ë¥ −®à¬�«ì−ë¥ à�á¯à¥¤¥«¥−¨ï

‹¥¬¬� 2. �à¥¤¯®«®¦¨¬, çâ® Nn → ∞ ¯® ¢¥à®ïâ−®áâ¨ ¨ áâ�â¨áâ¨ª� Tn

�á¨¬¯â®â¨ç¥áª¨ −®à¬�«ì−� ¢ â®¬ á¬ëá«¥, çâ® ¢ë¯®«−¥−® ãá«®¢¨¥ (13). ’®£¤�
á«ãç�©−ë© ¢¥ªâ®à U , â�ª®© çâ®

Un =
√
n(TNn − θ) =⇒ U (n→∞),

áãé¥áâ¢ã¥â â®£¤� ¨ â®«ìª® â®£¤�, ª®£¤� áãé¥áâ¢ã¥â äã−ªæ¨ï à�á¯à¥¤¥«¥−¨ï
H(x) (x ∈ R), â�ª�ï çâ®

(i) H(x) = 0 ¯à¨ x < 0;

(ii) ¤«ï «î¡®£® A ∈ Br

P(U ∈ A) =
∞∫

0

Nm, u›(A) dH(u);

(iii) P(nN−1
n < x) =⇒ H(x) ¯à¨ n→∞.

„ ® ª � § � â ¥ « ì á â ¢ ® . „�−−�ï «¥¬¬� | ç�áâ−ë© á«ãç�© ¡®«¥¥ ®¡é¥£® ãâ¢¥à-
¦¤¥−¨ï, ¤®ª�§�−−®£® ¢ [25] ¨ ãá¨«¥−−®£® ¢ [26] (á¬. â¥®à¥¬ã 8 ¢ ãª�§�−−®©
à�¡®â¥). �

’¥®à¥¬� 8. �à¥¤¯®«®¦¨¬, çâ® Nn
P−→ ∞ ¨ áâ�â¨áâ¨ª� Tn �á¨¬¯â®â¨ç¥áª¨

−®à¬�«ì−� ¢ á¬ëá«¥ (13). �ãáâì γ > 1, Q | −¥ª®â®à�ï ¯®«®¦¨â¥«ì−�ï
á«ãç�©−�ï ¢¥«¨ç¨−�. „«ï â®£® çâ®¡ë à�á¯à¥¤¥«¥−¨¥ á«ãç�©−®£® ¢¥ªâ®à� Un

á«�¡® áå®¤¨«®áì ¯à¨ n → ∞ ª m-¬¥à−®¬ã í««¨¯â¨ç¥áª¨ ª®−âãà¨à®¢�−−®¬ã
ª¢�§¨áâ¥¯¥−−®¬ã Q-á¬¥è�−−®¬ã −®à¬�«ì−®¬ã à�á¯à¥¤¥«¥−¨î á â®© ¦¥ á�¬®©
¬�âà¨æ¥© ›, ª®â®à�ï ä¨£ãà¨àã¥â ¢ ãá«®¢¨¨ (13), â. ¥.

Un =
√
n (TNn − θ) =⇒ Ym,γ,›,

−¥®¡å®¤¨¬® ¨ ¤®áâ�â®ç−®, çâ®¡ë

n−1Nn =⇒ D−2
γ,Q (n→∞).

„ ® ª � § � â ¥ « ì á â ¢ ® . �â® ãâ¢¥à¦¤¥−¨¥ −¥¯®áà¥¤áâ¢¥−−® ¢ëâ¥ª�¥â ¨§ «¥¬¬ë 2
á ãç¥â®¬ (7) ¨ ®¯à¥¤¥«¥−¨ï á«ãç�©−®© ¢¥«¨ç¨−ë Dγ,Q. �

8 Пример: многомерное эллиптически контурированное
квазистепенное логистическое распределение

�¤−®¬¥à−®¥ «®£¨áâ¨ç¥áª®¥ à�á¯à¥¤¥«¥−¨¥ §�¤�¥âáï ¥£® äã−ªæ¨¥© à�á¯à¥¤¥-
«¥−¨ï

F (x) =
1

1 + e−x , x ∈ R, (14)

ª®â®à�ï ¨¬¥¥â ¯®çâ¨ â�ªãî ¦¥ ä®à¬ã, ª�ª ¨ −®à¬�«ì−�ï äã−ªæ¨ï à�á¯à¥¤¥«¥−¨ï,
−® ¨¬¥¥â ¡®«¥¥ âï¦¥«ë¥ å¢®áâë ¨ áãé¥áâ¢¥−−® ¯à®é¥ ¢ëç¨á«ï¥âáï. ‘«¥¤ã¥â ®â¬¥-
â¨âì, çâ® à�¢−®¬¥à−®¥ à�ááâ®ï−¨¥ (à�ááâ®ï−¨¥ Š®«¬®£®à®¢�) ¬¥¦¤ã −®à¬�«ì−®©
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äã−ªæ¨¥© à�á¯à¥¤¥«¥−¨ï ¨ «®£¨áâ¨ç¥áª®© äã−ªæ¨¥© à�á¯à¥¤¥«¥−¨ï á® á¯¥æ¨�«ì-
−® ¯®¤®¡à�−−ë¬¨ ¯�à�¬¥âà�¬¨ −¥ ¯à¥¢ëè�¥â 0,01 [27] (®¤−�ª®, ª�ª ¨§¢¥áâ−®,
à�¢−®¬¥à−®¥ à�ááâ®ï−¨¥ ¯«®å® ®æ¥−¨¢�¥â à�§«¨ç¨¥ ¢ ¯®¢¥¤¥−¨¨ å¢®áâ®¢ äã−ªæ¨©
à�á¯à¥¤¥«¥−¨ï).

‹®£¨áâ¨ç¥áª®¥ à�á¯à¥¤¥«¥−¨¥ ¯à¨¬¥−ï¥âáï ¢® ¬−®£¨å ®¡«�áâïå ¨ ¨¬¥¥â
¡®«ìèãî ¨áâ®à¨î. …é¥ ¢ 1830{1840 ££. íâ® à�á¯à¥¤¥«¥−¨¥ ¡ë«® ¯®«ãç¥−®
�.-”. ‚¥àåî«ìáâ®¬ (P.-F. Verhulst) ¢ ª�ç¥áâ¢¥ à¥è¥−¨ï −¥ª®â®à®£® ¤¨ää¥à¥−-
æ¨�«ì−®£® ãà�¢−¥−¨ï, ®¯¨áë¢�îé¥£® à®áâ ¯®¯ã«ïæ¨¨ [28,29]. Œ−®£¨¥ ¯®«¥§−ë¥
á¢®©áâ¢� «®£¨áâ¨ç¥áª®£® à�á¯à¥¤¥«¥−¨ï ®¯¨á�−ë ¢ à�¡®â�å [8,30].

‚ ª®−â¥ªáâ¥ §�¤�ç, à�áá¬�âà¨¢�¥¬ëå ¢ −�áâ®ïé¥© à�¡®â¥, ª«îç¥¢ãî à®«ì
¨£à�¥â á«¥¤ãîé¥¥ á¢®©áâ¢® «®£¨áâ¨ç¥áª®£® à�á¯à¥¤¥«¥−¨ï. ‚ 1974 £. ¢ à�-
¡®â¥ [15] ¡ë«® ®â¬¥ç¥−®, çâ® «®£¨áâ¨ç¥áª®¥ à�á¯à¥¤¥«¥−¨¥ ¯à¥¤áâ�¢«ï¥â á®¡®©
¬�áèâ�¡−ãî á¬¥áì −®à¬�«ì−ëå §�ª®−®¢, ¢ ª®â®à®© á¬¥è¨¢�îé¥¥ à�á¯à¥¤¥«¥-
−¨¥ á®®â¢¥âáâ¢ã¥â ª¢�¤à�âã á«ãç�©−®© ¢¥«¨ç¨−ë, ¨¬¥îé¥© å®à®è® ¨§¢¥áâ−®¥
¢ áâ�â¨áâ¨ª¥ à�á¯à¥¤¥«¥−¨¥ Š®«¬®£®à®¢�:

F (x)
def
=

1

1 + e−x =

∞∫

0

�

(
x

2z

)
dK(z), x ∈ R, (15)

£¤¥

K(x) = 1− 2
∞∑

j=1

(−1)j+1 exp{−j2x2}, x > 0 (16)

(á¬. ¯à¨¬¥à 4.3 ¢ [15]). �®¤à®¡−®¥ ¤®ª�§�â¥«ìáâ¢® íâ®£® à¥§ã«ìâ�â� ¯à¨¢¥¤¥−®
¢ áâ�âì¥ [16].

�ãáâì L ¨ D | á«ãç�©−ë¥ ¢¥«¨ç¨−ë á äã−ªæ¨ï¬¨ à�á¯à¥¤¥«¥−¨ï (14) ¨ (16)
á®®â¢¥âáâ¢¥−−®. ’®£¤� á®®â−®è¥−¨¥ (15) ¬®¦−® §�¯¨á�âì ¢ á«¥¤ãîé¥¬ ¢¨¤¥:

L
d
= Q ◦X, (17)

£¤¥ Q = 2D (áà. á (2)).
�ãáâì r ∈ N, › | −¥ª®â®à�ï ¯®«®¦¨â¥«ì−® ®¯à¥¤¥«¥−−�ï ¬�âà¨æ� à�§¬¥à�

r× r. ‘®®â−®è¥−¨¥ (17) ¯®§¢®«¨«® ¢ áâ�âì¥ [8] ¢¢¥áâ¨ ¬−®£®¬¥à−®¥ «®£¨áâ¨ç¥áª®¥
à�á¯à¥¤¥«¥−¨¥ ª�ª à�á¯à¥¤¥«¥−¨¥ á«ãç�©−®£® ¢¥ªâ®à�

Lr,› = 2D ◦Xr,›.

Ÿá−®, çâ® à�á¯à¥¤¥«¥−¨¥ ¢¥ªâ®à� Lr,› í««¨¯â¨ç¥áª¨ ª®−âãà¨à®¢�−−®.
‚¢¥¤¥¬ ®¤−®¬¥à−®¥ ª¢�§¨áâ¥¯¥−−®¥ «®£¨áâ¨ç¥áª®¥ à�á¯à¥¤¥«¥−¨¥ ª�ª à�á¯à¥-

¤¥«¥−¨¥ á«ãç�©−®© ¢¥«¨ç¨−ë Lγ, £¤¥ γ > 0. �¥á«®¦−® ¯®ª�§�âì, çâ® ¯à¨ γ > 1
íâ® à�á¯à¥¤¥«¥−¨¥ ¯à¥¤áâ�¢«ï¥â á®¡®© ¬�áèâ�¡−ãî á¬¥áì −®à¬�«ì−ëå §�ª®−®¢:

Lγ
d
= (2D)γ ◦Aγ ◦X,

£¤¥ Aγ | ¯®«®¦¨â¥«ì−�ï á«ãç�©−�ï ¢¥«¨ç¨−�, ¢¢¥¤¥−−�ï ¢ (4).
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�ãáâì γ > 1. �¯à¥¤¥«¨¬ r-¬¥à−®¥ ª¢�§¨áâ¥¯¥−−®¥ «®£¨áâ¨ç¥áª®¥ à�á¯à¥¤¥-
«¥−¨¥ ª�ª à�á¯à¥¤¥«¥−¨¥ á«ãç�©−®£® ¢¥ªâ®à�

Lr,γ,› = (2D)
γ ◦ Aγ ◦Xr,›.

Ÿá−®, çâ® à�á¯à¥¤¥«¥−¨¥ ¢¥ªâ®à� Lr,γ,› â�ª¦¥ í««¨¯â¨ç¥áª¨ ª®−âãà¨à®¢�−−®.
‚ ®¡®§−�ç¥−¨ïå à�§¤. 6 ¨ 7 ãâ¢¥à¦¤¥−¨ï ® áå®¤¨¬®áâ¨ á«ãç�©−ëå áã¬¬

−¥§�¢¨á¨¬ëå á«ãç�©−ëå ¢¥ªâ®à®¢ ¨ áâ�â¨áâ¨ª, ¯®áâà®¥−−ëå ¯® ¢ë¡®àª�¬ á«ã-
ç�©−®£® ®¡ê¥¬�, ï¢«ïîé¨¥áï á«¥¤áâ¢¨ï¬¨ â¥®à¥¬ 7 ¨ 8, ¨¬¥îâ á«¥¤ãîé¨©
¢¨¤.

‘«¥¤áâ¢¨¥ 3. �à¥¤¯®«®¦¨¬, çâ® á«ãç�©−ë¥ ¢¥ªâ®àë X1,X2, . . . ã¤®¢«¥â¢®àï-
îâ ãá«®¢¨î (12) á −¥ª®â®à®© −¥®£à�−¨ç¥−−® ¢®§à�áâ�îé¥© ¯®á«¥¤®¢�â¥«ì−®áâìî
{bn}n>1 ¯®«®¦¨â¥«ì−ëå ç¨á¥« ¨ −¥ª®â®à®© á¨¬¬¥âà¨ç−®© ¯®«®¦¨â¥«ì−® ®¯à¥-
¤¥«¥−−®© ¬�âà¨æ¥© ›. �ãáâì γ > 1, {dn}n>1 | −¥ª®â®à�ï −¥®£à�−¨ç¥−−®
¢®§à�áâ�îé�ï ¯®á«¥¤®¢�â¥«ì−®áâì ¯®«®¦¨â¥«ì−ëå ç¨á¥«. ’®£¤� à�á¯à¥¤¥«¥-
−¨ï á«ãç�©−ëå áã¬¬ SNn −¥§�¢¨á¨¬ëå á«ãç�©−ëå ¢¥ªâ®à®¢, −®à¬¨à®¢�−−ëå
ç¨á«�¬¨ dn, áå®¤ïâáï ª r-¬¥à−®¬ã ª¢�§¨áâ¥¯¥−−®¬ã «®£¨áâ¨ç¥áª®¬ã à�á¯à¥¤¥-
«¥−¨î á â¥¬ ¦¥ á�¬ë¬ ¬�âà¨ç−ë¬ ¯�à�¬¥âà®¬ ›, ª®â®àë© ä¨£ãà¨àã¥â ¢ (12),
â. ¥.

d−1n SNn =⇒ Lr,γ,› (n→∞)
â®£¤� ¨ â®«ìª® â®£¤�, ª®£¤�

d−1n bNn =⇒ (2D)2γ ◦ A2γ (n→∞).

‘«¥¤áâ¢¨¥ 4. �à¥¤¯®«®¦¨¬, çâ® Nn
P−→ ∞ ¨ áâ�â¨áâ¨ª� Tn �á¨¬¯â®â¨ç¥áª¨

−®à¬�«ì−� ¢ á¬ëá«¥ (13). �ãáâì γ > 1. „«ï â®£® çâ®¡ë à�á¯à¥¤¥«¥−¨¥ á«ã-
ç�©−®£® ¢¥ªâ®à� Un á«�¡® áå®¤¨«®áì ¯à¨ n→∞ ª m-¬¥à−®¬ã ª¢�§¨áâ¥¯¥−−®¬ã
«®£¨áâ¨ç¥áª®¬ã à�á¯à¥¤¥«¥−¨î á â®© ¦¥ á�¬®© ¬�âà¨æ¥© ›, ª®â®à�ï ä¨£ãà¨àã¥â
¢ ãá«®¢¨¨ (13), â. ¥.

Un =
√
n(TNn − θ) =⇒ Lm,γ,›,

−¥®¡å®¤¨¬® ¨ ¤®áâ�â®ç−®, çâ®¡ë

n−1Nn =⇒ (2D)−2γ ◦ A−2
γ (n→∞).
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Abstract: A class of multivariate elliptically contoured distributions is intro-
duced and studied. Each one-dimensional projection of such a distribution has
the quasi-exponentiated normal distribution that coincides with the distribution
of the radom variable |QX |γsignX where γ > 0; Q is the positive random
variable; and X is the random variable with the standard normal distribution
independent of Q. For γ > 1, the densities of the multivariate mixed normal
distributions are infinite in zero. This property makes it possible to use mul-
tivariate quasi-exponentiated mixed power distributions with γ > 1 as models
of statistical regularities in the behavior of multivariate stochastic processes
with rather long periods within which the process either does not change or
changes insignificantly, alternate with the periods when variations with rather
large jumps are observed. Unlike \pure" quasi-exponentiated distributions,
quasi-exponentiated mixed normal distributions possess heavy tails that may be
useful in the case of very large jumps of the process under consideration. Some
limit theorems are presented on convergence of the distributions of multivariate
statistics constructed from samples with random sizes, including random sums,
to multivariate quasi-exponentiated mixed normal distributions. As an example,
multivariate elliptically contoured quasi-exponentiated logistic distribution is
considered.
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РЕАЛИЗАЦИЯ ТЕСТОВ ЕДИНИЧНОГО КОРНЯ
ДЛЯ МАЛЫХ ВЫБОРОК

М. П. Кривенко1

�−−®â�æ¨ï: ˜¨à®ª®¥ ¯à¨¬¥−¥−¨¥ ¯à¨ �−�«¨§¥ áâ�æ¨®−�à−®áâ¨ ¢à¥¬¥−−®£®
àï¤� −�è«¨ ªà¨â¥à¨¨ ¥¤¨−¨ç−®£® ª®à−ï. ˆ§¢¥áâ−® à�§¢¥à−ãâ®¥ ®¡®á−®¢�-
−¨¥ ¢�à¨�−â®¢ ¯®¤®¡−ëå â¥áâ®¢, §� ª®â®àë¬¨ ¢ ¬�â¥¬�â¨ç¥áª®© áâ�â¨áâ¨ª¥
§�ªà¥¯¨«®áì −�¨¬¥−®¢�−¨¥ ªà¨â¥à¨¥¢ „¨ª¨{”ã««¥à�. „¥©áâ¢¥−−®áâì ¯à¥¤-
«�£�¥¬ëå ¯à¨¥¬®¢ ¤«ï ®¯¨á�−¨ï ¯à¥¤¥«ì−ëå à�á¯à¥¤¥«¥−¨© ¯à¨¬¥−ï¥¬ëå
áâ�â¨áâ¨ª ¡ë«® ¯®¤â¢¥à¦¤¥−® ¢ å®¤¥ ¬−®¦¥áâ¢� ¨áá«¥¤®¢�−¨©, −® ®−¨ ®ª�-
§�«¨áì −¥¯à®¤ãªâ¨¢−ë¬¨ ¯à¨ ª®−¥ç−ëå §−�ç¥−¨ïå ¢à¥¬¥−¨ −�¡«î¤¥−¨ï T .
�®íâ®¬ã ¯à¨è«®áì ®¡à�é�âìáï ª ¬¥â®¤ã áâ�â¨áâ¨ç¥áª¨å ¨á¯ëâ�−¨© (Œ‘ˆ),
á ¯®¬®éìî ª®â®à®£® ¤«ï ®â¤¥«ì−ëå §−�ç¥−¨© T ¡ë«¨ ¯®áâà®¥−ë â�¡«¨æë
¯à®æ¥−â¨«¥©. Šà®¬¥ â®£®, çâ® ¨å ®ª�§�«®áì ï¢−® −¥¤®áâ�â®ç−®, ä�ªâ¨ç¥-
áª¨ à�¤¨ ã¤®¡áâ¢� ¨á¯®«ì§®¢�−¨ï §�à�−¥¥ ¯®áâà®¥−−ëå áâ�â¨áâ¨ç¥áª¨å â�¡«¨æ
¨áá«¥¤®¢�â¥«ì ¡ë« ¢ë−ã¦¤¥− ®¡à�é�âìáï ª ¯à®áâ®© ¬®¤¥«¨ ¤�−−ëå ¢ á®¢®ªã¯-
−®áâ¨ á ä¨ªá¨à®¢�−−ë¬ −�¡®à®¬ ¨áªãááâ¢¥−−® ¯®¤®¡à�−−ëå ª®−ªãà¨àãîé¨å
£¨¯®â¥§. ‚ à¥§ã«ìâ�â¥ ¥¤¨−áâ¢¥−−ë¬ à¥è¥−¨¥¬ ¯à®¡«¥¬ë ¯à¨¬¥−¥−¨ï −� ¯à�ª-
â¨ª¥ ªà¨â¥à¨¥¢ ¥¤¨−¨ç−®£® ª®à−ï ¤«ï ¬�«ëå T ®áâ�¥âáï ¯à¨¢«¥ç¥−¨¥ Œ‘ˆ.
÷�−¥¥ �¢â®à®¬ ¤�−−®© áâ�âì¨ ¯à¨¬¥−¨â¥«ì−® ª §�¤�ç�¬ íª®−®¬¥âà¨ª¨ à�á-
á¬�âà¨¢�«®áì ¨á¯®«ì§®¢�−¨¥ ª®¨−â¥£à�æ¨®−−®£® �−�«¨§� ¯à¨ à�−¦¨à®¢�−¨¨
¬−®¦¥áâ¢� ®¡ê¥ªâ®¢ −� ®á−®¢¥ ¥¤¨−áâ¢¥−−®£® ¯®ª�§�â¥«ï | áâ¥¯¥−¨ á¢ï§�−-
−®áâ¨ á®áâ�¢«ïîé¨å −�¡«î¤�¥¬®£® ¬−®£®¬¥à−®£® ¢à¥¬¥−−®£® àï¤�. ‡�−®¢®
¯®áâà®¥−−ë¥ áâ�â¨áâ¨ç¥áª¨¥ â�¡«¨æë ¤«ï T = 8 ¯®§¢®«¨«¨ ¯®¤â¢¥à¤¨âì ª®à-
à¥ªâ−®áâì §�¬¥−ë ªà¨â¥à¨¥¢ ¥¤¨−¨ç−®£® ª®à−ï −� ªà¨â¥à¨¨ áâ�æ¨®−�à−®áâ¨
®¡é¥£® å�à�ªâ¥à�. ‚ ¯®«ì§ã ¯à®¤ãªâ¨¢−®áâ¨ ¨¬¨â�æ¨¨ ¢ ¯à�ªâ¨ª¥ �−�«¨§�
¤�−−ëå £®¢®àïâ ¢®§¬®¦−®áâ¨ á®¢à¥¬¥−−ëå ¯à®æ¥áá®à®¢, ¤®¯ãáª�îé¨å ¬−®-
£®§�¤�ç−®áâì, � â�ª¦¥ ¯¥àá¯¥ªâ¨¢ë ¨á¯®«ì§®¢�−¨ï ¯«�âä®à¬ëR.

Š«îç¥¢ë¥ á«®¢�: ª®¨−â¥£à�æ¨®−−ë© �−�«¨§; ªà¨â¥à¨¨ ¥¤¨−¨ç−®£® ª®à−ï;
â¥áâë „¨ª¨{”ã««¥à�; ª®íää¨æ¨¥−â á¢ï§�−−®áâ¨; à¥£¨®−�«ì−�ï íª®−®¬¨ª�;
¨−¢¥áâ¨æ¨¨; ¢�«®¢®© à¥£¨®−�«ì−ë© ¯à®¤ãªâ; â¥áâë áâ�æ¨®−�à−®áâ¨; áâ�â¨áâ¨-
ª� á R
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1 Тесты единичного корня

�−�«¨§ áâ�æ¨®−�à−®áâ¨ ¢à¥¬¥−−�®£® àï¤� ¬®¦¥â ®¯¨à�âìáï −� á¯¥æ¨ä¨ç¥áª¨¥
á¢®©áâ¢� ¥£® ¯�à�¬¥âà¨ç¥áª®© ¬®¤¥«¨ ¨ §�ª«îç�âìáï, ¢ ç�áâ−®áâ¨, ¢ ¨áá«¥¤®¢�−¨¨
ª®à−¥© å�à�ªâ¥à¨áâ¨ç¥áª®£® ãà�¢−¥−¨ï ¤«ï �¢â®à¥£à¥áá¨®−−®© ¬®¤¥«¨. ˜¨à®ª®¥
¯à¨¬¥−¥−¨¥ ¢ íâ®© á¢ï§¨, ¨ ¢ ¯¥à¢ãî ®ç¥à¥¤ì ¢ ®¡«�áâ¨ íª®−®¬¥âà¨ª¨, −�è«¨
ªà¨â¥à¨¨ ¥¤¨−¨ç−®£® ª®à−ï.

1”¥¤¥à�«ì−ë© ¨áá«¥¤®¢�â¥«ìáª¨© æ¥−âà úˆ−ä®à¬�â¨ª� ¨ ã¯à�¢«¥−¨¥û ÷®áá¨©áª®© �ª�¤¥¬¨¨
−�ãª, mkrivenko@ipiran.ru
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÷¥�«¨§�æ¨ï â¥áâ®¢ ¥¤¨−¨ç−®£® ª®à−ï ¤«ï ¬�«ëå ¢ë¡®à®ª

…á«¨ ¯à®æ¥áá £¥−¥à�æ¨¨ ¤�−−ëå (DGP, data-generation process) ¨¬¥¥â ¢¨¤:

yt = ρyt−1 + ut, y0 = 0 , (1)

£¤¥ ut áãâì −¥§�¢¨á¨¬ë¥ ¨ ®¤¨−�ª®¢® à�á¯à¥¤¥«¥−−ë¥ á«ãç�©−ë¥ ¢¥«¨ç¨−ë, â®
¤«ï ¯à®¢¥àª¨ ¨áâ¨−−®áâ¨ £¨¯®â¥§ë H0 : ρ = ρ0 ¯à¨ |ρ0| < 1 ¨á¯®«ì§ã¥âáï
à¥£à¥áá¨®−−�ï ®æ¥−ª� �ρ. ’®£¤� ªà¨â¥à¨© ¬®¦¥â ¯à¨−¨¬�âì ¢¨¤ t-áâ�â¨áâ¨ª¨
(�ρ− ρ0/SE (�ρ)), ª®â®à�ï �á¨¬¯â®â¨ç¥áª¨ ¨¬¥¥â áâ�−¤�àâ−®¥ −®à¬�«ì−®¥ à�á¯à¥-
¤¥«¥−¨¥ ¨ ¬®¦¥â áà�¢−¨¢�âìáï á â�¡«¨æ�¬¨ §−�ç¨¬ëå â®ç¥ª ¤«ï N(0, 1). „«ï
−¥¡®«ìè¨å ¢ë¡®à®ª áâ�â¨áâ¨ª� ¯à¨¬¥à−® t-à�á¯à¥¤¥«¥−�, � ®æ¥−ª� ª®íää¨æ¨-
¥−â� ρ −¥¬−®£® á¬¥é¥−� ¢−¨§. �¤−�ª® ¤«ï ρ0 = 1 íâ¨ à¥§ã«ìâ�âë −¥ ¤¥©áâ¢ãîâ.
÷�á¯à¥¤¥«¥−¨¥ â¥áâ®¢®© áâ�â¨áâ¨ª¨ �ρ −¥ ï¢«ï¥âáï �á¨¬¯â®â¨ç¥áª¨ −®à¬�«ì−ë¬
¨ ¤�¦¥ á¨¬¬¥âà¨ç−ë¬. ’�¡«¨æë á®®â¢¥âáâ¢ãîé¨å ªà¨â¨ç¥áª¨å §−�ç¥−¨© ¤«ï
íâ®£® á«ãç�ï ¡ë«¨ ®¯ã¡«¨ª®¢�−ë ¢ [1], £¤¥ ¢ à�§¤. 8.5 ¢ á¢ï§¨ á íâ¨¬¨ â�¡«¨æ�¬¨
¡ë«� ¤�−� ®âáë«ª� −� −¥®¯ã¡«¨ª®¢�−−ãî àãª®¯¨áì: Dickey D. A. Hypothesis
testing for nonstationary time series: Unpublished manuscript. | Ames, IA: Iowa
State University, 1975. ‚ ¡®«¥¥ ¯®§¤−¥© à�¡®â¥ [2], ª ª®â®à®© ¥áâì ¤®áâã¯,
¤�¥âáï à�§¢¥à−ãâ®¥ ®¡®á−®¢�−¨¥ ¢�à¨�−â®¢ â¥áâ� ¥¤¨−¨ç−®£® ª®à−ï ¨ ¯à¨¢®¤ïâáï
ãâ®ç−¥−−ë¥ ¯® áà�¢−¥−¨î á [1] â�¡«¨æë ªà¨â¨ç¥áª¨å §−�ç¥−¨©. ‡� ãª�§�−−ë¬¨
â¥áâ�¬¨ ¨ â�¡«¨æ�¬¨ ¢ ¬�â¥¬�â¨ç¥áª®© áâ�â¨áâ¨ª¥ §�ªà¥¯¨«®áì −�¨¬¥−®¢�−¨¥
ªà¨â¥à¨¥¢ „¨ª¨{”ã««¥à�. �−¨ è¨à®ª® ¯à¨¬¥−ïîâáï −� ¯à�ªâ¨ª¥, ¤�«¨ â®«ç®ª
à�§¢¨â¨î ¬¥â®¤®¢ ª®−âà®«ï áâ�æ¨®−�à−®áâ¨ �−�«¨§¨àã¥¬ëå ¯à®æ¥áá®¢. ‚§ï¢
§� ®á−®¢ã [2], ¤�¤¨¬ ªà�âªãî å�à�ªâ¥à¨áâ¨ªã áãâ¨ ¬¥â®¤®¢ ¨ áä®à¬ã«¨àã¥¬
¢®§−¨ª�îé¨¥ §�âàã¤−¥−¨ï ¯à¨ ¨å ¯à¨¬¥−¥−¨¨.

“â®ç−¨¬ (1), à�áá¬®âà¥¢ �¢â®à¥£à¥áá¨®−−ë© ¯à®æ¥áá ¯¥à¢®£® ¯®àï¤ª�

Yt = ρYt−1 + εt ,

£¤¥ Y0 = 0; {εt}∞t=1 | íâ® ¯®á«¥¤®¢�â¥«ì−®áâì −®à¬�«ì−ëå −¥§�¢¨á¨¬ëå (0, σ2)
á«ãç�©−ëå ¢¥«¨ç¨−. ‡�¬¥â¨¬, çâ®

Yt = εt + ρεt−1 + · · · + ρt−1ε1,

¯®íâ®¬ã ¥á«¨ |ρ| < 1, â® Yt áå®¤¨âáï ª áâ�æ¨®−�à−®¬ã ¯à®æ¥ááã ¯à¨ t → ∞
(¢ ç�áâ−®áâ¨, var (Yt) → σ2/(1 − ρ2)). …á«¨ |ρ| > 1, â® var (Yt) à�áâ¥â á ã¢¥«¨-
ç¥−¨¥¬ t ¡¥§ ®£à�−¨ç¥−¨© ¨ â�ª®© ¯à®æ¥áá −�§ë¢�îâ ¢§àë¢−ë¬. �à¨ §�¤�−−®©
à¥�«¨§�æ¨¨ ¯à®æ¥áá� y1, y2, . . . , yn �¢â®à¥£à¥áá¨© ¯¥à¢®£® ¯®àï¤ª� ¨−â¥à¥á ¯à¥¤-
áâ�¢«ïîâ ®æ¥−ª¨ ρ ¨ â¥áâë −ã«¥¢®© £¨¯®â¥§ëH0 : ρ = 1. ‚ ª�ç¥áâ¢¥ �«ìâ¥à−�â¨¢ë
¢ëáâã¯�¥â ®¤−� ¨§ âà¥å ¬®¤¥«¥© ¨−â¥à¯à¥â�æ¨¨ ¤�−−ëå:

(a) Yt = ρaYt−1 + εt, Y0 = 0 ¤«ï |ρ| < 1;
(b) Yt = α+ ρbYt−1 + εt, Y0 = 0 ¤«ï |ρ| < 1;
(c) Yt = α+ βt+ ρcYt−1 + εt, Y0 = 0 ¤«ï |ρ| < 1.
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‚ ª�ç¥áâ¢¥ ®æ¥−®ª ¯�à�¬¥âà®¢ ¬®¤¥«¥© ¯à¨−¨¬�îâáï á®®â¢¥âáâ¢ãîé¨¥ ª®íä-
ä¨æ¨¥−âë à¥£à¥áá¨¨: ¤«ï �ρa | íâ® à¥£à¥áá¨ï Yt ¯® Yt−1, ¤«ï �ρb | Yt ¯® 1 ¨ Yt−1,
�ρc | Yt ¯® 1, t ¨ Yt−1. �� ¨å ®á−®¢¥ ¯® �−�«®£¨¨ á t-áâ�â¨áâ¨ª�¬¨ áâà®ïâáï
®â¢¥ç�îé¨¥ ¯¥à¥ç¨á«¥−−ë¬ �«ìâ¥à−�â¨¢�¬ ¯®ª�§�â¥«¨ τa, τb ¨ τc ªà¨â¥à¨ï ¥¤¨-
−¨ç−®£® ª®à−ï. ‘«¥¤ã¥â −�¯®¬−¨âì, çâ® −ã«¥¢�ï £¨¯®â¥§� á®®â¢¥âáâ¢ã¥â −�«¨ç¨î
−¥áâ�æ¨®−�à−®áâ¨, � ¥¥ ®â¢¥à¦¥−¨¥ | áâ�æ¨®−�à−®áâ¨ −�¡«î¤�¥¬®£® ¯à®æ¥áá�.

‘â�â¨áâ¨ª¨ τa, τb ¨ τc ¨¬¥îâ ¢¨¤ ¤à®¡¥©, ¨ ¨å à�á¯à¥¤¥«¥−¨ï ¯à¨ −ã«¥¢®©
£¨¯®â¥§¥ ¯®«ãç�îâáï ¢ �á¨¬¯â®â¨ç¥áª®¬ ¢¨¤¥ ¯à¨ t → ∞. „«ï íâ®£® ¯®á«¥¤®¢�-
â¥«ì−® ¯à®¢®¤¨âáï ®¡®á−®¢�−¨¥ á«¥¤ãîé¨å è�£®¢:

{ ¯®«ãç¥−¨¥ ¬®¬¥−â®¢ ¯¥à¢®£® ¨ ¢â®à®£® ¯®àï¤ª� ¤«ï ¯�àë ç¨á«¨â¥«ì{§−�¬¥-
−�â¥«ì ¤à®¡−®£® ¯à¥¤áâ�¢«¥−¨ï áâ�â¨áâ¨ª [2, â�¡«¨æ� ¬®¬¥−â®¢ 3.4];

{ ¯®«ãç¥−¨¥ á¯¥ªâà�«ì−®£® ¯à¥¤áâ�¢«¥−¨ï ¤«ï ª¢�¤à�â¨ç−®© ä®à¬ë −�¡«î¤¥−-
−ëå §−�ç¥−¨©, å�à�ªâ¥à¨§ã¥¬®£® −¥áª®«ìª¨¬¨ ¤®¬¨−�−â−ë¬¨ á®¡áâ¢¥−−ë¬¨
§−�ç¥−¨ï¬¨ [2, ¯®¤à�§¤¥« à�§¤. IV];

{ ¯®«ãç¥−¨¥ ¯à¥¤¥«ì−ëå à�á¯à¥¤¥«¥−¨© áâ�â¨áâ¨ª ªà¨â¥à¨¥¢, ¢ëà�¦�¥¬ëå
ç¥à¥§ ¡¥áª®−¥ç−ë¥ ¢§¢¥è¥−−ë¥ áã¬¬ë −®à¬�«ì−® à�á¯à¥¤¥«¥−−ëå á«ãç�©−ëå
¢¥«¨ç¨− [2, á«¥¤áâ¢¨ï 4.1 ¨ 4.2];

{ §�¬¥é¥−¨¥ −� ®á−®¢¥ á®£«�á®¢�−¨ï ¯¥à¢ëå ¤¢ãå ¬®¬¥−â®¢ ¡¥áª®−¥ç−ëå áã¬¬
−� ª®−¥ç−ë¥ ¯ãâ¥¬ áâ�â¨áâ¨ç¥áª¨å ¨á¯ëâ�−¨© [2, á®®â−®è¥−¨ï (4.77) ¨ (4.78)];

{ ®¯¨á�−¨¥ à�á¯à¥¤¥«¥−¨© áâ�â¨áâ¨ª ¤«ï ¤®¯à¥¤¥«ì−ëå §−�ç¥−¨© ¤«¨â¥«ì−®áâ¨
¨áá«¥¤ã¥¬®£® ¯à®æ¥áá� T á ¯®¬®éìî Œ‘ˆ, çâ® ¯®§¢®«ï¥â ¯®áâà®¨âì â�¡«¨æë
¯à®æ¥−â¨«¥© ¤«ï ®â¤¥«ì−ëå §−�ç¥−¨© ¢¥à®ïâ−®áâ¥© (íâ® 1%, 2,5%, 5%, 10%,
90%, 95%, 97,5% ¨ 99%) ¨ ¤«¨â¥«ì−®áâ¨ ¨áá«¥¤ã¥¬®£® ¯à®æ¥áá� T = 25, 50,
100, 250, 500 ¨ ≥ 750.
‚ ¯à¨¢¥¤¥−−ëå ®¡®á−®¢�−¨ïå ªà¨â¥à¨¥¢ „¨ª¨{”ã««¥à� ¬®¦−® ¢ë¤¥«¨âì âà¨

¬®¬¥−â�, −�¨¡®«¥¥ ¢�¦−ëå ¤«ï à¥�«¨§�æ¨¨ â¥áâ®¢ ¥¤¨−¨ç−®£® ª®à−ï.
‚®-¯¥à¢ëå, −�«¨æ® ¤¥©áâ¢¥−−®áâì ¯à¥¤«�£�¥¬ëå ¯à¨¥¬®¢ ¤«ï ®¯¨á�−¨ï ¯à¥-

¤¥«ì−ëå à�á¯à¥¤¥«¥−¨©. �â® ¤®¯®«−¨â¥«ì−® ¯®¤â¢¥à¤¨«®áì ¢ å®¤¥ ¯®á«¥¤ãîé¨å
¨áá«¥¤®¢�−¨© ¯® à�áè¨à¥−¨î ®¡«�áâ¨ ¯à¨¬¥−¥−¨ï ¯à¥¤«�£�¥¬ëå ªà¨â¥à¨¥¢ ¥¤¨-
−¨ç−®£® ª®à−ï, −® ®ª�§�«®áì −¥¯à®¤ãªâ¨¢−ë¬ ¯à¨ ª®−¥ç−ëå §−�ç¥−¨ïå T . �®íâ®-
¬ã �¢â®à�¬ â¥áâ®¢ ¥¤¨−¨ç−®£® ª®à−ï ¯à¨è«®áì ®¡à�é�âìáï ª Œ‘ˆ, á ¯®¬®éìî
ª®â®à®£® ¡ë«¨ ¯®áâà®¥−ë â�¡«¨æë ¯à®æ¥−â¨«¥© ¤«ï ®â¤¥«ì−ëå §−�ç¥−¨© ¤«¨-
â¥«ì−®áâ¨ ¨áá«¥¤ã¥¬®£® ¯à®æ¥áá�, ª®â®àëå ï¢−® −¥¤®áâ�â®ç−® (á¬., −�¯à¨¬¥à, [3]
¤«ï T < 25).

‚®-¢â®àëå, ¦¥«�−¨¥ ®£à�−¨ç¨âìáï â¥áâ�¬¨ „¨ª¨{”ã««¥à�, á«ã¦�é¨¬¨ ¯®-
¤®¡−ë¬¨ ªà¨â¥à¨ï¬¨ (â. ¥. â¥¬¨, ¤«ï ª®â®àëå à�á¯à¥¤¥«¥−¨¥ â¥áâ®¢®© áâ�â¨áâ¨ª¨
¯® −ã«¥¢®© £¨¯®â¥§¥ −¥ §�¢¨á¨â ®â ¬¥è�îé¨å ¯�à�¬¥âà®¢ ¢ DGP), ®áâ�¢«ï¥â
−¥®¡¥á¯¥ç¥−−ë¬¨ ¬¥−¥¥ ã¯à®é¥−−ë¥ ¨ ¡®«¥¥ ¯à�ªâ¨ç−ë¥, ç¥¬ (1), ¬®¤¥«¨ DGP.
”�ªâ¨ç¥áª¨ à�¤¨ ã¤®¡áâ¢� ¨á¯®«ì§®¢�−¨ï §�à�−¥¥ ¯®áâà®¥−−ëå áâ�â¨áâ¨ç¥áª¨å
â�¡«¨æ ¨áá«¥¤®¢�â¥«ì ¢ë−ã¦¤¥− ®¡à�é�âìáï ª ¯à®áâ®© ¬®¤¥«¨ ¤�−−ëå ¢ á®¢®-
ªã¯−®áâ¨ á ä¨ªá¨à®¢�−−ë¬ −�¡®à®¬ ¨áªãááâ¢¥−−® ¯®¤®¡à�−−ëå ª®−ªãà¨àãîé¨å
£¨¯®â¥§.
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÷¥�«¨§�æ¨ï â¥áâ®¢ ¥¤¨−¨ç−®£® ª®à−ï ¤«ï ¬�«ëå ¢ë¡®à®ª

‚-âà¥âì¨å, ¤«ï á«ãç�ï ¬�«ëå ®¡ê¥¬®¢ ¤�−−ëå ¯à¨¢«¥ç¥−¨¥ ã¯à®é¥−−®© �¢-
â®à¥£à¥áá¨®−−®© ¬®¤¥«¨ ¤�−−ëå, ª®−¥ç−®, −�å®¤¨âáï ¢ àãá«¥ ¯à¨−æ¨¯� ¡à¨â¢ë
�ªª�¬�, −® ¬®¦¥â ¢ á«ãç�¥ â¥áâ®¢ „¨ª¨{”ã««¥à� áâ�âì ¨áâ®ç−¨ª®¬ −¥®¡®á−®-
¢�−−ëå ¢ë¢®¤®¢.

„«ï ¨áá«¥¤®¢�−¨ï íää¥ªâ�, ¯®à®¦¤�¥¬®£® ¯à¨áãâáâ¢¨¥¬ ¬¥è�îé¨å ¯�à�-
¬¥âà®¢ ¢ ¬®¤¥«¨ ¤�−−ëå, ¡ë« ¯à®¢¥¤¥− àï¤ íªá¯¥à¨¬¥−â®¢, ª®â®àë¥ ¯®âà¥¡®¢�«¨
®¯à¥¤¥«¨âìáï á® á¯®á®¡®¬ ®æ¥−¨¢�−¨ï â®ç−®áâ¨ ä®à¬¨àã¥¬ëå â�¡«¨æ ªà¨â¥à¨¥¢,
§�¢¨áïé¥© ®â Nexp | ç¨á«� ¯®¢â®à¥−¨© ¢ å®¤¥ áâ�â¨áâ¨ç¥áª¨å ¨á¯ëâ�−¨©.

�¡®§−�ç¨¬ ç¥à¥§ F (u|V ) äã−ªæ¨î à�á¯à¥¤¥«¥−¨ï áâ�â¨áâ¨ª¨ −¥ª®â®à®£®
ªà¨â¥à¨ï ¯à¨ −ã«¥¢®© £¨¯®â¥§¥ ¤«ï ®¯à¥¤¥«¥−−®£® −�¡®à� V ¯�à�¬¥âà®¢ ¬®¤¥«¨.
�ãáâì q(Pq|V ) | ª¢�−â¨«ì ¯®àï¤ª� Pq, â. ¥. F (q(Pq|V )|V ) = Pq. …á«¨ ª�ª-â®

¨§¬¥−¨âì V ¨ ¯®«ãç¨âì “V , â® ¤«ï áà�¢−¥−¨ï q(Pq| “V ) á q(Pq|V ) −¥®¡å®¤¨¬®
¯à®¤¥«�âì á«¥¤ãîé¥¥:

{ ¯®áâà®¨âì ¤«ï ¬®¤¥«¨ “V í¬¯¨à¨ç¥áªãî äã−ªæ¨î à�á¯à¥¤¥«¥−¨ï F ∗(u| “V );
{ ®æ¥−¨âì ¯® −¥© q∗(Pq| “V );
{ áà�¢−¨âì q∗(Pq| “V ) ¨ q(Pq|V ), ¤«ï ç¥£® ¤®áâ�â®ç−® á®¯®áâ�¢¨âì

F ∗(q∗(Pq| “V )| “V ) ¨ F ∗(q(Pq|V )| “V ); ¯®á«¥¤−¥¥ íª¢¨¢�«¥−â−® á«¨ç¥−¨î Pq

¨ F ∗(q(Pq|V )| “V ), ¤«ï ç¥£® −¥®¡å®¤¨¬® ¯à®¢¥à¨âì £¨¯®â¥§ã ® ¯�à�¬¥âà¥
¡¨−®¬¨�«ì−®£® à�á¯à¥¤¥«¥−¨ï, � ¨¬¥−−®: ¯à®¢¥¤¥−ë Nexp ¨á¯ëâ�−¨© ¯®

¯®áâà®¥−¨î í¬¯¨à¨ç¥áª®© äã−ªæ¨¨ à�á¯à¥¤¥«¥−¨ï ¤«ï ¬®¤¥«¨ “V , ¢ −¨å

−�¡«î¤�«®áì N+ = F ∗(q(Pq|V )| “V ) × Nexp ãá¯¥å®¢ (ç¨á«® á«ãç�¥¢, ª®£¤�

§−�ç¥−¨¥ áâ�â¨áâ¨ª¨ ¯à¨ “V −¥ ¯à¥¢®áå®¤¨â q(Pq|V )), çâ® ¢ ¨â®£¥ ¯®§¢®«ï¥â
®æ¥−¨âì ªà¨â¨ç¥áª¨© ãà®¢¥−ì §−�ç¨¬®áâ¨α∗ (p-value) ¯à¨ ¯à®¢¥àª¥ £¨¯®â¥§ë,
à�¢−ï¥âáï «¨ ¤®«ï ãá¯¥å®¢ §−�ç¥−¨î Pq.

�ªá¯¥à¨¬¥−âë, ®¡é¥¥ ç¨á«® ª®â®àëå Nexp = 10
4, ¯à®¢®¤¨«¨áì ¤«ï ¬®¤¥«¨

DGP ¢¨¤� (1) ¨ â¥áâ®¢ „¨ª¨{”ã««¥à� â¨¯®¢ (a), (b) ¨ (c) ¯à¨ N = 5, 10 ¨ 25
á à�§«¨ç−ë¬¨ §−�ç¥−¨ï¬¨ σ. Šà®¬¥ â®£®, ®â¤¥«ì−® ¯®¤¢¥à£�«®áì ¨§¬¥−¥−¨ï¬
−�ç�«ì−®¥ §�¯®«−¥−¨¥ �¢â®à¥£à¥áá¨¨ y0. �à¨¬¥àë á®®â¢¥âáâ¢ãîé¨å à¥§ã«ìâ�â®¢
¯à¨¢¥¤¥−ë ¢ â�¡«. 1 ¨ 2, ¤¥¬®−áâà¨àãîé¨å ª�ª ®âáãâáâ¢¨¥ ¢¥áª¨å ®á−®¢�−¨© ¤«ï
¢ë¢®¤� ® ¢«¨ï−¨¨ ¬¥è�îé¥£® ¯�à�¬¥âà� σ (¢ −¨¦−¥© áâà®ª¥ â�¡«. 1 −¥ ¤®¬¨-
−¨àãîâ ¬�«ë¥ §−�ç¥−¨ï α∗), â�ª ¨ ïàª® ¢ëà�¦¥−−ãî â¥−¤¥−æ¨î −¥®¡å®¤¨¬®áâ¨
ª®àà¥ªæ¨¨ â�¡«¨ç−ëå ¤�−−ëå ªà¨â¥à¨ï ¢ á¢ï§¨ á à®áâ®¬ y0 (−¨¦−ïï áâà®ª�
â�¡«. 2). �¡é¨¥ ¢ë¢®¤ë â�ª®¢ë:

{ −¥â ¯à¨ç¨− ¤«ï ®âª�§� ®â ¨á¯®«ì§®¢�−¨ï �á¨¬¯â®â¨ç¥áª®£® à¥§ã«ìâ�â� ® −¥§�-
¢¨á¨¬®áâ¨ à�á¯à¥¤¥«¥−¨© áâ�â¨áâ¨ª ªà¨â¥à¨¥¢ „¨ª¨{”ã««¥à� ®â ¤¨á¯¥àá¨¨
®è¨¡ª¨ ¨§¬¥à¥−¨ï ¤�−−ëå;

{ ¯à¥¤¯®«®¦¥−¨¥ ® −�ç�«ì−®¬ §−�ç¥−¨¨ �¢â®à¥£à¥áá¨¨ ¤«ï â¥áâ� „¨ª¨{”ã«-
«¥à� â¨¯� (a) áãé¥áâ¢¥−−® ¨ ¥£® ¯à¨ ¬®¤¥«¨à®¢�−¨¨ ¤�−−ëå â¥¬ ¨«¨ ¨−ë¬
á¯®á®¡®¬ −¥®¡å®¤¨¬® ãç¨âë¢�âì; áã¤ï ¯® ®¡à�¡®âª¥ ¬−®¦¥áâ¢� ¢ë¡®à®ç−ëå
á¨âã�æ¨©, ¯à¥¤¯®«®¦¥−¨ï â¨¯� (b) ¨ (c) −¥©âà�«¨§ãîâ ¢�à¨�â¨¢−®áâì ¬®¤¥«¥©
®â−®á¨â¥«ì−® y0, −® ¡¥§®£®¢®à®ç−® ãâ¢¥à¦¤�âì íâ®, ¥áâ¥áâ¢¥−−®, −¥«ì§ï.
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’�¡«¨æ� 1 ‡−�ç¥−¨ï å�à�ªâ¥à¨áâ¨ª
â¥áâ� „¨ª¨{”ã««¥à� â¨¯� (a) ¯à¨ N =
= 10, y0 = 0, Pq = 0,1 ¨ à�§«¨ç−ëå σ

σ q∗(0,1|σ) α∗

0,010 −1,645 0,433
0,032 −1,645 0,453
0,100 −1,655 0,803
0,316 −1,642 0,395
1,000 −1,657 0,881
3,162 −1,666 0,739

10,000 −1,664 0,841
31,623 −1,647 0,377

100,000 −1,690 0,089

’�¡«¨æ� 2 ‡−�ç¥−¨ï å�à�ªâ¥à¨áâ¨ª
â¥áâ� „¨ª¨{”ã««¥à� â¨¯� (a) ¯à¨ N =
= 10, σ = 1, Pq = 0,1 ¨ à�§«¨ç−ëå y0

y0 q∗(0,1|σ) α∗

0 −1,654 0,701
2 −1,682 0,205
4 −1,658 0,881
6 −1,706 0,037
8 −1,610 0,023
10 −1,588 0,000
12 −1,514 0,000
14 −1,492 0,000

’�¡«¨æ� 3 ÷�áè¨à¥−¨ï ¬®¤¥«¨ ¤�−−ëå ¨ á®®â¢¥âáâ¢ãîé¨¥ ¬®¤¥«¨, ¯à¨¢®¤ïé¨¥ ª ã¦¥
â�¡ã«¨à®¢�−−ë¬ â¥áâ�¬ „¨ª¨{”ã««¥à�

DGP (¬®¤¥«¨ ¤�−−ëå)
Œ®¤¥«¨, ¤�îé¨¥ ¯®¤®¡−ë¥ â¥áâë

(¬®¤¥«¨ ¨−â¥à¯à¥â�æ¨¨)

Yt = ρYt−1 + εt, Y0 = 0 (a), (b), (c)
Yt = ρYt−1 + εt, ¯à®¨§¢®«ì−®¥ Y0 (b), (c)
Yt = α+ ρYt−1 + εt, ¯à®¨§¢®«ì−®¥ Y0 (c)
Yt = α+ βt+ ρYt−1 + εt, ¯à®¨§¢®«ì−®¥ Y0 �¥®¡å®¤¨¬® à�áè¨à¥−¨¥ (c)

�à¨−æ¨¯¨�«ì−ë¬ ®ª�§ë¢�¥âáï â®, çâ® ªà¨â¨ç¥áª¨¥ §−�ç¥−¨ï ¢ â�¡«¨æ�å §�¢¨-
áïâ −¥ â®«ìª® ®â ¯à¥¤¯®«®¦¥−¨© ®¡ ¨áå®¤−ëå ¤�−−ëå, −® ¨ ®â ¬®¤¥«¨, á ¯®¬®éìî
ª®â®à®© ®−¨ �−�«¨§¨àãîâáï. �â® ¯®à®¦¤�¥â ¡®«ìè®¥ ç¨á«® ¨áá«¥¤®¢�−¨© (á¬.,
−�¯à¨¬¥à, [4{9]), ¯à®¢¥¤¥−−ëå ¢ à�¬ª�å ®¯à¥¤¥«¥−−ëå ª®¬¡¨−�æ¨© ¬®¤¥«¥© ¤�−-
−ëå ¨ ¨å ¨−â¥à¯à¥â�æ¨¨, � â�ª¦¥ ¯à¥¨¬ãé¥áâ¢¥−−® ®¯¨à�îé¨åáï −� ¯à¨¢«¥ç¥−¨¥
Œ‘ˆ. ‘®®â¢¥âáâ¢ãîé¨¥ à¥§ã«ìâ�âë [10, à�§¤. 4] ¬®¦−® à¥§î¬¨à®¢�âì ¢ ¢¨¤¥
â�¡«. 3.

Š�ª à¥§ã«ìâ�â, §�âàã¤−ï¥âáï ¢ë¡®à ¯®¤å®¤ïé¨å à¥è¥−¨© ¨ ä�ªâ¨ç¥áª¨ ®áâ�-
¥âáï −¥®¡å®¤¨¬®áâì ¯à®¢¥¤¥−¨ï ¤®¯®«−¨â¥«ì−ëå íªá¯¥à¨¬¥−â®¢. ‚ ª�ç¥áâ¢¥
¨««îáâà�æ¨¨ −¥®¡å®¤¨¬®áâ¨ à�áè¨à¥−¨ï ¯à¥¤¯®«®¦¥−¨© ¯à¨ ¯à¨¬¥−¥−¨¨ â¥áâ®¢
„¨ª¨{”ã««¥à� ¬®¦−® ¯à¨¢¥áâ¨ à¥�«ì−ãî á¨âã�æ¨î, ª®£¤� ¬®¤¥«ì ¤�−−ëå ¥áâì
Yt = ρYt−1 + εt ¯à¨ ¯à®¨§¢®«ì−®¬ §−�ç¥−¨¨ Y0, � ¬®¤¥«ì ¨−â¥à¯à¥â�æ¨¨ | (b).

2 Верификация количественного анализа инвестиций
и валового продукта

‚ [3] ¯à¨¬¥−¨â¥«ì−® ª §�¤�ç�¬ íª®−®¬¥âà¨ª¨ à�áá¬�âà¨¢�«®áì ¨á¯®«ì§®¢�−¨¥
ª®¨−â¥£à�æ¨®−−®£® �−�«¨§� ¯à¨ à�−¦¨à®¢�−¨¨ ¬−®¦¥áâ¢� ®¡ê¥ªâ®¢ −� ®á−®¢¥
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¥¤¨−áâ¢¥−−®£® ¯®ª�§�â¥«ï | áâ¥¯¥−¨ á¢ï§�−−®áâ¨ á®áâ�¢«ïîé¨å −�¡«î¤�¥¬®£®
¬−®£®¬¥à−®£® ¢à¥¬¥−−�®£® àï¤�. „�−−ë¥ ¤«ï íªá¯¥à¨¬¥−â®¢ á®¤¥à¦�«¨ ¤¥â�«¨§¨-
à®¢�−−ë¥ ¯® à¥£¨®−�¬ å�à�ªâ¥à¨áâ¨ª¨ ¨−¢¥áâ¨æ¨®−−®© ¤¥ïâ¥«ì−®áâ¨: ¨−¢¥áâ¨æ¨¨
¢ ®á−®¢−®© ª�¯¨â�« (Inv), ¢�«®¢®© à¥£¨®−�«ì−ë© ¯à®¤ãªâ (Prod), ç¨á«¥−−®áâì §�-
−ïâëå ç¥«®¢¥ª. „«ï −�å®¦¤¥−¨ï ª®¨−â¥£à¨àãîé¥£® ¢¥ªâ®à� ¤«ï ¤�−−ëå ª�¦¤®£®
áã¡ê¥ªâ� áâà®¨«�áì à¥£à¥áá¨ï ¯à®æ¥áá� Prod ¯® Inv, ¤«ï ª®â®à®© ª®íää¨æ¨¥−â
¯à¨ Inv ¬®¦−® ¨−â¥à¯à¥â¨à®¢�âì ª�ª ª®íää¨æ¨¥−â á¢ï§�−−®áâ¨ r ¯à®æ¥áá®¢
¨−¢¥áâ¨æ¨© ¨ ¢�«®¢®£® à¥£¨®−�«ì−®£® ¯à®¤ãªâ� á ¯®á«¥¤ãîé¨¬ ¨á¯®«ì§®¢�−¨-
¥¬ ¤�−−®© å�à�ªâ¥à¨áâ¨ª¨ ¢ ª�ç¥áâ¢¥ ¯®ª�§�â¥«ï íää¥ªâ¨¢−®áâ¨ íª®−®¬¨ç¥áª®©
¤¥ïâ¥«ì−®áâ¨.

ˆáå®¤−ë¥ ¤�−−ë¥ ¢ª«îç�«¨ ¨−ä®à¬�æ¨î ® 82-å áã¡ê¥ªâ�å §� 8 «¥â. ƒà�ä¨-
ç¥áª¨© �−�«¨§ ¤�−−ëå Inv ¨ Prod á¢¨¤¥â¥«ìáâ¢®¢�« ® â®¬, çâ® á®®â¢¥âáâ¢ãîé¨¬
¯à®æ¥áá�¬ á¢®©áâ¢¥−−� ¨§¬¥−ç¨¢®áâì (¯à¥¨¬ãé¥áâ¢¥−−® à®áâ) §−�ç¥−¨© ¢® ¢à¥-
¬¥−¨. „«ï ä®à¬�«ì−®£® ¯®¤â¢¥à¦¤¥−¨ï íâ®£® ¢ à�¬ª�å ª®¨−â¥£à�æ¨®−−®£®
�−�«¨§� ®¡ëç−® ¨á¯®«ì§ã¥âáï ªà¨â¥à¨© ¥¤¨−¨ç−®£® ª®à−ï „¨ª¨{”ã««¥à� (ª®−-
ªà¥â¨§�æ¨ï ªà¨â¥à¨ï §¤¥áì ¨ ¤�«¥¥ ®áãé¥áâ¢«ï¥âáï ãª�§�−¨¥¬ á®®â¢¥âáâ¢ãîé¥©
äã−ªæ¨¨ ¯«�âä®à¬ë R, ¢ ¤�−−®¬ á«ãç�¥ íâ® tseries::adf.test). ‘®®â¢¥âáâ¢ã-
îé�ï ¯à®æ¥¤ãà� ®á−®¢ë¢�¥âáï −� ¨§¢¥áâ−ëå â�¡«¨æ�å [2], ¯®áâà®¥−−ëå ¤«ï
®¡ê¥¬®¢ ¢ë¡®àª¨ T ≥ 25, çâ® ¤«ï ®¡à�¡®âª¨ ¨¬¥îé¨åáï ¤�−−ëå −¥ ¯®¤å®¤¨â,
¯®íâ®¬ã ¢ [3] ¯à¨è«®áì ®âª�§�âìáï ®â ¨á¯®«ì§®¢�−¨ï ªà¨â¥à¨ï „¨ª¨{”ã««¥à�
¨ ®¡à�â¨âìáï ª ªà¨â¥à¨î áâ�æ¨®−�à−®áâ¨ ®¡é¥£® å�à�ªâ¥à� Œ�−−�{Š¥−¤�««�
(randtests::rank.test). �à¨ íâ®¬ ä�ªâ¨ç¥áª¨ ¯à®¨§®è¥« ®âª�§ ®â −¥®¡å®¤¨¬®áâ¨
à�§«¨ç�âì à�§−®áâ−®-áâ�æ¨®−�à−ãî ¨ âà¥−¤-áâ�æ¨®−�à−ãî ¬®¤¥«¨ ¤�−−ëå. �®
−� ¯à¥¤¢�à¨â¥«ì−®¬ íâ�¯¥ ª®¨−â¥£à�æ¨®−−®£® �−�«¨§� ¡ë«® ¢�¦−¥¥ ®¯à¥¤¥«¨âìáï
®â−®á¨â¥«ì−® −¥áâ�æ¨®−�à−®áâ¨ àï¤®¢, � −¥ ¤�âì ®â¢¥â −� ¢®¯à®á, ª�ª®¥ ¨¬¥−−®
à�á¯à¥¤¥«¥−¨¥ ®¡¥á¯¥ç¨¢�¥â «ãçè¥¥ ¯à¨¡«¨¦¥−¨¥ ¬�«®© ¢ë¡®àª¨.

‚ ¤�−−®© à�¡®â¥ ¢®§®¡−®¢«¥− ¯®¤å®¤ −� ®á−®¢¥ âà�¤¨æ¨®−−®£® ªà¨â¥à¨ï
¥¤¨−¨ç−®£® ª®à−ï, çâ® ¯®âà¥¡®¢�«® ®æ¥−ª¨ á®®â¢¥âáâ¢ãîé¨å â�¡«¨ç−ëå ¤�−−ëå.
�®á«¥Nexp = 10

5 íªá¯¥à¨¬¥−â®¢ ¤«ï T = 8 ¡ë«� ¯®«ãç¥−� â�¡«. 4 (¯à¨ ãª�§�−¨¨
¬®¤¥«¨ ¨−â¥à¯à¥â�æ¨¨ ¢ áª®¡ª�å ¯à¨¢¥¤¥−® ®¡®§−�ç¥−¨¥ á®®â¢¥âáâ¢ãîé¥£® â¨¯�
â¥áâ� „¨ª¨{”ã««¥à� ¢ ¨á¯®«ì§®¢�−−®© ¯à®æ¥¤ãà¥ urca::ur.df).

�®á«¥ ¯®«ãç¥−¨ï â�¡«¨ç−ëå ¤�−−ëå áâ�«® ¢®§¬®¦−ë¬ ¯à®¢¥áâ¨ áà�¢−¨-
â¥«ì−ë© �−�«¨§ à¥§ã«ìâ�â®¢ ¯à¥¤¢�à¨â¥«ì−®£® �−�«¨§� ¢à¥¬¥−− �ëå àï¤®¢ Inv
¨ Prod ¤«ï 82-x áã¡ê¥ªâ®¢. “ç¨âë¢�ï ¢ë¢®¤ë, ¯®«ãç¥−−ë¥ ¢ −�ç�«¥ ¤�−−®©

’�¡«¨æ� 4 Š¢�−â¨«¨ à�á¯à¥¤¥«¥−¨ï áâ�â¨-
áâ¨ª¨ ªà¨â¥à¨ï „¨ª¨{”ã««¥à� ¯à¨ T = 8

Œ®¤¥«ì �®àï¤®ª ª¢�−â¨«ï
¨−â¥à¯à¥â�æ¨¨ 5% 10%

(a) (none) −2,249 −1,735
(b) (drift) −4,207 −3,225
(c) (trend) −7,054 −4,953
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Œ. �. Šà¨¢¥−ª®

’�¡«¨æ� 5 ’�¡«¨æ� á®¯àï¦¥−-
−®áâ¨ à¥§ã«ìâ�â®¢ ¯à¨¬¥−¥−¨ï ªà¨â¥-
à¨¥¢ ¤«ï Inv

MK
DF

N S
N 66 1
S 15 0

’�¡«¨æ� 6 ’�¡«¨æ� á®¯àï¦¥−-
−®áâ¨ à¥§ã«ìâ�â®¢ ¯à¨¬¥−¥−¨ï ªà¨â¥-
à¨¥¢ ¤«ï Prod

MK
DF

N S
N 80 0
S 0 2

à�¡®âë, ¨ á®¤¥à¦�−¨¥ â�¡«. 3 (ãç¥â ¯à®¨§¢®«ì−®£® y0), ¤«ï ®¡à�¡®âª¨ ¯à¨¢«¥-
ª�«áï â¥áâ „¨ª¨{”ã««¥à� â¨¯� (b) (drift), â. ¥. ¢ ª�ç¥áâ¢¥ �«ìâ¥à−�â¨¢ë ¤«ï
�¢â®à¥£à¥áá¨¨ á ¥¤¨−¨ç−ë¬ ª®à−¥¬ ¢ëáâã¯�«® á«ãç�©−®¥ ¡«ã¦¤�−¨¥ á ¤à¥©ä®¬.
÷¥§ã«ìâ�âë ®¤−®¢à¥¬¥−−®£® ¯à¨¬¥−¥−¨ï â¥áâ®¢ „¨ª¨{”ã««¥à� (®¡®§−�ç¥−ë ª�ª
DF) ¨ Œ�−−�{Š¥−¤�««� (MK) ®âà�¦¥−ë ¢ ¢¨¤¥ â�¡«¨æ á®¯àï¦¥−−®áâ¨ (â�¡«. 5
¨ 6), £¤¥ ¯à¨−ïâë ®¡®§−�ç¥−¨ï: S | ¯à¨−ïâ¨¥ £¨¯®â¥§ë ® áâ�æ¨®−�à−®áâ¨,
N | ¥¥ ®â¢¥à¦¥−¨¥. ˆ§ −¨å ¢¨¤−� ¢ëá®ª�ï (á¬. â�¡«. 5) ¢¯«®âì ¤® ¯®«−®©
(á¬. â�¡«. 6) áâ¥¯¥−ì á®¢¯�¤¥−¨ï à¥§ã«ìâ�â®¢ ¯à¨¬¥−¥−¨ï â¥áâ®¢, � â�ª¦¥ â®, çâ®
á â®çª¨ §à¥−¨ï ¯®á«¥¤ãîé¥£® ª®¨−â¥£à�æ¨®−−®£® �−�«¨§� ®â−¥á¥−¨¥ −¥áâ�æ¨®-
−�à−ëå àï¤®¢ á ¯®§¨æ¨© â¥áâ� „¨ª¨{”ã««¥à� ª áâ�æ¨®−�à−ë¬ á ¯®¬®éìî â¥áâ�
Œ�−−�{Š¥−¤�««� −¥ ¯à¥¤áâ�¢«ï¥â á®¡®© ¯®¬¥åã. Šà®¬¥ â®£®, −�¤® ¯®¬−¨âì, çâ®
¡®«ìè¨−áâ¢® ªà¨â¥à¨¥¢ áâ�æ¨®−�à−®áâ¨ ¬®£ãâ ¯®¤áª�§�âì å�à�ªâ¥à ¨§¬¥−¥−¨©,
¥á«¨ ®−¨ ¥áâì.

’�ª¨¬ ®¡à�§®¬, ¢á¥ à¥§ã«ìâ�âë [3] ®áâ�îâáï ¢ á¨«¥.

3 Заключение

‘¨áâ¥¬�â¨ç¥áª®¥ ¢®¯«®é¥−¨¥ ªà¨â¥à¨¥¢ „¨ª¨{”ã««¥à� ¨ ¨¬ ¯®¤®¡−ëå á ¯®-
¬®éìî Œ‘ˆ ®¯à�¢¤�−®, −® ¬®¦¥â ¢ë§ë¢�âì −�áâ®à®¦¥−−®áâì ¨§-§� á¢®¥© âàã¤®-
¥¬ª®áâ¨. —�áâ¨ç−® á®¬−¥−¨ï ®â¯�¤�îâ, ¥á«¨ ®à¨¥−â¨à®¢�âìáï −� ¬�«ë¥ ®¡ê¥¬ë
¢ë¡®à®ª. �®«¥¥ á¨«ì−ë¬ ¤®¢®¤®¬ ¢ ¯®«ì§ã ¨¬¨â�æ¨¨ áâ�−®¢ïâáï ¢®§¬®¦−®áâ¨
á®¢à¥¬¥−−ëå ¯à®æ¥áá®à®¢, ¤®¯ãáª�îé¨å ¬−®£®§�¤�ç−®áâì, � â�ª¦¥ ¯¥àá¯¥ªâ¨¢ë
¨á¯®«ì§®¢�−¨ï ¯«�âä®à¬ë R. �à¨ íâ®¬ −�¤® ¯à¨§−�âì, çâ® −�¯¨á�−¨¥ ª®¤�
á ¯®¬®éìî ï§ëª� R ¯®¤¤�¥âáï á âàã¤®¬. Šà®¬¥ â®£®, ®â ã¢¥«¨ç¥−¨ï ç¨á«� §�-
¤¥©áâ¢®¢�−−ëå ï¤¥à −¥ á«¥¤ã¥â ®¦¨¤�âì ¯àï¬®«¨−¥©−®© ®â¤�ç¨. �à¨¬¥−¨â¥«ì−®
ª §�¤�ç¥ ¬®¤¥«¨à®¢�−¨ï à�á¯à¥¤¥«¥−¨ï áâ�â¨áâ¨ª¨ ªà¨â¥à¨ï ¥¤¨−¨ç−®£® ª®à−ï
¡ë« ¯®áâà®¥− ¯à®â®â¨¯ á®®â¢¥âáâ¢ãîé¥£® áæ¥−�à¨ï −� ï§ëª¥ R [11]. �−�«¨§
á ¥£® ¯®¬®éìî §�¢¨á¨¬®áâ¨ ¢à¥¬¥−¨ ¯à®¢¥¤¥−¨ï áâ�â¨áâ¨ç¥áª¨å ¨á¯ëâ�−¨© ®â
à®áâ� ç¨á«� ¨á¯®«ì§ã¥¬ëå ï¤¥à (á¬. à¨áã−®ª) ¯®ª�§�«, çâ® ãáª®à¥−¨¥ á à®áâ®¬
ç¨á«� ï¤¥à −�«¨æ®, −® ®ª�§ë¢�¥âáï ¬¥−ìè¥ ®¦¨¤�¥¬®£®. ‡�ª®−ç¥−−®¥ ®áã-
é¥áâ¢«¥−¨¥ ¨¤¥¨ à�á¯�à�««¥«¨¢�−¨ï ¯à®æ¥áá� ¯®áâà®¥−¨ï â�¡«¨æ ªà¨â¥à¨¥¢ −�
®á−®¢¥ ¯«�âä®à¬ëR âà¥¡ã¥â ¤®¯®«−¨â¥«ì−ëå ¨áá«¥¤®¢�−¨©, ¢ª«îç�îé¨å ¢ë¡®à
ª®−ªà¥â−®£® ¯�ª¥â�, à¥�«¨§�æ¨î íää¥ªâ¨¢−®© ¯¥à¥¤�ç¨ ¨−ä®à¬�æ¨¨ ï¤¥à−ë¬
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�â−®á¨â¥«ì−®¥ ãáª®à¥−¨¥ ¢à¥¬¥−¨ ¯à®¢¥¤¥−¨ï áâ�â¨áâ¨ç¥áª¨å ¨á¯ëâ�−¨© ¯à¨ à®áâ¥
ç¨á«� ¨á¯®«ì§ã¥¬ëå ï¤¥à −� ¯à¨¬¥à¥ ¯à®æ¥áá®à� 13th Gen Intelr CoreTM i7-1355U,
1700 Œƒæ, 10 ï¤¥à

®¡à�¡®âç¨ª�¬, à�æ¨®−�«ì−®¥ ®¡ê¥¤¨−¥−¨¥ à¥§ã«ìâ�â®¢ à�¡®âë ®â¤¥«ì−ëå ï¤¥à,
−�¤¥¦−ë© ª®−âà®«ì ¯à®æ¥áá� ¨á¯ëâ�−¨©.
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IMPLEMENTING UNIT ROOT TESTS FOR SMALL SAMPLES

M. P. Krivenko

Federal Research Center \Computer Science and Control" of the Russian Academy
of Sciences, 44-2 Vavilov Str., Voscow 119333, Russian Federation

Abstract: The criteria of the unit root are widely used in the analysis of the
stationarity of a time series. There is a detailed substantiation of the variants of
such tests which in mathematical statistics are called the Dickey{Fuller criteria.
The efficacy of the proposed methods for describing the limiting distributions
of the statistics used has been confirmed in the course of many studies but they
turned out to be unproductive at the finite values of the observation time T .
Therefore, it was necessary to turn to the method of statistical trials (MST),
with the help of which percentile tables were constructed for individual T
values. In addition to the fact that they were clearly insufficient, in fact, for the
convenience of using preconstructed statistical tables, the researcher was forced
to turn to a simple data model in conjunction with a fixed set of artificially
selected competing hypotheses. As a result, the only solution to the problem
of applying the unit root criteria for small T in practice is the use of MST.
Earlier, the author of this article considered the use of cointegration analysis in
the ranking of a set of objects on the basis of a single indicator | the degree
of connectivity of the components of the observed multidimensional time series.
The newly constructed statistical tables for T = 8 made it possible to confirm
the correctness of the replacement of the unit root criteria due to small T with
the stationarity criteria of a general nature. The capabilities of modern processors
that allow multitasking as well as the prospects for using the R platform speak
in favor of the productivity of simulation in the practice of data analysis.

Keywords: cointegration analysis; testing for a unit root; Dickey{Fuller test;
relate coefficient; regional economy; investments; gross regional product; tests
for stationarity; statistics with R
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АЛГОРИТМ ГЕНЕРАЦИИ СИНТЕТИЧЕСКИХ ДАННЫХ
ДЛЯ СИСТЕМ ТЕХНИЧЕСКОГО ЗРЕНИЯ НА ОСНОВЕ

СТЕКИНГА ГЕНЕРАТИВНО-СОСТЯЗАТЕЛЬНЫХ
И ДИФФУЗИОННЫХ МОДЕЛЕЙ

И. С. Реутов1

�−−®â�æ¨ï: ÷�áá¬�âà¨¢�¥âáï ¯à®¡«¥¬� £¥−¥à�æ¨¨ á¨−â¥â¨ç¥áª¨å ¨§®¡à�¦¥-
−¨© ¤«ï á¨áâ¥¬ â¥å−¨ç¥áª®£® §à¥−¨ï ¢ ãá«®¢¨ïå ®£à�−¨ç¥−−®© ¤®áâã¯−®áâ¨
à¥¯à¥§¥−â�â¨¢−ëå −�¡®à®¢ à¥�«ì−ëå ¤�−−ëå. �à¥¤«�£�¥âáï £¨¡à¨¤−ë© �«£®-
à¨â¬, ®á−®¢�−−ë© −� áâ¥ª¨−£¥ £¥−¥à�â¨¢−®-á®áâï§�â¥«ì−ëå ¨ ¤¨ääã§¨®−−ëå
¬®¤¥«¥©. �à¥¤«®¦¥−� −®¢�ï ¬®¤¨ä¨ª�æ¨ï �àå¨â¥ªâãàë Diffusion-GAN: ¯à®-
æ¥¤ãà� ¯àï¬®£® ¤¨ääã§¨®−−®£® ¯à®æ¥áá� §�¬¥−¥−� −� ¬¥å�−¨§¬ ¨§ ¬®¤¥«¨
Stable Diffusion, çâ® ¯®§¢®«ï¥â ®¡ê¥¤¨−¨âì ¢ëç¨á«¨â¥«ì−ãî íää¥ªâ¨¢−®áâì
¤¨ääã§¨®−−ëå ¬®¤¥«¥© á® áâ�¡¨«ì−®áâìî ®¡ãç¥−¨ï á®áâï§�â¥«ì−ëå ¯®¤å®-
¤®¢. �«£®à¨â¬ à¥�«¨§ã¥â âà¥åíâ�¯−ë© ª®−¢¥©¥à: ®¡ãç¥−¨¥ ¬®¤¨ä¨æ¨à®¢�−−®©
£¥−¥à�â¨¢−®© ¬®¤¥«¨, £¥−¥à�æ¨î á¨−â¥â¨ç¥áª¨å ¨§®¡à�¦¥−¨© ¨ ¯®áâ®¡à�¡®â-
ªã ¤«ï ¯®¢ëè¥−¨ï ¢¨§ã�«ì−®£® ª�ç¥áâ¢�. �ªá¯¥à¨¬¥−â�«ì−�ï ¢�«¨¤�æ¨ï
¯à®¢¥¤¥−� −� §�¤�ç¥ ®¡−�àã¦¥−¨ï ¨ ª«�áá¨ä¨ª�æ¨¨ âà�−á¯®àâ−ëå áà¥¤áâ¢
á ¨á¯®«ì§®¢�−¨¥¬ −�¡®à� ¤�−−ëå Vehicle Classification SGCUM. ÷¥§ã«ì-
â�âë ¯®ª�§ë¢�îâ, çâ® ¬®¤¥«ì YOLOv8, ®¡ãç¥−−�ï ¨áª«îç¨â¥«ì−® −� á¨−-
â¥â¨ç¥áª¨å ¤�−−ëå, ¤®áâ¨£�¥â ¬¥âà¨ª â®ç−®áâ¨, á®¯®áâ�¢¨¬ëå á ¬®¤¥«ìî,
−�âà¥−¨à®¢�−−®© −� à¥�«ì−ëå ¤�−−ëå, çâ® á¢¨¤¥â¥«ìáâ¢ã¥â ® ¯à¨£®¤−®áâ¨
£¥−¥à¨àã¥¬ëå ¤�−−ëå ¤«ï ®¡ãç¥−¨ï £«ã¡®ª¨å −¥©à®−−ëå á¥â¥©.

Š«îç¥¢ë¥ á«®¢�: £«ã¡®ª¨¥ −¥©à®−−ë¥ á¥â¨; £¥−¥à�â¨¢−®-á®áâï§�â¥«ì−ë¥
¬®¤¥«¨; ¤¨ääã§¨®−−ë¥ ¬®¤¥«¨; á¨−â¥â¨ç¥áª¨¥ ¤�−−ë¥; á¨áâ¥¬ë â¥å−¨ç¥áª®£®
§à¥−¨ï

DOI: 10.14357/08696527260207 EDN: QZBWOE

1 Введение

‚ ¯®á«¥¤−¨¥ £®¤ë ®¡«�áâì ¯à¨¬¥−¥−¨ï á¨áâ¥¬ â¥å−¨ç¥áª®£® §à¥−¨ï áãé¥-
áâ¢¥−−® à�áè¨à¨«�áì ¡«�£®¤�àï ¢−¥¤à¥−¨î £«ã¡®ª¨å −¥©à®−−ëå á¥â¥©. �®¤
£«ã¡®ª¨¬¨ −¥©à®−−ë¬¨ á¥âï¬¨ ¯®−¨¬�îâáï ã¯à®é¥−−ë¥ ¬®¤¥«¨ ¡¨®«®£¨ç¥áª¨å
−¥©à®−−ëå á¥â¥©, ¯à¥¤áâ�¢«ïîé¨¥ á®¡®© á®¢®ªã¯−®áâì ¨áªãááâ¢¥−−ëå −¥©à®−®¢,
à�§¤¥«¥−−ëå −� ¤¢� ¨«¨ ¡®«¥¥ á«®¥¢, ¨ à¥è�îé¨¥ ¨−â¥««¥ªâã�«ì−ë¥ §�¤�ç¨
¯ãâ¥¬ ®¡ãç¥−¨ï ¯à¥¤áâ�¢«¥−¨ï¬ ¤�−−ëå. „«ï á¨áâ¥¬ â¥å−¨ç¥áª®£® §à¥−¨ï, ®á−®-
¢�−−ëå −� £«ã¡®ª¨å −¥©à®−−ëå á¥âïå, âà¥¡ãîâáï ¡®«ìè¨¥ −�¡®àë à�§¬¥ç¥−−ëå
¢ëá®ª®ª�ç¥áâ¢¥−−ëå ¨§®¡à�¦¥−¨©. �� ¯à�ªâ¨ª¥ á¡®à à¥�«ì−ëå ¤�−−ëå ç�áâ®
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�«£®à¨â¬ £¥−¥à�æ¨¨ á¨−â¥â¨ç¥áª¨å ¤�−−ëå ¤«ï á¨áâ¥¬ â¥å−¨ç¥áª®£® §à¥−¨ï

§�âàã¤−¥− ¨«¨ −¥¢®§¬®¦¥− ¨§-§� ¤«¨â¥«ì−ëå ¯à®æ¥¤ãà á®£«�á®¢�−¨ï, âà¥¡®¢�−¨©
ª®−ä¨¤¥−æ¨�«ì−®áâ¨, á«®¦−ëå ¯à®¨§¢®¤áâ¢¥−−ëå ãá«®¢¨© ¨ â. ¤. ‘¨−â¥â¨ç¥áª¨¥
¤�−−ë¥ ¬®£ãâ áâ�âì ¯®â¥−æ¨�«ì−ë¬ à¥è¥−¨¥¬ ¢ëè¥®¯¨á�−−ëå ¯à®¡«¥¬.

�¤¨− ¨§ −�¨¡®«¥¥ ¯à®à�¡®â�−−ëå ¬¥â®¤®¢ á®§¤�−¨ï á¨−â¥â¨ç¥áª¨å ¤�−−ëå
®á−®¢�− −� ¨á¯®«ì§®¢�−¨¨ â¥å−®«®£¨© âà¥å¬¥à−®© £à�ä¨ª¨, −® ®− ¨¬¥¥â á¢®¨ −¥-
¤®áâ�âª¨. ��¯à¨¬¥à, ¤«ï à¥ª®−áâàãªæ¨¨ ¯à®¨§¢®¤áâ¢¥−−®© áà¥¤ë, ¢ à�¬ª�å ª®-
â®à®© ¯à¥¤¯®«�£�¥âáï ¯à®¥ªâ¨à®¢�âì á¨áâ¥¬ã â¥å−¨ç¥áª®£® §à¥−¨ï, ¢ âà¥å¬¥à−®¬
¯à®áâà�−áâ¢¥ −¥®¡å®¤¨¬ë ãá¨«¨ï æ¥«®© ª®¬�−¤ë, −� çâ® −ã¦−ë §−�ç¨â¥«ì−ë¥
¢à¥¬¥−− �ë¥ §�âà�âë, ®á®¡¥−−® ¥á«¨ ¯à®¨§¢®¤áâ¢¥−−�ï áà¥¤� á«®¦−� ¤«ï ¯¥à¥−®á�
¢ âà¥å¬¥à−®¥ ¯à®áâà�−áâ¢®.

�«ìâ¥à−�â¨¢−ë© ¯®¤å®¤ ª á®§¤�−¨î á¨−â¥â¨ç¥áª¨å ¤�−−ëå á®áâ®¨â ¢ ¨á-
¯®«ì§®¢�−¨¨ £¥−¥à�â¨¢−®-á®áâï§�â¥«ì−ëå ¨ ¤¨ääã§¨®−−ëå ¬®¤¥«¥©, ª®â®àë¥ −�
¤�−−ë© ¬®¬¥−â ¯à¥¤áâ�¢«ïîâ á®¡®© ¯¥à¥¤®¢ë¥ áà¥¤áâ¢� ¤«ï ¨§£®â®¢«¥−¨ï ä®â®-
à¥�«¨áâ¨ç−ëå ¢ëá®ª®ª�ç¥áâ¢¥−−ëå ¨§®¡à�¦¥−¨©. �à¨ íâ®¬ ¢®¯à®áë, ª�á�îé¨-
¥áï ¨§ãç¥−¨ï ¯®â¥−æ¨�«� ¨á¯®«ì§®¢�−¨ï £¥−¥à�â¨¢−®-á®áâï§�â¥«ì−ëå ¬®¤¥«¥©
¢ ª®−â¥ªáâ¥ ã§ª®á¯¥æ¨�«¨§¨à®¢�−−ëå §�¤�ç â¥å−¨ç¥áª®£® §à¥−¨ï, §�âà�£¨¢�îâ-
áï ¢ §−�ç¨â¥«ì−®© áâ¥¯¥−¨ ª®á¢¥−−®, � ¤¨ääã§¨®−−ë¥ ¬®¤¥«¨ ª�ª ¨áâ®ç−¨ª¨
á¨−â¥â¨ç¥áª¨å ¤�−−ëå ¢ á¨«ã ¨å ®â−®á¨â¥«ì−®© −®¢¨§−ë à�áá¬�âà¨¢�îâáï −¥¤®-
áâ�â®ç−® ¨ ¢ ®á−®¢−®¬ §�àã¡¥¦−ë¬¨ ¨áá«¥¤®¢�â¥«ï¬¨.

‚ íâ®© á¢ï§¨ à�§à�¡®âª� ¬¥â®¤� ¨ �«£®à¨â¬®¢ £¥−¥à�æ¨¨ á¨−â¥â¨ç¥áª¨å ¤�−-
−ëå −� ®á−®¢¥ áâ¥ª¨−£� £¥−¥à�â¨¢−®-á®áâï§�â¥«ì−ëå ¨ ¤¨ääã§¨®−−ëå ¬®¤¥«¥©
áâ�−®¢¨âáï �ªâã�«ì−®© −�ãç−®-â¥å−¨ç¥áª®© §�¤�ç¥©.

’¥å−¨ç¥áª®¥ §à¥−¨¥ −� ¯à®âï¦¥−¨¨ ¯®á«¥¤−¨å 10 «¥â ®áâ�¥âáï ®¤−®© ¨§
ª«îç¥¢ëå ®¡«�áâ¥© ¯à¨¬¥−¥−¨ï �«£®à¨â¬®¢ £«ã¡®ª®£® ®¡ãç¥−¨ï. Š ®á−®¢−ë¬
§�¤�ç�¬, à¥è�¥¬ë¬ ¢ ®¡«�áâ¨ â¥å−¨ç¥áª®£® (¨«¨ ª®¬¯ìîâ¥à−®£®) §à¥−¨ï, ¬®¦−®
®â−¥áâ¨ á«¥¤ãîé¨¥: ª«�áá¨ä¨ª�æ¨ï ¨§®¡à�¦¥−¨©, ®¡−�àã¦¥−¨¥ ®¡ê¥ªâ®¢, á¥£-
¬¥−â�æ¨ï ¨§®¡à�¦¥−¨©, ®âá«¥¦¨¢�−¨¥ ®¡ê¥ªâ®¢, à�á¯®§−�¢�−¨¥ «¨æ, ®¯â¨ç¥áª®¥
à�á¯®§−�¢�−¨¥ á¨¬¢®«®¢, ®æ¥−ª� ¯®«®¦¥−¨ï ®¡ê¥ªâ®¢, à�á¯®§−�¢�−¨¥ ¤¥©áâ¢¨©.

‚¨¤¥®ª®−âà®«ì âà�−á¯®àâ� −� ¡�§¥ â¥å−®«®£¨© ®¡−�àã¦¥−¨ï ¨ à�á¯®§−�¢�−¨ï
−®¬¥à®¢ �¢â®¬®¡¨«¥© ¨ ¦¥«¥§−®¤®à®¦−ëå ¢�£®−®¢, ®¡−�àã¦¥−¨¥ «î¤¥© ¢ ®¯�á−ëå
§®−�å æ¥å®¢, ª®−âà®«ì ¢ë¯®«−¥−¨ï ®¯à¥¤¥«¥−−ëå ¤¥©áâ¢¨© «î¤ì¬¨ −� ¯à®¨§¢®¤-
áâ¢�å ¨ ¯à�¢¨«ì−®áâ¨ ¢ë¯®«−¥−¨ï ä¨§¨ç¥áª¨å ã¯à�¦−¥−¨©, ª®−âà®«ì ª�ç¥áâ¢�
¯à®¬ëè«¥−−®© ¯à®¤ãªæ¨¨ ¨ −�«¨ç¨ï áà¥¤áâ¢ ¨−¤¨¢¨¤ã�«ì−®© §�é¨âë −� à�¡®â-
−¨ª¥ | íâ¨ ¨ ¬−®£¨¥ ¤àã£¨¥ ¯à�ªâ¨ç¥áª¨¥ §�¤�ç¨ á¥£®¤−ï ãá¯¥è−® à¥è�îâáï
á ¯®¬®éìî á¨áâ¥¬ â¥å−¨ç¥áª®£® §à¥−¨ï.

Ÿ¤à® ¤�−−ëå á¨áâ¥¬ á®áâ�¢«ïîâ ¬¥â®¤ë £«ã¡®ª®£® ®¡ãç¥−¨ï, � ¨¬¥−−®: á¢¥à-
â®ç−ë¥ −¥©à®−−ë¥ á¥â¨, ¤«ï âà¥−¨à®¢ª¨ ª®â®àëå âà¥¡ãîâáï ¢ëá®ª®ª�ç¥áâ¢¥−−ë¥
à�§¬¥ç¥−−ë¥ ¨§®¡à�¦¥−¨ï. ‚ à�¡®â¥ [1] ãª�§ë¢�¥âáï, çâ® 96% ª®¬¯�−¨© ¯à¨
à�§à�¡®âª¥ á¨áâ¥¬ −� ®á−®¢¥ �«£®à¨â¬®¢ ¬�è¨−−®£® ®¡ãç¥−¨ï ¨ £«ã¡®ª®£® ®¡ãç¥-
−¨ï áâ�«ª¨¢�îâáï á ¯à®¡«¥¬�¬¨ ª�ç¥áâ¢� ¨ �−−®â�æ¨¨ ¤�−−ëå. ‘ãé¥áâ¢ãîâ
ª�â¥£®à¨¨ §�¤�ç, ¤«ï ª®â®àëå á¡®à à¥�«ì−ëå ¨§®¡à�¦¥−¨© §�âàã¤−¥− ¨«¨ −¥¢®§-
¬®¦¥−. ‚ íâ®¬ á«ãç�¥ ¯à¨¡¥£�îâ ª ¨á¯®«ì§®¢�−¨î â�ª −�§ë¢�¥¬ëå á¨−â¥â¨ç¥áª¨å
¤�−−ëå. �� ®ä¨æ¨�«ì−®¬ á�©â¥ European Data Protection Supervisor, ®à£�−�,
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ˆ. ‘. ÷¥ãâ®¢

®â¢¥ç�îé¥£® §� §�é¨âã ¤�−−ëå ¢ …¢à®¯¥©áª®¬ ‘®î§¥, ¤�¥âáï á«¥¤ãîé¥¥ ®¯à¥-
¤¥«¥−¨¥: ú‘¨−â¥â¨ç¥áª¨¥ ¤�−−ë¥ | íâ® ¤�−−ë¥, á®§¤�¢�¥¬ë¥ ¨áªãááâ¢¥−−® ¨§
−¥ª®â®àëå ¨áå®¤−ëå ¤�−−ëå ¨ ¬®¤¥«¥©, ®¡ãç¥−−ëå ¢®á¯à®¨§¢®¤¨âì å�à�ªâ¥à¨-
áâ¨ª¨ ¨ áâàãªâãàã ¨áå®¤−ëå ¤�−−ëåû [2].

’�ª¨¬ ®¡à�§®¬, á¨−â¥â¨ç¥áª¨¥ ¤�−−ë¥ ¯à¥¤áâ�¢«ïîâ á®¡®© ¨áªãááâ¢¥−−®
£¥−¥à¨àã¥¬ë¥ ¤�−−ë¥ −� ®á−®¢¥ −¥ª®â®àëå ¬�â¥¬�â¨ç¥áª¨å ¬¥â®¤®¢ ¨ �«£®à¨â¬®¢
¤«ï à¥è¥−¨ï §�¤�ç á ¯®¬®éìî ¬�è¨−−®£® ®¡ãç¥−¨ï ¨ £«ã¡®ª®£® ®¡ãç¥−¨ï. Œ®¦−®
®â¬¥â¨âì, çâ® ®¡«�áâì á®§¤�−¨ï á¨−â¥â¨ç¥áª¨å ¤�−−ëå ¤«ï ®¡ãç¥−¨ï á¨áâ¥¬
â¥å−¨ç¥áª®£® §à¥−¨ï ¯¥àá¯¥ªâ¨¢−�, ¯®áª®«ìªã ¨áá«¥¤®¢�−¨ï ¯®§¢®«ïâ ¯à¥®¤®«¥âì
®£à�−¨ç¥−¨ï ¯® ç�áâ¨ ¤®áâã¯−®áâ¨ −�¡®à®¢ à¥�«ì−ëå ¤�−−ëå ¢ −¥âà¨¢¨�«ì−ëå
¯à¨«®¦¥−¨ïå, ª®−ä¨¤¥−æ¨�«ì−®áâ¨ ¨ áª®à®áâ¨ á®§¤�−¨ï −�¡®à®¢ ¤�−−ëå ¤«ï
à¥è¥−¨ï §�¤�ç ¢ ®¡«�áâ¨ â¥å−¨ç¥áª®£® §à¥−¨ï.

�ªâã�«ì−®áâì ¨áá«¥¤®¢�−¨© ¢ ¤�−−®¬ −�¯à�¢«¥−¨¨ ®¡ãá«®¢«¥−� â¥¬, çâ® £¥−¥-
à�æ¨ï á¨−â¥â¨ç¥áª¨å ¤�−−ëå −�¯àï¬ãî ¢«¨ï¥â −� ¯à®¨§¢®¤¨â¥«ì−®áâì ¨ â®ç−®áâì
á¨áâ¥¬ â¥å−¨ç¥áª®£® §à¥−¨ï, � â�ª¦¥ ¯®¢ëè�¥â áª®à®áâì à�§à�¡®âª¨ â�ª¨å á¨áâ¥¬,
¢ ç�áâ−®áâ¨ ¬¨−¨¬�«ì−® ¦¨§−¥á¯®á®¡−ëå ¢�à¨�−â®¢ â�ª¨å á¨áâ¥¬ ¨ ¯à®â®â¨¯®¢
¤«ï ¯à®¢¥àª¨ £¨¯®â¥§ ¢ à�¬ª�å â¥å ¨«¨ ¨−ëå §�¤�ç â¥å−¨ç¥áª®£® §à¥−¨ï.

Œ¥â®¤ë á®§¤�−¨ï á¨−â¥â¨ç¥áª¨å ¤�−−ëå, ª�ª ãª�§ë¢�¥âáï ¢ à�¡®â¥ [1], ¯à¥¤-
áâ�¢«ïîâ á®¡®© ¯®¤¬−®¦¥áâ¢® ¡®«¥¥ ®¡é¥£® ¬−®¦¥áâ¢�, � ¨¬¥−−®: ¬−®¦¥áâ¢�
¬¥â®¤¨ª à�áè¨à¥−¨ï −�¡®à®¢ ¤�−−ëå, â�ªá®−®¬¨ï ª®â®àëå ¯à¥¤áâ�¢«¥−� −�
à¨á. 1.

ˆáå®¤ï ¨§ â�ªá®−®¬¨¨, ¬®¦−® á¤¥«�âì ¢ë¢®¤ ® â®¬, çâ® ¨áá«¥¤®¢�−¨ï ¢ ®¡-
«�áâ¨ à�§à�¡®âª¨ ¬¥â®¤®¢ à�áè¨à¥−¨ï −�¡®à®¢ ¤�−−ëå á ¨§®¡à�¦¥−¨ï¬¨ ¢ë¯®«-
−ïîâáï ¯® âà¥¬ ®á−®¢−ë¬ −�¯à�¢«¥−¨ï¬:

(1) ¡�§®¢ë¥ ¬�−¨¯ã«ïæ¨¨ −�¤ ¨§®¡à�¦¥−¨ï¬¨;

(2) ¯®¤å®¤ë, ®á−®¢�−−ë¥ −� £«ã¡®ª®¬ ®¡ãç¥−¨¨;

(3) à¥−¤¥à¨−£ á¨−â¥â¨ç¥áª¨å ¤�−−ëå.

�¥à¢®¥ −�¯à�¢«¥−¨¥ ®å¢�âë¢�¥â ¨áá«¥¤®¢�−¨ï, á¢ï§�−−ë¥ á ¨§ãç¥−¨¥¬ ¢®§-
¬®¦−®áâ¥© ¡�§®¢ëå ¬�−¨¯ã«ïæ¨© −�¤ ¨§®¡à�¦¥−¨ï¬¨, ª ª®â®àë¬ ®â−®áïâáï
£¥®¬¥âà¨ç¥áª¨¥ ¯à¥®¡à�§®¢�−¨ï, ¯à¥®¡à�§®¢�−¨ï æ¢¥â®¢®£® ¯à®áâà�−áâ¢� ¨ â. ¤.
‚â®à®¥ −�¯à�¢«¥−¨¥ à�áá¬�âà¨¢�¥â ¢®¯à®áë, ª�á�îé¨¥áï ¬¥â®¤®¢ £«ã¡®ª®£®
®¡ãç¥−¨ï ¤«ï à�áè¨à¥−¨ï −�¡®à®¢ ¤�−−ëå ¨§®¡à�¦¥−¨©. ’à¥âì¥ −�¯à�¢«¥−¨¥
®¡ê¥¤¨−ï¥â ¨áá«¥¤®¢�−¨ï, ®å¢�âë¢�îé¨¥ ¬¥â®¤ë, ®á−®¢�−−ë¥ −� ¨á¯®«ì§®¢�-
−¨¨ â¥å−®«®£¨© âà¥å¬¥à−®© £à�ä¨ª¨. Œ®¦−® ®â¬¥â¨âì, çâ® ¤�−−®¥ −�¯à�¢«¥−¨¥
¨áá«¥¤®¢�−¨© | ®¤−® ¨§ á�¬ëå ¯à®à�¡®â�−−ëå, ¯®áª®«ìªã ¨áâ®à¨ï à�§¢¨â¨ï ª®¬-
¯ìîâ¥à−®© £à�ä¨ª¨ −�áç¨âë¢�¥â ¯® ¬¥−ìè¥© ¬¥à¥ ¡®«¥¥ ¯®«ã¢¥ª�. ÷¥§ã«ìâ�âë
®¡§®à� áãé¥áâ¢ãîé¨å ¨áá«¥¤®¢�−¨© ¯à¥¤áâ�¢«¥−ë ¢ â�¡«. 1.

�¤−� ¨§ ª«îç¥¢ëå ¯à®¡«¥¬, å�à�ªâ¥à−ëå ¤«ï á¨−â¥â¨ç¥áª¨å ¤�−−ëå, |
¤®¬¥−−ë© à�§àë¢. „®¬¥−−ë© à�§àë¢ | íâ® á¨âã�æ¨ï, ª®£¤� à�á¯à¥¤¥«¥−¨ï
á¨−â¥â¨ç¥áª¨å −�¡®à®¢ ¤�−−ëå ¤«ï âà¥−¨à®¢ª¨ ®â«¨ç�îâáï ®â à�á¯à¥¤¥«¥−¨ï
â¥áâ®¢ëå ¤�−−ëå, ¢ à�¬ª�å ª®â®àëå ¯à¥¤¯®«�£�¥âáï ¨á¯®«ì§®¢�âì −�âà¥−¨à®-
¢�−−ãî −� á¨−â¥â¨ç¥áª¨å ¤�−−ëå ¬®¤¥«ì, â. ¥. à¥�«ì−ëå ¤�−−ëå. Š ç�áâ−ë¬
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÷¨á. 1 ’�ªá®−®¬¨ï ¬¥â®¤®¢ à�áè¨à¥−¨ï ¤�−−ëå

’�¡«¨æ� 1 ‘ãé¥áâ¢ãîé¨¥ ¬¥â®¤ë, �«£®à¨â¬ë ¨ áà¥¤áâ¢� £¥−¥à�æ¨¨ á¨−â¥â¨ç¥áª¨å
¤�−−ëå

Š�â¥£®à¨ï
¬¥â®¤®¢ à�áè¨à¥−¨ï

−�¡®à®¢ ¤�−−ëå
�ã¡«¨ª�æ¨¨

�¡é¨¥ ç¥àâë,
¯à¨áãé¨¥ à�¡®â�¬

÷¥−¤¥à¨−£
á¨−â¥â¨ç¥áª¨å ¤�−−ëå [1, 3{12]

÷�¡®âë ¢ æ¥«®¬ ã§ª®á¯¥æ¨�«¨§¨à®¢�−ë, ¨å
à¥§ã«ìâ�âë âàã¤−® ¯¥à¥−®á¨¬ë ¡¥§ §−�ç¨-
â¥«ì−ëå §�âà�â −� §�¤�ç¨ â¥å−¨ç¥áª®£® §à¥-
−¨ï, ®â«¨ç−ë¥ ®â â¥å, ª®â®àë¥ à�áá¬�âà¨¢�-
îâáï ¢ à�¡®â�å

ˆá¯®«ì§®¢�−¨¥
£¥−¥à�â¨¢−ëå ¬®¤¥«¥© [14{20]

“§ª®á¯¥æ¨�«¨§¨à®¢�−−®áâì à¥§ã«ìâ�â®¢ à�-
¡®â, ¯à�ªâ¨ç¥áª¨ ¯®«−®¥ ®âáãâáâ¢¨¥ ¤¨ääã-
§¨®−−ëå ¬®¤¥«¥©

á«ãç�ï¬ ¤®¬¥−−®£® à�§àë¢� â�ª¦¥ ®â−®áïâáï −�«¨ç¨¥ −¥à¥¯à¥§¥−â�â¨¢−ëå ¢ë¡®-
à®ª, á¬¥é¥−¨¥ à�−¤®¬¨§�æ¨¨ ¨ â. ¤. �á−®¢−ë¬ ¯®á«¥¤áâ¢¨¥¬ á¤¢¨£� ¤®¬¥−� ¤«ï
á¨−â¥â¨ç¥áª¨å ¤�−−ëå áâ�−®¢¨âáï á¬¥é¥−¨¥ ®æ¥−®ª §−�ç¥−¨© ¯®â¥àì −� â¥áâ®¢®¬
−�¡®à¥, á®¡à�−−®¬ ¨§ à¥�«ì−ëå ¤�−−ëå.
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‚ ¤�−−®© áâ�âì¥ ¯à¥¤«�£�¥âáï �«£®à¨â¬ £¥−¥à�æ¨¨ á¨−â¥â¨ç¥áª¨å ¤�−−ëå −�
®á−®¢¥ ¢®§¬®¦−®áâ¥© á®¢à¥¬¥−−ëå £¥−¥à�â¨¢−ëå ¬®¤¥«¥©.

2 Математическое описание генеративной модели
для создания синтетических данных

‚ ª�ç¥áâ¢¥ ª®−æ¥¯âã�«ì−®© ®á−®¢ë ¤«ï à�§à�¡®âª¨ ¯à¥¤«�£�¥¬®£® �«£®à¨â¬�
£¥−¥à�æ¨¨ á¨−â¥â¨ç¥áª¨å ¤�−−ëå, ®á−®¢�−−®£® −� áâ¥ª¨−£¥ £¥−¥à�â¨¢−®-á®áâï-
§�â¥«ì−ëå ¨ ¤¨ääã§¨®−−ëå ¬®¤¥«¥©, ¡ë«� ¢ë¡à�−� £¨¡à¨¤−�ï �àå¨â¥ªâãà�
Diffusion-GAN. ‚ë¡®à ¤�−−®© ¬®¤¥«¨ ¢ ª�ç¥áâ¢¥ ¡�§®¢®© ®¡ãá«®¢«¥− â¥¬, çâ® ®−�
¤¥¬®−áâà¨àã¥â ¯®¢ëè¥−−ãî áâ�¡¨«ì−®áâì âà¥−¨à®¢ª¨, ¡®«¥¥ ¡ëáâà®¥ ¤®áâ¨¦¥−¨¥
áå®¤¨¬®áâ¨ ¨ íää¥ªâ¨¢−®áâì ¯à¨ ®£à�−¨ç¥−−ëå ®¡ê¥¬�å ®¡ãç�îé¨å ¤�−−ëå ¯®
áà�¢−¥−¨î á âà�¤¨æ¨®−−ë¬¨ �àå¨â¥ªâãà�¬¨.

Diffusion-GAN ¡ë«� ¯à¥¤«®¦¥−� ¢ à�¡®â¥ [21], ¨ ®−� ¨−â¥£à¨àã¥â ¯à¨−æ¨¯ë
£¥−¥à�â¨¢−®-á®áâï§�â¥«ì−ëå á¥â¥© (GAN) ¨ ¤¨ääã§¨®−−ëå ¢¥à®ïâ−®áâ−ëå ¬®¤¥-
«¥©, çâ® ®¡¥á¯¥ç¨¢�¥â á¨−¥à£¥â¨ç¥áª®¥ ®¡ê¥¤¨−¥−¨¥ ¨å ¯à¥¨¬ãé¥áâ¢ | ¢ëá®ª®©
¤®áâ®¢¥à−®áâ¨ á¨−â¥§¨àã¥¬ëå ¤�−−ëå ¨ áâ�¡¨«ì−®áâ¨ ®¡ãç¥−¨ï. Š«îç¥¢®¥ â¥®-
à¥â¨ç¥áª®¥ −®¢è¥áâ¢® Diffusion-GAN | ¢¢¥¤¥−¨¥ ã¯à�¢«ï¥¬®£® áâ®å�áâ¨ç¥áª®£®
¢®§¬ãé¥−¨ï (èã¬�) ª�ª ¢ à¥�«ì−ë¥, â�ª ¨ ¢ á¨−â¥â¨ç¥áª¨¥ ¤�−−ë¥ ¯®áà¥¤-
áâ¢®¬ ¯àï¬®£® ¤¨ääã§¨®−−®£® ¯à®æ¥áá� ¯¥à¥¤ ¯®¤�ç¥© ¨å ¢ ¤¨áªà¨¬¨−�â®à.
’�ª®¥ à¥è¥−¨¥ ¯®§¢®«ï¥â á£«�¤¨âì à�§«¨ç¨ï ¬¥¦¤ã à�á¯à¥¤¥«¥−¨ï¬¨ ¤�−−ëå
¨ áãé¥áâ¢¥−−® ¯®¢ëá¨âì ãáâ®©ç¨¢®áâì áå®¤¨¬®áâ¨ ¬¨−¨¬�ªá−®© ®¯â¨¬¨§�æ¨¨,
âà�¤¨æ¨®−−® ®áâ�îé¥©áï á«�¡ë¬ ¬¥áâ®¬ ª«�áá¨ç¥áª¨å GAN.

Œ®¤¥«ì ¢ª«îç�¥â ç¥âëà¥ ª«îç¥¢ëå ª®¬¯®−¥−â�: £¥−¥à�â®à, ¤¨áªà¨¬¨−�-
â®à, ¯àï¬®© ¤¨ääã§¨®−−ë© ¯à®æ¥áá ¨ �¤�¯â¨¢−ë© ¯à®æ¥áá ¤¨ääã§¨¨. ‚¢¥¤¥¬
−¥®¡å®¤¨¬ë¥ ®¡®§−�ç¥−¨ï. �ãáâì x | à¥�«ì−®¥ ¨§®¡à�¦¥−¨¥, ¢ë¡à�−−®¥ ¨§
à�á¯à¥¤¥«¥−¨ï à¥�«ì−ëå ¤�−−ëå p(x); z | «�â¥−â−ë© ¢¥ªâ®à, ¢ë¡à�−−ë© ¨§
�¯à¨®à−®£® à�á¯à¥¤¥«¥−¨ï p(z) (ª�ª ¯à�¢¨«®, áâ�−¤�àâ−®£® −®à¬�«ì−®£®); G |
£¥−¥à�â®à, ®áãé¥áâ¢«ïîé¨© ®â®¡à�¦¥−¨¥ G : z 7→ xg, £¤¥ xg = G(z) | á£¥−¥-
à¨à®¢�−−®¥ ¨§®¡à�¦¥−¨¥; D | ¤¨áªà¨¬¨−�â®à, £¤¥ D(y, t) ¢®§¢à�é�¥â ®æ¥−ªã
¢¥à®ïâ−®áâ¨ â®£®, çâ® §�èã¬«¥−−ë© ®¡à�§ y −� ãà®¢−¥ èã¬� t ï¢«ï¥âáï à¥�«ì-
−ë¬, � D(yg, t) | �−�«®£¨ç−ãî ®æ¥−ªã ¤«ï §�èã¬«¥−−®£® á£¥−¥à¨à®¢�−−®£®
®¡à�§� yg; t | ¨−¤¥ªá ãà®¢−ï èã¬�, t ∈ [1, Tmax]; pπ | à�á¯à¥¤¥«¥−¨¥, ¨§ ª®â®-
à®£® ¢ë¡¨à�¥âáï §−�ç¥−¨¥ t; q(y|x, t) | ãá«®¢−®¥ à�á¯à¥¤¥«¥−¨¥ §�èã¬«¥−−®£®
®¡à�§� y, ¯®«ãç�¥¬®£® ¨§ ¨áå®¤−®£® ¨§®¡à�¦¥−¨ï x ¯®áà¥¤áâ¢®¬ ¯àï¬®£® ¤¨ä-
äã§¨®−−®£® ¯à®æ¥áá� −� ãà®¢−¥ èã¬� t; yg ∼ q(y|G(z), t)| §�èã¬«¥−−ë© ®¡à�§
á£¥−¥à¨à®¢�−−®£® ¨§®¡à�¦¥−¨ï, ¯®«ãç�¥¬ë© ¯à¨¬¥−¥−¨¥¬ â®£® ¦¥ ¤¨ääã§¨®−-
−®£® ¯à®æ¥áá� ª ¢ëå®¤ã £¥−¥à�â®à�; V (G,D) | æ¥«¥¢�ï äã−ªæ¨ï ¬¨−¨¬�ªá−®©
®¯â¨¬¨§�æ¨¨. �¡ãç¥−¨¥ ®áãé¥áâ¢«ï¥âáï ¯® ¬¨−¨¬�ªá−®© áå¥¬¥:

min
G
max

D
V (G,D) = Ex∼p(x),t∼pπ,y∼q(y|x,t) [log(D(y, t))] +

+ Ez∼p(z),t∼pπ,yg∼q(y|G(z),t) [log(1−D(yg, t))] ,
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¯à¨ íâ®¬ ¤¨áªà¨¬¨−�â®à ®¡ãç�¥âáï à�§«¨ç�âì §�èã¬«¥−−ë¥ à¥�«ì−ë¥ ¨ á£¥−¥-
à¨à®¢�−−ë¥ ¤�−−ë¥, � £¥−¥à�â®à | ä®à¬¨à®¢�âì â�ª¨¥ ®¡à�§ë, ª®â®àë¥ ¯®á«¥
§�èã¬«¥−¨ï áâ�−®¢ïâáï −¥®â«¨ç¨¬ë¬¨ ®â à¥�«ì−ëå ¨§®¡à�¦¥−¨© −� ¢á¥å ¨−¤¥ª-
á�å ãà®¢−ï èã¬�.

��ãç−�ï −®¢¨§−� ¯à¥¤«®¦¥−−®£® ¯®¤å®¤� §�ª«îç�¥âáï ¢ ¬®¤¨ä¨ª�æ¨¨ ¯àï-
¬®£® ¤¨ääã§¨®−−®£® ¯à®æ¥áá� Diffusion-GAN ¯®áà¥¤áâ¢®¬ ¥£® §�¬¥−ë −� ¯à®æ¥-
¤ãàã, ¨á¯®«ì§ã¥¬ãî ¢ Stable Diffusion [22]. ’�ª®¥ à¥è¥−¨¥ ¯®§¢®«¨«® ®¡ê¥¤¨−¨âì
¢ëç¨á«¨â¥«ì−ãî íää¥ªâ¨¢−®áâì ¨ ¢ëá®ª®¥ ª�ç¥áâ¢® á¨−â¥§�, å�à�ªâ¥à−ë¥ ¤«ï
Stable Diffusion, á ¯à¥¨¬ãé¥áâ¢�¬¨ £¨¡à¨¤−®© á®áâï§�â¥«ì−®© �àå¨â¥ªâãàë.
‚ à¥§ã«ìâ�â¥ ã¤�«®áì áä®à¬¨à®¢�âì ¬®¤¥«ì, ª®â®à�ï á®åà�−ï¥â −¨§ª¨¥ á¨áâ¥¬-
−ë¥ âà¥¡®¢�−¨ï (¢®§¬®¦−®áâì à�¡®âë −� ¢¨¤¥®ª�àâ�å ¯®âà¥¡¨â¥«ìáª®£® ãà®¢−ï
®â 6 ƒ� VRAM) ¯à¨ ®¤−®¢à¥¬¥−−®¬ ¯®¢ëè¥−¨¨ ª�ç¥áâ¢� ¨ ãáâ®©ç¨¢®áâ¨ £¥−¥à�-
æ¨¨.

Œ�â¥¬�â¨ç¥áª¨ ¯à®æ¥áá ¯àï¬®© ¤¨ääã§¨¨ ¢ ¬®¤¥«¨ Stable Diffusion ®á−®¢�−
−� ¯�à�¬¥âà¨ç¥áª®¬ ¯à¥®¡à�§®¢�−¨¨ ¢¨¤�

xt =
√
αt x0 +

√
1− αtǫ .

‡¤¥áì xt | §�èã¬«¥−−®¥ ¨§®¡à�¦¥−¨¥; x0 | ¨áå®¤−®¥ ¨§®¡à�¦¥−¨¥; t |
¨−¤¥ªá ãà®¢−ï èã¬�, ¢§ïâë© ¨§ ®âà¥§ª� t ∈ [1, Tmax], £¤¥ Tmax | ¬�ªá¨¬�«ì−®¥
§−�ç¥−¨¥ ¨−¤¥ªá� ãà®¢−ï èã¬�; ǫ| â¥−§®à ç¨á¥«, ª�¦¤®¥ §−�ç¥−¨¥ ª®â®à®£® ¢§ïâ®
¨§ áâ�−¤�àâ−®£® −®à¬�«ì−®£® à�á¯à¥¤¥«¥−¨ï; αt | ªã¬ã«ïâ¨¢−ë© ª®íää¨æ¨¥−â
á¨£−�«�. �«�£®¤�àï ¤�−−®© à¥¯�à�¬¥âà¨§�æ¨¨ §�èã¬«¥−−ë© ®¡à�§ xt ¬®¦¥â ¡ëâì
¢ëç¨á«¥− ¤«ï ¯à®¨§¢®«ì−®£® §−�ç¥−¨ï t §� ®¤−ã ®¯¥à�æ¨î, ¡¥§ ¯®á«¥¤®¢�â¥«ì−®£®
¯à¨¬¥−¥−¨ï ¬�àª®¢áª¨å ¯¥à¥å®¤®¢. „�−−ë© ª®íää¨æ¨¥−â ä®à¬¨àã¥âáï −�
®á−®¢¥ §�ª®−� ¨§¬¥−¥−¨ï ¤¨á¯¥àá¨¨ (�−£«. noise schedule) βt. ‚ «¨â¥à�âãà¥
¨á¯®«ì§ãîâáï ¤¢� ®á−®¢−ëå á¯®á®¡� §�¤�−¨ï βt.

‚�à¨�−â 1 («¨−¥©−ë©). „¨á¯¥àá¨ï èã¬� «¨−¥©−® ¨−â¥à¯®«¨àã¥âáï ¬¥¦¤ã
−�ç�«ì−ë¬ §−�ç¥−¨¥¬ βstart ¨ ª®−¥ç−ë¬ §−�ç¥−¨¥¬ βend:

βt = βstart +
t− 1

Tmax − 1
(βend − βstart) ,

£¤¥ βt | ¤¨á¯¥àá¨ï (â. ¥. ª®«¨ç¥áâ¢®) èã¬�, á®®â¢¥âáâ¢ãîé¥£® ãà®¢−î t; βstart |
−�ç�«ì−®¥ §−�ç¥−¨¥ ¤¨á¯¥àá¨¨ −� ¯¥à¢®¬ ãà®¢−¥ t = 1; βend | ª®−¥ç−®¥ §−�ç¥−¨¥
¤¨á¯¥àá¨¨ −� ãà®¢−¥ t = Tmax; t | â¥ªãé¥¥ §−�ç¥−¨¥ ¨−¤¥ªá� ãà®¢−ï èã¬�.

‚�à¨�−â 2 (ª®á¨−ãá®¨¤�«ì−ë©). „�−−ë© ¢�à¨�−â ¡ë« ¯à¥¤«®¦¥− ¢ à�¡®-
â¥ [23]. ‚ ®â«¨ç¨¥ ®â ¢�à¨�−â� á «¨−¥©−ë¬ §�ª®−®¬ βt §¤¥áì §�¤�¥âáï ç¥à¥§
ªã¬ã«ïâ¨¢−®¥ ¯à®¨§¢¥¤¥−¨¥ αt:

αt =
f(t)

f(0)
,

£¤¥ f(t) §�¤�¥âáï ª�ª
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f(t) = cos2
((

t/T + s

1 + s

)
π

2

)
.

„�«¥¥ ¢ëç¨á«ï¥âáï βt ¤«ï ª�¦¤®£® ãà®¢−ï t:

βt = 1−
αt

αt−1
.

��à�¬¥âà s ¯à¥¤áâ�¢«ï¥â á®¡®© −¥¡®«ìè®¥ á¬¥é¥−¨¥, ª®â®à®¥ ¯à¥¤®â¢à�é�¥â
á«¨èª®¬ à¥§ª®¥ ¨§¬¥−¥−¨¥ βt ¢ á�¬®¬ −�ç�«¥ ®âà¥§ª� [1, Tmax], ª®£¤� t ¡«¨§®ª
ª −ã«î. ‡−�ç¥−¨¥ á¬¥é¥−¨ï s ¯à¨−ïâ® à�¢−ë¬ 0,008. ‡−�ç¥−¨ï βt ¯à¨
ª®á¨−ãá®¨¤�«ì−®¬ §�ª®−¥ ¨§¬¥−¥−¨ï ®£à�−¨ç¥−ë ¤¨�¯�§®−®¬ [0; 0,999].

‘«¥¤ã¥â ¯®¤ç¥àª−ãâì, çâ® ¢ ®â«¨ç¨¥ ®â ®à¨£¨−�«ì−®© ¬®¤¥«¨ Stable Diffusion,
£¤¥ ¤¨ääã§¨®−−ë© ¯à®æ¥áá ¨á¯®«ì§ã¥âáï ¤«ï ®¡ãç¥−¨ï ®¡à�â−®© á¥â¨, ¢ë¯®«-
−ïîé¥© ¯à¥®¡à�§®¢�−¨¥, ¢®ááâ�−�¢«¨¢�îé¥¥ ¨§ èã¬� ¨§®¡à�¦¥−¨¥ (U-Net),
¢ ¯à¥¤«®¦¥−−®© ¬®¤¨ä¨ª�æ¨¨ Diffusion-GAN ¯àï¬®© ¤¨ääã§¨®−−ë© ¯à®æ¥áá
á«ã¦¨â ¨áª«îç¨â¥«ì−® ¤«ï áâ�¡¨«¨§�æ¨¨ ®¡ãç¥−¨ï. �− ®¡¥á¯¥ç¨¢�¥â ¯¥à¥ªàëâ¨¥
à�á¯à¥¤¥«¥−¨© à¥�«ì−ëå ¨ á£¥−¥à¨à®¢�−−ëå ¤�−−ëå ¢ ¯à®áâà�−áâ¢¥ ¯à¨§−�ª®¢,
á−¨¦�ï à¨áª ú¯¥à¥®¡ãç¥−¨ïû ¤¨áªà¨¬¨−�â®à� ¨ á¯®á®¡áâ¢ãï ¡®«¥¥ ãáâ®©ç¨¢®¬ã
ä®à¬¨à®¢�−¨î £¥−¥à�â¨¢−®£® à�á¯à¥¤¥«¥−¨ï. �¥á¬®âàï −� â® çâ® ®¡à�â−ë©
¯à®æ¥áá ¤¨ääã§¨¨ §¤¥áì −¥ ®¡ãç�¥âáï, ¤®¡�¢«¥−¨¥ èã¬� ®áãé¥áâ¢«ï¥âáï ¯® â¥¬
¦¥ ä®à¬ã«�¬, çâ® ¨ ¢ Stable Diffusion, çâ® ®¡¥á¯¥ç¨¢�¥â ¬�â¥¬�â¨ç¥áªãî íª¢¨-
¢�«¥−â−®áâì ¯à®æ¥¤ãà ¨ ¯®§¢®«ï¥â £®¢®à¨âì ® −®¢®¬ ª«�áá¥ £¨¡à¨¤−ëå ¬®¤¥«¥©,
®¡ê¥¤¨−ïîé¨å ¯à¥¨¬ãé¥áâ¢� ¤¨ääã§¨®−−®£® ¨ á®áâï§�â¥«ì−®£® ¯®¤å®¤®¢.

3 Алгоритм генерации синтетических данных на основе
модифицированной модели Diffusion-GAN

�«£®à¨â¬ £¥−¥à�æ¨¨ á¨−â¥â¨ç¥áª¨å ¤�−−ëå −� ®á−®¢¥ ¬®¤¥«¨ Diffusion-GAN
á®áâ®¨â ¨§ á«¥¤ãîé¨å ª®¬¯®−¥−â®¢:

{ �«£®à¨â¬� âà¥−¨à®¢ª¨ ¬®¤¨ä¨æ¨à®¢�−−®© ¬®¤¥«¨ Diffusion-GAN;

{ �«£®à¨â¬� £¥−¥à�æ¨¨ ¨§®¡à�¦¥−¨© á ¯®¬®éìî −�âà¥−¨à®¢�−−®© ¬®¤¨ä¨æ¨-
à®¢�−−®© ¬®¤¥«¨ Diffusion-GAN;

{ �«£®à¨â¬� ¯®áâ®¡à�¡®âª¨ á£¥−¥à¨à®¢�−−ëå ¨§®¡à�¦¥−¨© ¤«ï ã«ãçè¥−¨ï ¢¨-
§ã�«ì−®£® ª�ç¥áâ¢� ¨ ã¤�«¥−¨ï á¯¥æ¨ä¨ç¥áª¨å �àâ¥ä�ªâ®¢, ¯à¨áãé¨å £¥−¥-
à�â¨¢−®-á®áâï§�â¥«ì−ë¬ ¬®¤¥«ï¬.

�«£®à¨â¬ 1. ’à¥−¨à®¢ª� ¬®¤¨ä¨æ¨à®¢�−−®© ¬®¤¥«¨ Diffusion-GAN

‚å®¤: −�¡®à à¥�«ì−ëå ¨§®¡à�¦¥−¨© X,
¬�ªá¨¬�«ì−®¥ ª®«¨ç¥áâ¢® ®¡à�¡®â�−−ëå ¨§®¡à�¦¥−¨© Nmax

‚ëå®¤: −�âà¥−¨à®¢�−−ë¥ ¯�à�¬¥âàë £¥−¥à�â®à� θG, ¤¨áªà¨¬¨−�â®à� θD
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n← 0// áç¥âç¨ª ®¡à�¡®â�−−ëå ¨§®¡à�¦¥−¨©
iter← 0// áç¥âç¨ª ¨â¥à�æ¨©

while n < Nmax do
// ˜�£ 1: ®¡−®¢«¥−¨¥ ¤¨áªà¨¬¨−�â®à�
‚ë¡à�âì ¡�âç à¥�«ì−ëå ¨§®¡à�¦¥−¨© x ¨§ X
‘í¬¯«¨à®¢�âì z ∼ p(z)
xg ← G(z)
‘í¬¯«¨à®¢�âì t ∼ pπ

y ←
√
(at)x+

√
(1− at)ǫ, ǫ ∼ N(0, I) // ¯àï¬�ï ¤¨ääã§¨ï

à¥�«ì−ëå ¨§®¡à�¦¥−¨©

yg ←
√
atxg +

√
(1− at)ǫ, ǫ ∼ N(0, I) // ¯àï¬�ï ¤¨ääã§¨ï

á£¥−¥à¨à®¢�−−ëå ¨§®¡à�¦¥−¨©
LD ← −[logD(y, t) + log(1−D(yg, t))]
�¡−®¢¨âì θD ¯® £à�¤¨¥−âã LD

// ˜�£ 2: ®¡−®¢«¥−¨¥ £¥−¥à�â®à�
‘í¬¯«¨à®¢�âì z ∼ p(z)
xg ← G(z)
‘í¬¯«¨à®¢�âì t ∼ pπ

yg ←
√
(at)xg +

√
(1− at)ǫ, ǫ ∼ N(0, I)

LG ← − logD(yg, t)
�¡−®¢¨âì θG ¯® £à�¤¨¥−âã LG

// ˜�£ 3: �¤�¯â¨¢−�ï ¤¨ääã§¨ï (®¯æ¨®−�«ì−®)
if iter mod4 = 0 then

�æ¥−¨âì ¬¥âà¨ªã rd // áâ¥¯¥−ì ¯¥à¥®¡ãç¥−¨ï ¤¨áªà¨¬¨−�â®à�
�¡−®¢¨âì ¯�à�¬¥âà ¨−â¥−á¨¢−®áâ¨ ¤¨ääã§¨¨ p −� ®á−®¢¥ rd
�¡−®¢¨âì Tcurrent −� ®á−®¢¥ p ¨ dtarget
�¥à¥áç¨â�âì αt, βt ¨ at ¤«ï −®¢®£® Tcurrent
�¡−®¢¨âì à�á¯à¥¤¥«¥−¨¥ pπ

end if

n← n+ à�§¬¥à ¡�âç�
iter← iter+ 1

end while
return θG, θD

�«£®à¨â¬ 2. ƒ¥−¥à�æ¨ï á¨−â¥â¨ç¥áª¨å ¨§®¡à�¦¥−¨©

‚å®¤: −�âà¥−¨à®¢�−−ë© £¥−¥à�â®à G, ª®«¨ç¥áâ¢® ¨§®¡à�¦¥−¨©
¤«ï £¥−¥à�æ¨¨ M

‚ëå®¤: −�¡®à á¨−â¥â¨ç¥áª¨å ¨§®¡à�¦¥−¨© S
S ← ∅
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for i← 1 to M do
‘í¬¯«¨à®¢�âì z ∼ p(z) // z ¨§ áâ�−¤�àâ−®£® −®à¬�«ì−®£® à�á¯à¥¤¥«¥−¨ï
xg ← G(z)
xg ← ðÏÓÔÏÂÒÁÂÏÔËÁ(xg) // á¬. �«£®à¨â¬ 3
S ← S ∪ {xg}

end for
return S

�«£®à¨â¬ 3. �®áâ®¡à�¡®âª� á£¥−¥à¨à®¢�−−®£® ¨§®¡à�¦¥−¨ï

‚å®¤: á£¥−¥à¨à®¢�−−®¥ ¨§®¡à�¦¥−¨¥ xg

‚ëå®¤: ®¡à�¡®â�−−®¥ ¨§®¡à�¦¥−¨¥ xout

// �â�¯ 1: ¯®¢ëè¥−¨¥ ¢¨§ã�«ì−®£® ª�ç¥áâ¢�
x1 ← îÅÒÅÚËÏÅíÁÓËÉÒÏ×ÁÎÉÅ(xg, λ = 0,8, σ = 1,0)
x2 ← ðÏ×ÙÛÅÎÉÅòÅÚËÏÓÔÉ(x1,K) // K | ¬�âà¨æ� á¢¥àâª¨ (1)

// �â�¯ 2: ãáâà�−¥−¨¥ �àâ¥ä�ªâ®¢ £¥−¥à�æ¨¨
x3 ← çÁÕÓÓÏ×ÏòÁÚÍÙÔÉÅ (x2, ÑÄÒÏ = 3× 3, σ = 0,5)
xout ← íÅÄÉÁÎÎÏÅòÁÚÍÙÔÉÅ (x3, ÑÄÒÏ = 3× 3)
return xout

�«£®à¨â¬ âà¥−¨à®¢ª¨ (�«£®à¨â¬ 1) à¥�«¨§ã¥â ¨â¥à�â¨¢−ë© æ¨ª«, ¢ª«îç�-
îé¨© âà¨ íâ�¯�. �� ¯¥à¢®¬ íâ�¯¥ ®¡−®¢«ïîâáï ¯�à�¬¥âàë ¤¨áªà¨¬¨−�â®à�:
ª à¥�«ì−ë¬ ¨ á£¥−¥à¨à®¢�−−ë¬ ¨§®¡à�¦¥−¨ï¬ ¯à¨¬¥−ï¥âáï ¯àï¬�ï ¤¨ääã§¨ï,
¯®á«¥ ç¥£® ¤¨áªà¨¬¨−�â®à ®¡ãç�¥âáï à�§«¨ç�âì ¨å §�èã¬«¥−−ë¥ ¢¥àá¨¨. ��
¢â®à®¬ íâ�¯¥ ®¡−®¢«ïîâáï ¯�à�¬¥âàë £¥−¥à�â®à� á æ¥«ìî ¬¨−¨¬¨§�æ¨¨ á¯®-
á®¡−®áâ¨ ¤¨áªà¨¬¨−�â®à� à�á¯®§−�¢�âì á£¥−¥à¨à®¢�−−ë¥ ¤�−−ë¥. ’à¥â¨© íâ�¯
(®¯æ¨®−�«ì−ë©, ª�¦¤ãî ç¥â¢¥àâãî ¨â¥à�æ¨î) ¢ë¯®«−ï¥â �¤�¯â�æ¨î ¯�à�¬¥âà®¢
¤¨ääã§¨®−−®£® ¯à®æ¥áá� −� ®á−®¢¥ ¬¥âà¨ª¨ ¯¥à¥®¡ãç¥−¨ï ¤¨áªà¨¬¨−�â®à�. –¨ª«
¯à®¤®«¦�¥âáï ¤® ¤®áâ¨¦¥−¨ï ¬�ªá¨¬�«ì−®£® ç¨á«� ®¡à�¡®â�−−ëå ¨§®¡à�¦¥−¨©.

�«£®à¨â¬ £¥−¥à�æ¨¨ á¨−â¥â¨ç¥áª¨å ¨§®¡à�¦¥−¨© (�«£®à¨â¬ 2) ¨á¯®«ì§ã¥â
−�âà¥−¨à®¢�−−ë© £¥−¥à�â®à ¬®¤¨ä¨æ¨à®¢�−−®© ¬®¤¥«¨ Diffusion-GAN. „«ï
ª�¦¤®£® ¨§®¡à�¦¥−¨ï ¨§ «�â¥−â−®£® ¯à®áâà�−áâ¢� áí¬¯«¨àã¥âáï ¢¥ªâ®à z, ª®â®-
àë© ¯®¤�¥âáï −� ¢å®¤ £¥−¥à�â®à�. �®«ãç¥−−®¥ á¨−â¥â¨ç¥áª®¥ ¨§®¡à�¦¥−¨¥ §�â¥¬
¯à®å®¤¨â ¯à®æ¥¤ãàã ¯®áâ®¡à�¡®âª¨ (�«£®à¨â¬ 3) ¤«ï ¯®¢ëè¥−¨ï ¢¨§ã�«ì−®£®
ª�ç¥áâ¢�. �à®æ¥áá ¯®¢â®àï¥âáï ¤® ¤®áâ¨¦¥−¨ï §�¤�−−®£® ç¨á«� ¨§®¡à�¦¥−¨©.

‚ à�¬ª�å �«£®à¨â¬� ¯®áâ®¡à�¡®âª¨ (�«£®à¨â¬ 3) á£¥−¥à¨à®¢�−−®¥ ¨§®¡à�¦¥-
−¨¥ ¯à®¯ãáª�¥âáï ç¥à¥§ ä¨«ìâàë −¥à¥§ª®£® ¬�áª¨à®¢�−¨ï ¨ ã¢¥«¨ç¥−¨ï à¥§ª®áâ¨
¤«ï ã«ãçè¥−¨ï ¢¨§ã�«ì−®£® ª�ç¥áâ¢�. „�«¥¥ ¨§®¡à�¦¥−¨¥ ¯à®å®¤¨â ç¥à¥§ ä¨«ìâ-
àë ƒ�ãáá� ¨ ¬¥¤¨�−−ë© ä¨«ìâà ¤«ï ãáâà�−¥−¨ï �àâ¥ä�ªâ®¢ £¥−¥à�æ¨¨. �¥à¥§ª®¥
¬�áª¨à®¢�−¨¥ ¯à¨¬¥−ï¥âáï á ¯�à�¬¥âà®¬ λ, à�¢−ë¬ 0,8, ¯à¨ íâ®¬ áâ�−¤�àâ−®¥
®âª«®−¥−¨¥ σ ¤«ï ¢−ãâà¥−−¥£® £�ãáá®¢� à�§¬ëâ¨ï à�¢−® 1. „«ï ¯®¢ëè¥−¨ï
à¥§ª®áâ¨ ¨á¯®«ì§ã¥âáï ¬�âà¨æ�
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�«£®à¨â¬ £¥−¥à�æ¨¨ á¨−â¥â¨ç¥áª¨å ¤�−−ëå ¤«ï á¨áâ¥¬ â¥å−¨ç¥áª®£® §à¥−¨ï

K =

(
0 −1 0
−1 5 1
0 −1 0

)

(1)

„«ï £�ãáá®¢� à�§¬ëâ¨ï ¨á¯®«ì§ã¥âáï ï¤à® 3×3 ¨ ¯�à�¬¥âàσ, à�¢−ë© 0,5. „«ï
¬¥¤¨�−−®£® à�§¬ëâ¨ï ¨á¯®«ì§ã¥âáï ï¤à® 3 × 3. „�−−ë¥ ¯�à�¬¥âàë áâ�−¤�àâ−ë
¯à¨ ¨á¯®«ì§®¢�−¨¨ ¯à¥¤áâ�¢«¥−−ëå ¢ëè¥ ä¨«ìâà®¢.

4 Экспериментальная проверка алгоритма генерации
синтетических данных

�� ¯¥à¢®¬ è�£¥ ¤�−−®© ¯à®¢¥àª¨ ¡ë«� −�âà¥−¨à®¢�−� ¬®¤¨ä¨æ¨à®¢�−−�ï
¬®¤¥«ì Diffusion-GAN −� ¤�â�á¥â¥ ¢ ¤®¬¥−¥ âà�−á¯®àâ−ëå áà¥¤áâ¢ Vehicle Clas-
sification SGCUM1. „�−−ë© ¤®¬¥− ¡ë« ¢ë¡à�− ¯®â®¬ã, çâ®, −¥á¬®âàï −� à�á-
¯à®áâà�−¥−−®áâì ¨ −�«¨ç¨¥ ¤®áâã¯−ëå −�¡®à®¢ ¤�−−ëå âà�−á¯®àâ−ëå áà¥¤áâ¢,
−� ¯à�ªâ¨ª¥ ¢®§−¨ª�îâ á¨âã�æ¨¨, ª®£¤� −¥ å¢�â�¥â ¤�−−ëå á ª®−ªà¥â−ëå à�-
ªãàá®¢. „®¯®«−¨â¥«ì−® ª íâ®¬ã −�«¨ç¨¥ ¤®áâã¯−ëå −�¡®à®¢ ¤�−−ëå ¢ ¤®¬¥−¥
âà�−á¯®àâ−ëå áà¥¤áâ¢ ®¡¥á¯¥ç¨¢�¥â ¢®á¯à®¨§¢®¤¨¬®áâì íªá¯¥à¨¬¥−â®¢.

�¥à¥¤ −�ç�«®¬ âà¥−¨à®¢ª¨ ¬®¤¨ä¨æ¨à®¢�−−®© ¬®¤¥«¨ Diffusion-GAN ¡ë«�
¢ë¯®«−¥−� ª®−¢¥àâ�æ¨ï âà¥−¨à®¢®ç−®© ¢ë¡®àª¨ −�¡®à� ¤�−−ëå Vehicle Classifi-
cation SGCUM ¨§ 10 000 ¨§®¡à�¦¥−¨© á ¯®¬®éìî á¯¥æ¨�«ì−®£® áªà¨¯â�.

’à¥−¨à®¢ª� ¬®¤¨ä¨æ¨à®¢�−−®© ¬®¤¥«¨ Diffusion-GAN ¢ë¯®«−ï«�áì 4 −¥-
¤¥«¨ −� áâ¥−¤¥ á ¤¢ã¬ï ¢¨¤¥®ª�àâ�¬¨ NVIDIA GeForce RTX 2080 Ti á 11 ƒ�
¢¨¤¥®¯�¬ïâ¨ ã ª�¦¤®© ¯à¨ à�§¬¥à¥ ¡�âç�, à�¢−®¬ 2, ¨ ¯à¨ ç¨á«¥ í¯®å, à�¢-
−®¬ 25 000. „«ï «ãçè¥£® ç¥ª¯®©−â� ¯®ª�§�â¥«ì ¬¥âà¨ª¨ −�ç�«ì−®£® à�ááâ®ï−¨ï
¯® ”à¥è¥ ¡ë« à�¢¥− 37,7.

�� á«¥¤ãîé¥¬ è�£¥ ¡ë«� ¢ë¯®«−¥−� £¥−¥à�æ¨ï 1000 ¨§®¡à�¦¥−¨© ¢ ¤®¬¥-
−¥ −�¡®à� ¤�−−ëå Vehicle Classification SGCUM. �à¨¬¥àë á£¥−¥à¨à®¢�−−ëå
¨§®¡à�¦¥−¨© ¯à¥¤áâ�¢«¥−ë −� à¨á. 2.

�à®æ¥¤ãà� £¥−¥à�æ¨¨ ¡ë«� ¢ë¯®«−¥−� §� 1 ç ¯à¨ à¥¦¨¬¥ ¤®¡�¢«¥−¨ï èã¬�,
ª®â®àë© ¯à¥¤¯®«�£�¥â £¥−¥à�æ¨î ¨§®¡à�¦¥−¨ï ¨§ ¢¥ªâ®à®¢, áí¬¯«¨àãîé¨å-
áï á«ãç�©−ë¬ ®¡à�§®¬. „�«¥¥ ¤«ï 1000 á£¥−¥à¨à®¢�−−ëå ¢ ¤®¬¥−¥ −�¡®à�
¤�−−ëå Vehicle Classification SGCUM ¨§®¡à�¦¥−¨© ¡ë«� ¢ë¯®«−¥−� ¯à®æ¥¤ãà�
¯®áâ®¡à�¡®âª¨ á ¯®¬®éìî á¯¥æ¨�«ì−®£® áªà¨¯â�, ª®â®àë© à¥�«¨§ã¥â �«£®à¨â¬ 3.
�à¨¬¥àë ®¡à�¡®â�−−ëå á ¯®¬®éìî �«£®à¨â¬� ¯®áâ®¡à�¡®âª¨ á£¥−¥à¨à®¢�−−ëå
¨§®¡à�¦¥−¨© ¯à¥¤áâ�¢«¥−ë −� à¨á. 3.

‘«¥¤ã¥â ®â¬¥â¨âì, çâ® �«£®à¨â¬ ¯®áâ®¡à�¡®âª¨ ¢−¥á ¯®«®¦¨â¥«ì−ë¥ ¨§¬¥-
−¥−¨ï ¢ ¨â®£®¢ë© ãà®¢¥−ì ª�ç¥áâ¢� á£¥−¥à¨à®¢�−−ëå ¨§®¡à�¦¥−¨©, ¯®¢ëá¨¢
ãà®¢¥−ì ¤¥â�«¨§�æ¨¨.

�� á«¥¤ãîé¥¬ è�£¥ ¡ë«� ¢ë¯®«−¥−� à�§¬¥âª� �¢â®¬®¡¨«¥© −� 1000 á£¥−¥-
à¨à®¢�−−ëå ¨ ¯à¥â¥à¯¥¢è¨å ¯®áâ®¡à�¡®âªã ¨§®¡à�¦¥−¨© ¤«ï à¥è¥−¨ï §�¤�ç¨

1„�â�á¥â ¤®áâã¯¥− ¯® ááë«ª¥ https://universe.robo§ow.com/ana-lowela-l�lucas/vehicle-
classi¦cation-sgcum/dataset/11.
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÷¨á. 2 �à¨¬¥àë á£¥−¥à¨à®¢�−−ëå á ¯®¬®éìî «ãçè¥£® ç¥ª¯®©−â� ¬®¤¨ä¨æ¨à®¢�−−®©
¬®¤¥«¨ Diffusion-GAN ¨§®¡à�¦¥−¨©

÷¨á. 3 �à¨¬¥à ¨áå®¤−®£® ¨ ¯à¥â¥à¯¥¢è¥£® ¯®áâ®¡à�¡®âªã á£¥−¥à¨à®¢�−−®£® ¨§®¡à�¦¥-
−¨ï

®¡−�àã¦¥−¨ï ¨ ª«�áá¨ä¨ª�æ¨¨ ®¡ê¥ªâ®¢ á ¯®¬®éìî CVAT ¨ ®¡ãç¥−¨¥ ¬®¤¥«¨
YOLOv8 ¢ m-¬®¤¨ä¨ª�æ¨¨ −� ¤�−−®¬ à�§¬¥ç¥−−®¬ −�¡®à¥.

‚ë¡®à YOLOv8 ®¡®á−®¢ë¢�¥âáï â¥¬, çâ® ¤�−−�ï ¬®¤¥«ì ¢å®¤¨â ¢ á¥¬¥©áâ¢®
YOLO, ®¤−® ¨§ á�¬ëå ¨§¢¥áâ−ëå á¥¬¥©áâ¢ −¥©à®−−ëå á¥â¥© ¤«ï à¥è¥−¨ï §�¤�ç¨
®¡−�àã¦¥−¨ï ®¡ê¥ªâ®¢, ¯à¥¤áâ�¢«¥−−®¥ ª®¬¯�−¨¥© Ultralytics. Œ®¤¥«ì YOLOv8
á®ç¥â�¥â ¢ á¥¡¥ á®¢à¥¬¥−−ë© ¤¨§�©− �àå¨â¥ªâãàë, ¢ëá®ªãî áª®à®áâì à�¡®âë −�
à�§«¨ç−ëå ª®−ä¨£ãà�æ¨ïå ®¡®àã¤®¢�−¨ï (®â 40 ¤® 155 ª�¤à/á), ¡�«�−á ¬¥¦¤ã
â®ç−®áâìî ¨ áª®à®áâìî, ¯à®áâ®âã ¨á¯®«ì§®¢�−¨ï ¨ å®à®è¨© ãà®¢¥−ì ¯®¤¤¥à¦ª¨
á® áâ®à®−ë à�§à�¡®âç¨ª®¢.

„«ï ®¡ãç¥−¨ï ¬®¤¥«¨ YOLOv8m ¡ë« áä®à¬¨à®¢�− ª®−ä¨£ãà�æ¨®−−ë© ä�©«
¤�â�á¥â�. ‚ ª�ç¥áâ¢¥ ®¡ãç�îé¥© ¢ë¡®àª¨ ¨á¯®«ì§®¢�«¨áì 1000 ¨§®¡à�¦¥−¨©, á£¥-
−¥à¨à®¢�−−ëå á ¯®¬®éìî ¬®¤¨ä¨æ¨à®¢�−−®© ¬®¤¥«¨ Diffusion-GAN ¨ ¯à®è¥¤-
è¨å ¯®áâ®¡à�¡®âªã. ‚ ª�ç¥áâ¢¥ ¢�«¨¤�æ¨®−−®© ¨ â¥áâ®¢®© ¢ë¡®à®ª ãª�§ë¢�«¨áì
á®®â¢¥âáâ¢ãîé¨¥ ¢ë¡®àª¨ −�¡®à� ¤�−−ëå Vehicle Classification SGCUM. ’à¥-
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’�¡«¨æ� 2 ÷¥§ã«ìâ�âë §�¬¥à� ¬¥âà¨ª â®ç−®áâ¨ «ãçè¥£® ç¥ª¯®©−â�
YOLOv8m, −�âà¥−¨à®¢�−−®£® −� ¢ë¡®àª¥ á£¥−¥à¨à®¢�−−ëå ¨§®¡à�¦¥-
−¨©, −� â¥áâ®¢®© ¢ë¡®àª¥ −�¡®à� ¤�−−ëå Vehicle Classification SGCUM

��§¢�−¨¥ ª«�áá� Precision Recall mAP@0.5 mAP@0,5-0,95
Coupe 0,957 0,93 0,976 0,957
Pickup 0,996 0,986 0,995 0,991
Sedan 0,924 0,979 0,978 0,971
Suv 0,955 0,949 0,975 0,948
Van 0,983 0,995 0,992 0,988
All 0,963 0,968 0,983 0,971

’�¡«¨æ� 3 ÷¥§ã«ìâ�âë §�¬¥à� ¬¥âà¨ª â®ç−®áâ¨ «ãçè¥£® ç¥ª¯®©−â�
YOLOv8m, −�âà¥−¨à®¢�−−®£® −� ¢ë¡®àª¥ à¥�«ì−ëå ¨§®¡à�¦¥−¨©, −�
â¥áâ®¢®© ¢ë¡®àª¥ −�¡®à� ¤�−−ëå Vehicle Classification SGCUM

��§¢�−¨¥ ª«�áá� Precision Recall mAP@0.5 mAP@0,5-0,95
Coupe 0,956 0,917 0,961 0,946
Pickup 1 0,991 0,995 0,989
Sedan 0,921 0,957 0,963 0,951
Suv 0,976 0,917 0,975 0,954
Van 0,99 0,999 0,993 0,987
All 0,969 0,956 0,977 0,965

−¨à®¢ª� ¢ë¯®«−ï«�áì 3 ç −� áâ¥−¤¥ á ¤¢ã¬ï ¢¨¤¥®ª�àâ�¬¨ NVIDIA GeForce
RTX 2080 Ti á 11 ƒ� ¢¨¤¥®¯�¬ïâ¨ ¯à¨ ¯®¬®é¨ ¡¨¡«¨®â¥ª¨ Ultralytics á® á«¥-
¤ãîé¨¬¨ ¯�à�¬¥âà�¬¨: epochs = 100, lr0 = 0.001, batch = 32, imgsz = 640,
model = yolov8m.pt.

�®á«¥ §�¢¥àè¥−¨ï 100-© í¯®å¨ ¤«ï ç¥ª¯®©−â� ¬®¤¥«¨ best.pt YOLOv8m,
ª®â®àë© −�å®¤¨âáï ¢ ¤¨à¥ªâ®à¨¨ á �àâ¥ä�ªâ�¬¨, ¡ë« ¢ë¯®«−¥− §�¬¥à ®á−®¢−ëå
¬¥âà¨ª â®ç−®áâ¨ −� â¥áâ®¢®© ¢ë¡®àª¥ ¤�â�á¥â� Vehicle Classification SGCUM.
÷¥§ã«ìâ�âë ¤�−−®£® §�¬¥à� ¯à¥¤áâ�¢«¥−ë ¢ â�¡«. 2.

�� §�ª«îç¨â¥«ì−®¬ è�£¥ ¡ë«® ¢ë¯®«−¥−® ®¡ãç¥−¨¥ ¬®¤¥«¨ YOLOv8m −� ¢ë-
¡®àª¥ à¥�«ì−ëå ¨§®¡à�¦¥−¨© ¨§ −�¡®à� ¤�−−ëå Vehicle Classification SGCUM.
�¥à¥¤ íâ¨¬ ¡ë« á®§¤�− ª®−ä¨£ãà�æ¨®−−ë© ä�©« ¤�â�á¥â�, ¢ à�¬ª�å ª®â®à®£®
¢á¥ ¢ë¡®àª¨ | âà¥−¨à®¢®ç−�ï, ¢�«¨¤�æ¨®−−�ï, â¥áâ®¢�ï | ¢§ïâë ¨§ ¤�â�á¥â�
Vehicle Classification SGCUM. �¡ãç¥−¨¥ ¢ë¯®«−ï«®áì ¯à¨ â¥å ¦¥ ¯�à�¬¥âà�å
¨ −� â®¬ ¦¥ áâ¥−¤¥, çâ® ¨ ¤«ï ¢ë¡®àª¨ á£¥−¥à¨à®¢�−−ëå ¨§®¡à�¦¥−¨©.

�®á«¥ §�¢¥àè¥−¨ï ®¡ãç¥−¨ï ¤«ï ç¥ª¯®©−â� ¬®¤¥«¨ best.pt YOLOv8m, ª®-
â®àë© −�å®¤¨âáï ¢ ¤¨à¥ªâ®à¨¨ á �àâ¥ä�ªâ�¬¨, ¡ë« ¢ë¯®«−¥− §�¬¥à ®á−®¢−ëå
¬¥âà¨ª â®ç−®áâ¨ −� â¥áâ®¢®© ¢ë¡®àª¥. ÷¥§ã«ìâ�âë ¤�−−®£® §�¬¥à� ¯à¥¤áâ�¢«¥−ë
¢ â�¡«. 3.

ˆáå®¤ï ¨§ ¯à¥¤áâ�¢«¥−−ëå ¢ëè¥ à¥§ã«ìâ�â®¢ ¬®¦−® á¤¥«�âì á«¥¤ãîé¨¥
¢ë¢®¤ë: −�âà¥−¨à®¢�−−�ï ¬®¤¥«ì ¤¥â¥ªâ®à� YOLOv8m −� á¨−â¥â¨ç¥áª®¬ −�¡®-
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à¥ ¤�−−ëå, á£¥−¥à¨à®¢�−−ëå á ¯®¬®éìî ¯à¥¤áâ�¢«¥−−®£® �«£®à¨â¬� £¥−¥à�æ¨¨
−� ®á−®¢¥ ¬®¤¨ä¨æ¨à®¢�−−®© ¬®¤¥«¨ Diffusion-GAN, ¤¥¬®−áâà¨àã¥â ¬¥âà¨ª¨
â®ç−®áâ¨ −� â¥áâ®¢®© ¢ë¡®àª¥ −�¡®à� ¤�−−ëå Vehicle Classification SGCUM,
ª®â®àë¥ ¯à�ªâ¨ç¥áª¨ á®¢¯�¤�îâ á â�ª®¢ë¬¨ ¤«ï ¬®¤¥«¨ ¤¥â¥ªâ®à� YOLOv8,
−�âà¥−¨à®¢�−−®£® â®«ìª® −� âà¥−¨à®¢®ç−®© ¢ë¡®àª¥ −�¡®à� ¤�−−ëå Vehicle
Classification SGCUM. �â® £®¢®à¨â ® á¯®á®¡−®áâ¨ ¯à¥¤áâ�¢«¥−−®£® �«£®à¨â-
¬� £¥−¥à�æ¨¨ á¨−â¥â¨ç¥áª¨å ¤�−−ëå á®§¤�¢�âì ä®â®à¥�«¨áâ¨ç−ë¥ ¨§®¡à�¦¥−¨ï,
¯à¨£®¤−ë¥ ¤«ï ®¡ãç¥−¨ï −¥©à®−−ëå á¥â¥© ª®¬¯ìîâ¥à−®£® §à¥−¨ï á æ¥«ìî à¥è¥-
−¨ï «î¡ëå ª®−ªà¥â−ëå ¯à�ªâ¨ç¥áª¨å §�¤�ç ¡¥§ ¯à®ï¢«¥−¨ï ¤®¬¥−−®£® à�§àë¢�.
‚ ¤®¯®«−¥−¨¥ ª íâ®¬ã ¬®¦−® ®â¬¥â¨âì, çâ® ¯à¥¤«®¦¥−−ë© �«£®à¨â¬ ¯à¥¤®áâ�¢-
«ï¥â ¢®§¬®¦−®áâì �¤�¯â¨à®¢�âìáï ¯®¤ «î¡ãî §�¤�çã ª®¬¯ìîâ¥à−®£® §à¥−¨ï ¡¥§
§−�ç¨â¥«ì−ëå ¢à¥¬¥−− �ëå ¨ ¢ëç¨á«¨â¥«ì−ëå §�âà�â, â. ¥. ¤«ï �¤�¯â�æ¨¨ ¤®áâ�-
â®ç−® ¨¬¥âì ®â−®á¨â¥«ì−® −¥¡®«ìè®© −�¡®à à¥�«ì−ëå ¨§®¡à�¦¥−¨© ¨§ ¤®¬¥−�
§�¤�ç¨. ’�ª¦¥ �«£®à¨â¬ ª®¬¡¨−¨àã¥â ¯à¥¨¬ãé¥áâ¢� £¥−¥à�â¨¢−®-á®áâï§�â¥«ì-
−ëå ¨ ¤¨ääã§¨®−−ëå ¬®¤¥«¥©, ®¡¥á¯¥ç¨¢�¥â ¡ëáâàãî áå®¤¨¬®áâì ¨ ¯à¥¤«�£�¥â
¢®§¬®¦−®áâì ª�ç¥áâ¢¥−−®© ¯®áâ®¡à�¡®âª¨ á£¥−¥à¨à®¢�−−ëå ¨§®¡à�¦¥−¨©.

5 Заключение

‚ ¤�−−®© à�¡®â¥ ¯à¥¤áâ�¢«¥− �«£®à¨â¬ £¥−¥à�æ¨¨ á¨−â¥â¨ç¥áª¨å ¤�−−ëå
¤«ï á¨áâ¥¬ â¥å−¨ç¥áª®£® §à¥−¨ï −� ®á−®¢¥ áâ¥ª¨−£� £¥−¥à�â¨¢−®-á®áâï§�â¥«ì−ëå
¨ ¤¨ääã§¨®−−ëå ¬®¤¥«¥©. ‚ ®á−®¢¥ áâ¥ª¨−£� «¥¦¨â £¨¡à¨¤−�ï ¬®¤¥«ì Diffusion-
GAN. �ë«¨ ¢−¥á¥−ë ¨§¬¥−¥−¨ï ¢ ®¤¨− ¨§ ª«îç¥¢ëå ª®¬¯®−¥−â®¢ ¬®¤¥«¨, ®â-
¢¥ç�îé¨© §� ¢ë¯®«−¥−¨¥ ¯à®æ¥¤ãàë ¯àï¬®© ¤¨ääã§¨¨. �«£®à¨â¬ £¥−¥à�æ¨¨
á®áâ®¨â ¨§ âà¥å ª®¬¯®−¥−â®¢: �«£®à¨â¬� âà¥−¨à®¢ª¨ ¬®¤¨ä¨æ¨à®¢�−−®© ¬®¤¥«¨
Diffusion-GAN, �«£®à¨â¬� £¥−¥à�æ¨¨ ¨§®¡à�¦¥−¨© ¨ �«£®à¨â¬� ¯®áâ®¡à�¡®â-
ª¨ á æ¥«ìî ã«ãçè¥−¨ï ª�ç¥áâ¢� á£¥−¥à¨à®¢�−−ëå ¨§®¡à�¦¥−¨© ¨ ãáâà�−¥−¨ï
�àâ¥ä�ªâ®¢ £¥−¥à�æ¨¨. �® áà�¢−¥−¨î á �−�«®£�¬¨ ¤�−−ë© �«£®à¨â¬ ¯à¥¤®-
áâ�¢«ï¥â ¢®§¬®¦−®áâì �¤�¯â¨à®¢�âìáï ¯®¤ «î¡ãî §�¤�çã ª®¬¯ìîâ¥à−®£® §à¥−¨ï
¡¥§ §−�ç¨â¥«ì−ëå ¢à¥¬¥−− �ëå ¨ ¢ëç¨á«¨â¥«ì−ëå §�âà�â, ª®¬¡¨−¨àã¥â ¯à¥¨¬ã-
é¥áâ¢� £¥−¥à�â¨¢−®-á®áâï§�â¥«ì−ëå ¨ ¤¨ääã§¨®−−ëå ¬®¤¥«¥©, ®¡¥á¯¥ç¨¢�¥â
¡ëáâàãî áå®¤¨¬®áâì ¨ ¯à¥¤«�£�¥â ¢®§¬®¦−®áâì ª�ç¥áâ¢¥−−®© ¯®áâ®¡à�¡®âª¨ á£¥-
−¥à¨à®¢�−−ëå ¨§®¡à�¦¥−¨©, çâ® ¢ á®¢®ªã¯−®áâ¨ ®¯à¥¤¥«ï¥â −�ãç−ãî −®¢¨§−ã.
�ë«� ¯à®¤¥¬®−áâà¨à®¢�−� ¯à�ªâ¨ç¥áª�ï ¢®§¬®¦−®áâì ¤�−−®£® �«£®à¨â¬� á®§¤�-
¢�âì ä®â®à¥�«¨áâ¨ç−ë¥ ¨§®¡à�¦¥−¨ï −� ¯à¨¬¥à¥ à¥è¥−¨ï §�¤�ç¨ ®¡−�àã¦¥−¨ï
¨ ª«�áá¨ä¨ª�æ¨¨ ®¡ê¥ªâ®¢ ¢ âà�−á¯®àâ−®¬ ¤®¬¥−¥. �à¥¤áâ�¢«¥−−ë© �«£®à¨â¬
¨¬¥¥â ¯¥àá¯¥ªâ¨¢ë ¯à¨¬¥−¥−¨ï ¢ à�§«¨ç−ëå ®¡«�áâïå. ‚®-¯¥à¢ëå, ®− ¬®¦¥â
¨á¯®«ì§®¢�âìáï ¤«ï £¥−¥à�æ¨¨ á¨−â¥â¨ç¥áª¨å ¤�−−ëå ¢ §�¤�ç�å, £¤¥ á¡®à à¥�«ì-
−ëå ¤�−−ëå §�âàã¤−¥− ¨«¨ á¢ï§�− á ¯à®¡«¥¬�¬¨ ¯à¨¢�â−®áâ¨, −�¯à¨¬¥à ¯à¨
�−�«¨§¥ à¥¤ª¨å áæ¥−�à¨¥¢ �¢â®−®¬−®£® ¢®¦¤¥−¨ï ¨ âà�−á¯®àâ−ëå ¯®â®ª®¢. ‚®-
¢â®àëå, ª®¬¯®−¥−âë �«£®à¨â¬� ¯à¨¬¥−¨¬ë ¢ á¬¥¦−ëå §�¤�ç�å, ¢ ç�áâ−®áâ¨,
£¥−¥à�â®à ¬®¤¨ä¨æ¨à®¢�−−®© ¬®¤¥«¨ Diffusion-GAN ¬®¦¥â ¡ëâì �¤�¯â¨à®¢�−
¤«ï ¢®ááâ�−®¢«¥−¨ï ¨§®¡à�¦¥−¨©.
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AN ALGORITHM FOR GENERATING SYNTHETIC DATA
FOR TECHNICAL VISION SYSTEMS BASED ON STACKING

OF GENERATIVE-ADVERSARIAL AND DIFFUSION MODELS

I. S. Reutov

Department of Mathematics and Computer Science, Cherepovets State University,
5 Lunacharskogo Prosp., Cherepovets 162602, Russian Federation

Abstract: The paper addresses the problem of generating synthetic images for
computer vision systems under limited availability of representative real-world
datasets. A hybrid algorithm based on stacking generative adversarial and
diffusion models is proposed. The key contribution is the modification of the
Diffusion-GAN architecture, in which the forward diffusion process is replaced
by the mechanism from Stable Diffusion, combining the computational efficiency
of diffusion models with the training stability of adversarial approaches. The
algorithm implements a three-stage pipeline: training the modified generative
model, generating synthetic images, and postprocessing to improve visual quality.
Experimental validation was performed on the vehicle detection and classification
task using the Vehicle Classification SGCUM dataset. The results demonstrate
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that the YOLOv8 model trained exclusively on synthetic data achieves accuracy
metrics comparable to those of a model trained on real data, confirming the
suitability of the generated data for training deep neural networks.

Keywords: deep neural networks; generative-adversarial models; diffusion
models; synthetic data; technical vision systems
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БАЗОВЫЕ ЭЛЕМЕНТЫ ТЕОРИИ ПОСТРОЕНИЯ ЕДИНОЙ
СИСТЕМЫ ЧАСТОТНО-ВРЕМЕННОГО ОБЕСПЕЧЕНИЯ

НАЦИОНАЛЬНОЙ ИНФОРМАЦИОННОЙ
ИНФРАСТРУКТУРЫ∗

И. А. Саитов1, Н. И. Фокин2, Ю. Б. Миронов3, Б. М. Шабанов4

�−−®â�æ¨ï: �à¥¤áâ�¢«¥− ®à¨£¨−�«ì−ë© ¯®¤å®¤ ª ¬®¤¥«¨à®¢�−¨î ª�ç¥áâ¢�
¤®áâ�¢ª¨ íâ�«®−−ëå á¨£−�«®¢ ¢à¥¬¥−¨ ¨ ç�áâ®âë (�‘‚—) á ¨á¯®«ì§®¢�−¨¥¬
á¯¥ªâà�«ì−®© ª®àà¥«ïæ¨®−−®© â¥®à¨¨ á«ãç�©−ëå ¯à®æ¥áá®¢. �â� ¨ ¯®¤®¡−ë¥
§�¤�ç¨ ¢®§−¨ª�îâ ¯à¨ à¥è¥−¨¨ á®¢à¥¬¥−−ëå §�¤�ç ¯à®¥ªâ¨à®¢�−¨ï (á¨−â¥§�,
®¯â¨¬¨§�æ¨¨) á¨áâ¥¬ ç�áâ®â−®-¢à¥¬¥−−®£® ®¡¥á¯¥ç¥−¨ï (—‚�) ®¡ê¥ªâ®¢ ¨−-
ä®à¬�æ¨®−−®© ¨−äà�áâàãªâãàë, ¯à¨¬¥−ïîé¨å ¢ â®¬ ç¨á«¥ �«ìâ¥à−�â¨¢−ë¥
¨áâ®ç−¨ª¨ íâ�«®−−ëå á¨£−�«®¢. ÷¥�«¨§�æ¨ï â�ª®£® ¯®¤å®¤� áâ�−¥â äã−¤�¬¥−-
â®¬ ¤«ï ä®à¬¨à®¢�−¨ï −®¢ëå ¡�§®¢ëå í«¥¬¥−â®¢ â¥®à¨¨ ¯®áâà®¥−¨ï …¤¨−®©
á¨áâ¥¬ë —‚� −�æ¨®−�«ì−®© ¨−ä®à¬�æ¨®−−®© ¨−äà�áâàãªâãàë. ‚ ª�ç¥áâ¢¥
ï¤à� â�ª®© â¥®à¨¨ ¯à¥¤«�£�¥âáï ¨á¯®«ì§®¢�âì �−�«¨â¨ç¥áª®¥ ®¯¨á�−¨¥ §�¢¨-
á¨¬®áâ¨ ª�ç¥áâ¢� á¨£−�«®¢ ¢à¥¬¥−¨ ¨ ç�áâ®âë ®â ¯à¨ç¨− ¨ å�à�ªâ¥à¨áâ¨ª
¨å ä«ãªâã�æ¨©. ‚�¦−®áâì íâ¨å §�ª®−®¬¥à−®áâ¥© ®¡ãá«®¢«¥−� â¥¬, çâ® ®â
áª®à®áâ¨ ¤¨áª®−â¨à®¢�−¨ï ª�ç¥áâ¢� á¨£−�«®¢ ¢à¥¬¥−¨ ¨ ç�áâ®âë §�¢¨á¨â ¯®-
â¥−æ¨�«ì−�ï ¤�«ì−®áâì ¨å à�á¯à¥¤¥«¥−¨ï. �â®, ¢ á¢®î ®ç¥à¥¤ì, ®¯à¥¤¥«ï¥â
®á−®¢−ë¥ â®¯®«®£¨ç¥áª¨¥ å�à�ªâ¥à¨áâ¨ª¨ ¨ áâ®¨¬®áâì á¨áâ¥¬ë —‚� ¨−ä®à-
¬�æ¨®−−®© ¨−äà�áâàãªâãàë.
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1 Введение
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áãé¥áâ¢¥−−®¥ §−�ç¥−¨¥ ¤«ï ª®−âãà®¢ £®áã¤�àáâ¢¥−−®£® ¨ ¢®¥−−®£® ã¯à�¢«¥−¨ï
÷®áá¨©áª®© ”¥¤¥à�æ¨¨, ®á®¡¥−−® ¢ ãá«®¢¨ïå à�áè¨à¨¢è¨åáï ã£à®§ ¨§¢−¥ [1].
“áâ®©ç¨¢®áâì −�æ¨®−�«ì−®© ¨−ä®à¬�æ¨®−−®© ¨−äà�áâàãªâãàë ®¯à¥¤¥«ï¥âáï á¥-
£®¤−ï −¥ â®«ìª® á®¢¥àè¥−áâ¢®¬ ¯à¨¬¥−ï¥¬ëå â¥å−®«®£¨© ¨ ®¡®àã¤®¢�−¨ï, −®

∗Œ¨à®−®¢ë¬ ā. �. ¨ ˜�¡�−®¢ë¬ �. Œ. à�¡®â� ¢ë¯®«−¥−� ¢ à�¬ª�å £®áã¤�àáâ¢¥−−®£® §�¤�−¨ï
�ˆ– úŠãàç�â®¢áª¨© ¨−áâ¨âãâû.
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¨ ª�ç¥áâ¢®¬ —‚� ¥¥ í«¥¬¥−â®¢ [2, 3]. �â® á¢¨¤¥â¥«ìáâ¢ã¥â ®¡ �ªâã�«ì−®áâ¨
¯à®¡«¥¬�â¨ª¨, à�áá¬�âà¨¢�¥¬®© ¢ −�áâ®ïé¥© áâ�âì¥.

…é¥ 20 «¥â −�§�¤ áç¨â�«®áì ¤®áâ�â®ç−ë¬ ¯à¨¬¥−¥−¨¥ ¤«ï —‚� −�æ¨®−�«ì−®©
¨−ä®à¬�æ¨®−−®© ¨−äà�áâàãªâãàë á¥â¨ â�ªâ®¢®© á¥â¥¢®© á¨−åà®−¨§�æ¨¨ (’‘‘),
¢ª«îç�îé¥© á¥£¬¥−âë £«®¡�«ì−ëå á¯ãâ−¨ª®¢ëå á¨áâ¥¬ (ƒ‘‘) ¨ −�§¥¬−ë¥ ¨¥-
à�àå¨ç¥áª¨¥ á¥£¬¥−âë £¥−¥à�æ¨¨ ¨ à�á¯à¥¤¥«¥−¨ï á¨−åà®á¨£−�«®¢ [4, 5]. �â®
¡ë«� í¯®å� á¨−åà®−−®© æ¨äà®¢®© ¨¥à�àå¨¨ (‘–ˆ) [6] ¢ â¥«¥ª®¬¬ã−¨ª�æ¨ïå
¨ ®¤−®−�¯à�¢«¥−−®£® ¯¥à¥−®á� á¨£−�«� áâ�¡¨«ì−®© (áâ�¡¨«¨§¨à®¢�−−®©) ç�áâ®âë
−� ä¨§¨ç¥áª®¬ ãà®¢−¥ ª ¯®âà¥¡¨â¥«ï¬ (ã§«�¬, áâ�−æ¨ï¬). ”�§®¢ë¥ ¨áª�¦¥-
−¨ï ¢ â�ª¨å à¥�«¨§�æ¨ïå ª®¬¯¥−á¨à®¢�«¨áì áå¥¬�¬¨ ä�§®¢®© �¢â®¯®¤áâà®©ª¨ [7].
�¤−�ª® ¢ −�è¥© ¯à®âï¦¥−−®© áâà�−¥ ¤�¦¥ â�ª�ï ¯à®áâ�ï ¯® ä®à¬ã«¨à®¢ª¥ §�¤�ç�
¯®áâà®¥−¨ï (á¨−â¥§�, ®¯â¨¬¨§�æ¨¨ áâàãªâãàë) ’‘‘ áâ�−®¢¨«�áì NP-âàã¤−®© [8,
9] ª®¬¡¨−�â®à−®© ¯à®¡«¥¬®©.

‚ XXI ¢. ¬�áèâ�¡−�ï ¨−ä®à¬�â¨§�æ¨ï £®áã¤�àáâ¢� ¯®âà¥¡®¢�«� ªà�â−®£®
ã¢¥«¨ç¥−¨ï ¯à®¨§¢®¤¨â¥«ì−®áâ¨ ª�−�«®¢ á¢ï§¨, âà�ªâ®¢ ¨ ã§«®¢, � â�ª¦¥ ¯®áâà®-
¥−¨ï ¨−ä®ª®¬¬ã−¨ª�æ¨®−−ëå á¥â¥© (ˆŠ‘) −®¢®£® ¯®ª®«¥−¨ï [10]. ‚−¥¤àïîâáï
á®®â¢¥âáâ¢ãîé¨¥ â¥å−®«®£¨¨, −�¯à¨¬¥à: úá¨−åà®−−ë©û Ethernet (SyncE) [11],
®¯â¨ç¥áª¨¥ âà�−á¯®àâ−ë¥ á¥â¨ (Optical Transport Network, OTN) [12], ¢ëá®ª®-
¯à®¨§¢®¤¨â¥«ì−ë¥ á¨áâ¥¬ë åà�−¥−¨ï ¨ ®¡à�¡®âª¨ ¨−ä®à¬�æ¨¨. �â¨ ä�ªâ®àë
®¡ãá«®¢¨«¨ áãé¥áâ¢¥−−®¥ ã¦¥áâ®ç¥−¨¥ âà¥¡®¢�−¨© ª ª�ç¥áâ¢ã (áâ�¡¨«ì−®áâ¨,
ãáâ®©ç¨¢®áâ¨, §�é¨é¥−−®áâ¨) �‘‚— [13]. ‚ á¢ï§¨ á íâ¨¬ ¢® ¢á¥å à�§¢¨âëå
áâà�−�å −�¡«î¤�¥âáï �ªâ¨¢−®¥ á®¢¥àè¥−áâ¢®¢�−¨¥ á¨áâ¥¬ á¨−åà®−¨§�æ¨¨, ª®®à-
¤¨−�â−®-¢à¥¬¥−−�®£® ¨ −�¢¨£�æ¨®−−®£® ®¡¥á¯¥ç¥−¨ï [14]. ‚¥¤¥âáï ¯®¨áª à¥è¥−¨©
¤«ï ¯®áâà®¥−¨ï −�æ¨®−�«ì−ëå á¨áâ¥¬ —‚� ¯®¢ëè¥−−®© ãáâ®©ç¨¢®áâ¨ [15{17],
−¥ §�¢¨áïé¨å ®â £«®¡�«ì−®© á¯ãâ−¨ª®¢®© á¨áâ¥¬ë, ¨¬¥îé¥© ¨§¢¥áâ−ë¥ ãï§¢¨-
¬®áâ¨ [2]. ÷�§à�¡®â�−ë ¨ ¢−¥¤à¥−ë ¯à®â®ª®«ë á¥â¥¢®£® (Network Time Protocol,
NTP) [18] ¨ â®ç−®£® (¯à¥æ¨§¨®−−®£®) (Precision Time Protocol, PTP) [19] ¢à¥¬¥−¨,
á®®â¢¥âáâ¢ãîé¨¥ �¯¯�à�â−®-¯à®£à�¬¬−ë¥ áà¥¤áâ¢�, ¨áá«¥¤ãîâáï �«ìâ¥à−�â¨¢-
−ë¥ ¨áâ®ç−¨ª¨ �‘‚— ¨ áà¥¤áâ¢� à�á¯à¥¤¥«¥−¨ï á¨−åà®á¨£−�«®¢ ¨ á¨£−�«®¢
â®ç−®£® ¢à¥¬¥−¨.

‘ ¢−¥¤à¥−¨¥¬ PTP-á¥à¢¥à®¢ è¨à®ª®¥ ¯à¨¬¥−¥−¨¥ ¢ ˆŠ‘ ¯®«ãç¨«¨ ¤¢ã-
−�¯à�¢«¥−−ë¥ ¯à®â®ª®«ë á®£«�á®¢�−¨ï ¯�à�¬¥âà®¢ ¢à¥¬¥−−ëå èª�«, ¨á¯®«ì§ã-
îé¨¥ ®¡¬¥− ¢à¥¬¥−− �ë¬¨ ¬¥âª�¬¨ ¬¥¦¤ã ¨áâ®ç−¨ª®¬ ¨ ¯®âà¥¡¨â¥«¥¬ �‘‚—.
ˆáá«¥¤®¢�−¨ï ¯®ª�§ë¢�îâ, çâ® áãé¥áâ¢¥−−®¥ ¢«¨ï−¨¥ −� ª�ç¥áâ¢® íâ®£® ¯à®æ¥áá�
®ª�§ë¢�îâ ¯à¨à®¤� ¨ å�à�ªâ¥à¨áâ¨ª¨ ä�§®¢ëå ä«ãªâã�æ¨© á¨£−�«®¢ ¢à¥¬¥−¨
¨ ç�áâ®âë [20]. „«ï ¯à®âï¦¥−−ëå ¬�£¨áâà�«¥©, å�à�ªâ¥à−ëå ¤«ï ®â¥ç¥áâ¢¥−-
−ëå ˆŠ‘, ¤�−−�ï §�¢¨á¨¬®áâì −®á¨â äã−¤�¬¥−â�«ì−ë© å�à�ªâ¥à. �â áª®à®áâ¨
¤¨áª®−â¨à®¢�−¨ï ª�ç¥áâ¢� �‘‚— §�¢¨á¨â ¯®â¥−æ¨�«ì−�ï ¤�«ì−®áâì ¨å à�á¯à¥¤¥-
«¥−¨ï, � á«¥¤®¢�â¥«ì−®, ®á−®¢−ë¥ â®¯®«®£¨ç¥áª¨¥ å�à�ªâ¥à¨áâ¨ª¨ á¨áâ¥¬ë —‚�.
�â® −¥¯®áà¥¤áâ¢¥−−® ¢«¨ï¥â −� ®¡ê¥¬ §�âà�ç¨¢�¥¬ëå à¥áãàá®¢, â. ¥. íª®−®¬¨ç¥-
áªãî íää¥ªâ¨¢−®áâì ¨−ä®à¬�æ¨®−−®© ¨−äà�áâàãªâãàë.

‘«¥¤®¢�â¥«ì−®, ª ç¨á«ã −�¨¡®«¥¥ ªà¨â¨ç¥áª¨å ä�ªâ®à®¢ ¢ à�áá¬�âà¨¢�¥¬®©
¯à¥¤¬¥â−®© ®¡«�áâ¨ ®â−®áïâáï á«¥¤ãîé¨¥:
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��§®¢ë¥ í«¥¬¥−âë â¥®à¨¨ ¯®áâà®¥−¨ï ¥¤¨−®© á¨áâ¥¬ë —‚� ¨−äà�áâàãªâãàë

(1) ã¦¥áâ®ç¥−¨¥ âà¥¡®¢�−¨© ª ª�ç¥áâ¢ã (áâ�¡¨«ì−®áâ¨, ãáâ®©ç¨¢®áâ¨, §�é¨é¥−-
−®áâ¨) �‘‚— ¢ á®¢à¥¬¥−−ëå ˆŠ‘;

(2) ãï§¢¨¬®áâì ª�−�«®¢ ¨ âà�ªâ®¢ ƒ‘‘;

(3) á¯®á®¡−®áâì ®¯â¨ç¥áª¨å âà�−á¯®àâ−ëå á¥â¥© à¥�«¨§®¢�âì á®¢à¥¬¥−−ë¥ ¯à®-
â®ª®«ë —‚� á §�¤�−−ë¬ ª�ç¥áâ¢®¬;

(4) §�¢¨á¨¬®áâì à¥áãàá®¥¬ª®áâ¨ ˆŠ‘ ®â á¢®©áâ¢ á¨áâ¥¬ë —‚�, ª®â®àë¥, ¢ á¢®î
®ç¥à¥¤ì, ®¯à¥¤¥«ïîâáï ¢®§¬®¦−®áâï¬¨ ª�ç¥áâ¢¥−−®© ¤®áâ�¢ª¨ �‘‚—;

(5) á¯¥æ¨ä¨ª� ¬−®£¨å âà¥¡ãîé¨å −¥¬¥¤«¥−−®£® à¥è¥−¨ï −�ãç−®-â¥å−¨ç¥áª¨å
§�¤�ç —‚�, á¢®©áâ¢¥−−ëå ¨áª«îç¨â¥«ì−® à®áá¨©áª¨¬ ˆŠ‘, ª®â®àë¥ −¥
áâ�¢ïâáï ¨ −¥ à¥è�îâáï ¢ ¤àã£¨å áâà�−�å.

�âª�§ ®â âà�¤¨æ¨®−−ëå ¯à¨−æ¨¯®¢ ¯à¨¬¥−¥−¨ï ƒ‘‘ ¨ ¯à¨¬¥−¥−¨¥ �«ì-
â¥à−�â¨¢−ëå áà¥¤áâ¢ £¥−¥à�æ¨¨ ¨ ¤®áâ�¢ª¨ �‘‚— ¯®âà¥¡ã¥â à�§à�¡®âª¨ −®¢®©
áâà®£®©, −® ¢ â® ¦¥ ¢à¥¬ï ª®−áâàãªâ¨¢−®© â¥®à¨¨ ¯®áâà®¥−¨ï á¨áâ¥¬ë —‚� [21],
¯®§¢®«ïîé¥© á ¥¤¨−ëå ¬¥â®¤®«®£¨ç¥áª¨å ¯®§¨æ¨© ®æ¥−¨¢�âì áãé¥áâ¢ãîé¥¥ ¯®-
«®¦¥−¨¥ ¤¥« ¢ ¯à¥¤¬¥â−®© ®¡«�áâ¨, ¨áá«¥¤®¢�âì ¯à¥¤«�£�¥¬ë¥ −®¢ë¥ à¥è¥−¨ï ¯®
¯®áâà®¥−¨î (á¨−â¥§ã, ¯à®¥ªâ¨à®¢�−¨î) á¨áâ¥¬ á¨−åà®−¨§�æ¨¨, ª®®à¤¨−�â−®-¢à¥-
¬¥−−�®£® ¨ −�¢¨£�æ¨®−−®£® ®¡¥á¯¥ç¥−¨ï, � â�ª¦¥ ®¡®á−®¢ë¢�âì ¯à¥¤«®¦¥−¨ï ¯® ¨å
®¯â¨¬¨§�æ¨¨ ®â−®á¨â¥«ì−® á¯¥æ¨ä¨ª¨ äã−ªæ¨®−¨à®¢�−¨ï −�æ¨®−�«ì−®© ¨−ä®à-
¬�æ¨®−−®© ¨−äà�áâàãªâãàë. ‚ ª�ç¥áâ¢¥ ï¤à� â�ª®© â¥®à¨¨ ¯® ¯à¥¤áâ�¢«¥−−ë¬
¢ëè¥ ¤®¢®¤�¬ ¯à¥¤«�£�¥âáï ¨á¯®«ì§®¢�âì �−�«¨â¨ç¥áª®¥ ®¯¨á�−¨¥ §�¢¨á¨¬®áâ¨
ª�ç¥áâ¢� á¨£−�«®¢ ¢à¥¬¥−¨ ¨ ç�áâ®âë ®â ¯à¨ç¨− ¨ å�à�ªâ¥à¨áâ¨ª ¨å ä«ãªâã�æ¨©.

2 Общие положения

‚ á®®â¢¥âáâ¢¨¨ á ƒ�‘’ ÷ 71150-2023 [22] ¯�à�¬¥âà�¬¨ ª�ç¥áâ¢� �‘‚—
áç¨â�îâáï (¢ áª®¡ª�å ¯à¨¢¥¤¥−ë �−�«®£¨ �¡¡à¥¢¨�âãà ¨§ �−£«®ï§ëç−ëå ¡¨¡«¨®-
£à�ä¨ç¥áª¨å ¨áâ®ç−¨ª®¢):

{ ¯à¨¢¥¤¥−−ë© ¯�à�¬¥âà ¤¦¨ââ¥à� qÐ (ððä,UIpp);

{ ¬�ªá¨¬�«ì−�ï ®è¨¡ª� ¢à¥¬¥−−�®£® ¨−â¥à¢�«� qÍ (íï÷é,MTIE);

{ ¤¥¢¨�æ¨ï ¢à¥¬¥−−�®£® ¨−â¥à¢�«� qÄ (ä÷é,TDEV);

{ ®â−®á¨â¥«ì−®¥ ®âª«®−¥−¨¥ ç�áâ®âë qÞ (ïïþ,RFD).

”�ªâ¨ç¥áª¨ �−�«®£¨ç−ë¥ ¯®ª�§�â¥«¨ ª�ç¥áâ¢� �‘‚— ®¯à¥¤¥«¥−ë ¢ à¥ª®¬¥−-
¤�æ¨ïå Œ‘�-’, −�¯à¨¬¥à G.811.1, G.812, G.813, G.8251, � â�ª¦¥ áâ�−¤�àâ�å
ETSI, −�¯à¨¬¥à EN 300 462-6-1, EN 300 462-4-1, EN 300 462-7-1, £¤¥ ¢ −¥-
ª®â®àëå ¨áâ®ç−¨ª�å ¯à¥¤«�£�¥âáï ¨á¯®«ì§®¢�âì ¥é¥ §−�ç¥−¨¥ ¤¨á¯¥àá¨¨ ¢à¥¬¥−¨
(TVAR). „«ï ¯¥à¨®¤� ¢à¥¬¥−¨ −�¡«î¤¥−¨ï τ ¬®¦−® §�¯¨á�âì, çâ®
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qÐ = max
t≤i≤τ

xi − min
t≤i≤τ

xi ; (1)

qÍ = max
1≤k≤N−n

xi

[
max

k≤i≤k+n
xi − min

k≤i≤k+n
xi

]
, n = 1, N − 1 ; (2)

qÄ =

√√√√√ 1

6n2(N − 3n+ 1)

N−3n+1∑

j=1




n+j−1∑

i=j

(xi+2n − 2xi+n + xi)




2

, n = 1,

⌊
N

3

⌋
;

(3)

qÞ =
τ2

3
qÄ , (4)

£¤¥ xi | i-© ®âáç¥â ¢à¥¬¥−−�®© ®è¨¡ª¨; τ0 | ¨−â¥à¢�« ¤¨áªà¥â¨§�æ¨¨ ¤«ï
¢à¥¬¥−− �ëå ®è¨¡®ª; n| ç¨á«® ¨−â¥à¢�«®¢ ¤¨áªà¥â¨§�æ¨¨ (¢ ¯à¥¤¥«�å ¯¥à¨®¤� τ ,
â�ª çâ® τ = nτ0); N | áã¬¬�à−®¥ ç¨á«® ®âáç¥â®¢ ¢à¥¬¥−−�®© ®è¨¡ª¨.

‚¨¤−®, çâ® ¢ëà�¦¥−¨ï (1){(4) ¯à¥¤−�§−�ç¥−ë ¤«ï ®¡à�¡®âª¨ �¯®áâ¥à¨®à−ëå
¤�−−ëå, ¯®«ãç¥−−ëå ¢ à¥§ã«ìâ�â¥ ¨§¬¥à¥−¨© ¯�à�¬¥âà®¢ −� ¤¥©áâ¢ãîé¥© ˆŠ‘,
¨ ®à¨¥−â¨à®¢�−ë £«�¢−ë¬ ®¡à�§®¬ −� ¬®−¨â®à¨−£ (�ã¤¨â) ª�ç¥áâ¢� —‚�. „«ï
à¥è¥−¨ï §�¤�ç ¯«�−¨à®¢�−¨ï (¯à®¥ªâ¨à®¢�−¨ï, á¨−â¥§�, ®¯â¨¬¨§�æ¨¨ áâàãªâãàë)
á¨áâ¥¬ë —‚� ¤�−−ë¥ ä®à¬�«¨§¬ë ¬�«®ª®−áâàãªâ¨¢−ë.

„�«¥¥ ¯à¥¤«�£�¥âáï à�§à�¡®â�âì ¡�§®¢ë¥ í«¥¬¥−âë â¥®à¨¨ ¯®áâà®¥−¨ï ¥¤¨−®©
á¨áâ¥¬ë —‚� −�æ¨®−�«ì−®© ¨−ä®à¬�æ¨®−−®© ¨−äà�áâàãªâãàë á ¨á¯®«ì§®¢�−¨-
¥¬ á¯¥ªâà�«ì−®© ª®àà¥«ïæ¨®−−®© â¥®à¨¨ á«ãç�©−ëå ¯à®æ¥áá®¢ ¨ ¢¥à®ïâ−®áâ−®©
¬¥àë. „«ï ¨å à�§à�¡®âª¨ −¥®¡å®¤¨¬® ãáâ�−®¢¨âì �−�«¨â¨ç¥áª¨¥ á®®â−®è¥−¨ï
¬¥¦¤ã â®¯®«®£¨ç¥áª¨¬¨ å�à�ªâ¥à¨áâ¨ª�¬¨ ¨−äà�áâàãªâãàë, á ®¤−®© áâ®à®−ë,
¨ ¢¥à®ïâ−®áâ−ë¬¨ ¨ í−¥à£¥â¨ç¥áª¨¬¨ å�à�ªâ¥à¨áâ¨ª�¬¨ ¯�à�¬¥âà®¢ áâ�¡¨«ì−®áâ¨
�‘‚— ¨ å�à�ªâ¥à¨áâ¨ª�¬¨ ¨å ¨áâ®ç−¨ª®¢, á ¤àã£®©.

Š�−®−¨ç¥áª®© ä®à¬®© ®¯¨á�−¨ï �‘‚— −� ¢ëå®¤¥ ¨áâ®ç−¨ª� á«ã¦¨â äã−ªæ¨ï
¢¨¤�

s(t) = A(t) sin�(t),

£¤¥ A(t)| ¬£−®¢¥−−�ï �¬¯«¨âã¤�; �(t)| ¯®«−�ï ä�§� �‘‚—. „«ï �¬¯«¨âã¤ë
â�ª®£® á¨£−�«� á¯à�¢¥¤«¨¢® ¤®¯ãé¥−¨¥ ® ¯®áâ®ï−áâ¢¥:

A(t) = An + ε(t) .

‡¤¥áì An | −®¬¨−�«ì−®¥ §−�ç¥−¨¥ �¬¯«¨âã¤ë á¨£−�«� á¨−åà®−¨§�æ¨¨; ε(t) |
®âª«®−¥−¨¥ ®â −®¬¨−�«ì−®£® §−�ç¥−¨ï, áãé¥áâ¢¥−−® ¬¥−ìè¥¥ An:

ε(t)

An
≪ 1 .

ˆáá«¥¤®¢�−¨ï ¯®ª�§�«¨, çâ® ®âª«®−¥−¨¥¬ ε(t) ®â −®¬¨−�«ì−®£® §−�ç¥−¨ï
�¬¯«¨âã¤ë ¬®¦−® ¯à¥−¥¡à¥çì ¯à¨ ¬®¤¥«¨à®¢�−¨¨ ä«ãªâã�æ¨© �‘‚—, ¡®«¥¥
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��§®¢ë¥ í«¥¬¥−âë â¥®à¨¨ ¯®áâà®¥−¨ï ¥¤¨−®© á¨áâ¥¬ë —‚� ¨−äà�áâàãªâãàë

¢�¦−ë ¤�−−ë¥ ® ç�áâ®â−®-¢à¥¬¥−− �ëå å�à�ªâ¥à¨áâ¨ª�å á¨£−�«� s(t), §�«®¦¥−−ëå
¢ ¥£® ¯®«−®© ä�§¥ �(t), ª®â®à�ï ¬®¦¥â ¡ëâì §�¯¨á�−� ¢ ä®à¬¥ ¬£−®¢¥−−®©
ç�áâ®âë:

ν(t) =
1

2π

d�(t)

dt
.

‚ [3] ¯®ª�§�−®, çâ® á¯à�¢¥¤«¨¢®© ¨ ª®−áâàãªâ¨¢−®© ¢ à�¬ª�å ¯®áâ�¢«¥−−®©
æ¥«¨ ¨áá«¥¤®¢�−¨ï ®ª�§ë¢�¥âáï ¬®¤¥«ì ¬£−®¢¥−−®© ç�áâ®âë ¢¨¤�

ν(t) = ν0 + νd(t) + νa(t) ,

£¤¥ ν0 | −®¬¨−�«ì−�ï ç�áâ®â�, áª«�¤ë¢�îé�ïáï ¨§ −®¬¨−�«ì−®© ç�áâ®âë νn

¨ −�ç�«ì−®£® á¤¢¨£� –ν: ν0 = νn + –ν; νd(t) | ¤à¥©ä ç�áâ®âë; νa(t) |
á«ãç�©−�ï á®áâ�¢«ïîé�ï ç�áâ®âë.

‚¥«¨ç¨−� −�ç�«ì−®£® á¤¢¨£� ç�áâ®âë §�¢¨á¨â ®â â®ç−®áâ¨ −�ç�«ì−®© ãáâ�-
−®¢ª¨. „à¥©ä ç�áâ®âë νd(t) ¤«ï ª®−ªà¥â−®£® â¨¯� ¨áâ®ç−¨ª� �‘‚— áç¨â�¥âáï
¤¥â¥à¬¨−¨à®¢�−−ë¬ á«�£�¥¬ë¬, §�¢¨áïé¨¬ ®â ¢à¥¬¥−¨. „«ï ª�¦¤®£® ®â¤¥«ì−®£®
ãáâà®©áâ¢� íâ®â ¤à¥©ä á¯à®¢®æ¨à®¢�− à�§«¨ç−ë¬¨ ¯à®æ¥áá�¬¨, á¢®©áâ¢¥−−ë¬¨
¨¬¥−−® íâ®¬ã ®¡à�§æã. �¤¥ª¢�â−®© ¬®¤¥«ìî ¤à¥©ä� ç�áâ®âë νd(t) áç¨â�¥âáï àï¤

νd(t) =
K−1∑

k=1

dkt
k

k!
, (5)

£¤¥ dk (k = 1,K − 1) | ª®íää¨æ¨¥−âë, −¥ §�¢¨áïé¨¥ ®â ¢à¥¬¥−¨, ¯à¥¤áâ�¢«ï-
îé¨¥ á®¡®© á«ãç�©−ë¥ ¢¥«¨ç¨−ë, ®¯à¥¤¥«¥−−ë¥ −� ¢á¥¬ ¬−®¦¥áâ¢¥ ¯à®áâà�−áâ-
¢¥−−®-à�§−¥á¥−−ëå ¯® á¥â¨ ¨áâ®ç−¨ª®¢ �‘‚—.

„«ï ®¯à¥¤¥«¥−−®£® ãáâà®©áâ¢� íâ¨ ª®íää¨æ¨¥−âë ¯à¥¤áâ�¢«ïîâ á®¡®© ¯®-
áâ®ï−−ë¥ ¢¥«¨ç¨−ë. �®íâ®¬ã ¤«ï ¬®¤¥«¨à®¢�−¨ï ç�áâ® ®£à�−¨ç¨¢�îâáï â®«ìª®
¯¥à¢ë¬ ç«¥−®¬ àï¤� (5):

νd(t) ≈ d1t = Dνnt ,

£¤¥ D | áª®à®áâì «¨−¥©−®£® ¤à¥©ä�.
‘«ãç�©−�ï á®áâ�¢«ïîé�ï ¬£−®¢¥−−®© ç�áâ®âë á â®çª¨ §à¥−¨ï ä�§®¢®£® ¯à¥¤-

áâ�¢«¥−¨ï ¬®¦¥â ¡ëâì §�¯¨á�−� ª�ª

νa(t) =
1

2π

dϕ(t)

dt
,

£¤¥ ϕ(t)| áâ®å�áâ¨ç¥áª¨© ¯à®æ¥áá á«ãç�©−®£® ®âª«®−¥−¨ï ä�§ë á¨−åà®á¨£−�«�;
á«¥¤®¢�â¥«ì−®, ϕ(t)/(2π)| áâ®å�áâ¨ç¥áª¨© ¯à®æ¥áá á«ãç�©−®£® ®âª«®−¥−¨ï ç�á-
â®âë á¨−åà®á¨£−�«�. „�−−ë¥ ¢¥«¨ç¨−ë ¬®¦−® ¨á¯®«ì§®¢�âì ¤«ï ¬®¤¥«¨à®¢�−¨ï
á®¡áâ¢¥−−®£® èã¬� ¨áâ®ç−¨ª� �‘‚—.
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’�ª¨¬ ®¡à�§®¬, ¬£−®¢¥−−ãî ç�áâ®âã æ¥«¥á®®¡à�§−® ¯à¥¤áâ�¢¨âì ¢ ä®à¬�«ì-
−®¬ ¢¨¤¥ ª�ª

ν(t) = νn +–ν +

K−1∑

k=1

dkt
k

k!
+
1

2π

dϕ(t)

dt
.

‚á«¥¤áâ¢¨¥ íâ®£® ®¡®¡é¥−−�ï ä�§� �‘‚— ¬®¦¥â ¡ëâì ®â®¡à�¦¥−� ä®à¬ã«®©

�(t) = 2π (νn +–ν) t+ πDνnt
2 + ϕ(t) + �0 ,

£¤¥ �0 = �(0)− ϕ(0).
’�ª®¥ ¯à¥¤áâ�¢«¥−¨¥ ®¡®¡é¥−−®© ä�§ë æ¥«¥á®®¡à�§−® ¨á¯®«ì§®¢�âì ¤«ï ä®à-

¬¨à®¢�−¨ï ¡�§®¢ëå í«¥¬¥−â®¢ â¥®à¨¨ ¯®áâà®¥−¨ï á¨áâ¥¬ë —‚� ¢ ¢¨¤¥ ä®à¬�-
«¨§¬®¢ ä�§®¢ëå ä«ãªâã�æ¨© (””) �‘‚—.

“¯à®é¥−¨¥ ¯à¥¤áâ�¢«¥−−®£® ¢ëà�¦¥−¨ï ¬®¦¥â ¡ëâì ¯®«ãç¥−® ¨áå®¤ï ¨§ ¤¢ãå
ä�ªâ®¢:

(1) §�¢¨á¨¬ë© ®â ¢à¥¬¥−¨ ¤à¥©ä ç�áâ®âë πDνnt
2 ¬®¦−® ¨§¬¥à¨âì ¨ ¯®«ãç¨âì

¤«ï ª�¦¤®£® ª®−ªà¥â−®£® ®¡à�§æ� ¨áâ®ç−¨ª� �‘‚—, çâ® ¯®§¢®«ï¥â áç¨â�âì
¥£® §�¤�−−ë¬ ¨ ¤¥â¥à¬¨−¨à®¢�−−ë¬;

(2) á¤¢¨£ ç�áâ®âë –ν æ¥«¥á®®¡à�§−® ¨áª«îç¨âì, â�ª ª�ª ¯à¥æ¨§¨®−−�ï ¯¥à¢®-
−�ç�«ì−�ï ª�«¨¡à®¢ª� ¯®§¢®«ï¥â á¢¥áâ¨ ¥£® ª −ã«î.

’®£¤� §�¢¨á¨¬ë¥ ®â ¢à¥¬¥−¨ ”” ¬®¦−® ®¯à¥¤¥«¨âì ª�ª

�(t) = 2πνnt+�0 .

‚ëè¥¨§«®¦¥−−®¥ ¯®§¢®«ï¥â ¬®¤¥«¨à®¢�âì á«ãç�©−ë¥ ä«ãªâã�æ¨¨ ç�áâ®âë
y(t) ¨ ¢à¥¬¥−¨ x(t), ¢ëï¢«ï¥¬ë¥ ¢ �‘‚—, ä®à¬¨àã¥¬ëå ¨áâ®ç−¨ª�¬¨, ç¥à¥§
ä�§®¢ë¥ á¢®©áâ¢�:

y(t) =
1

2πνn

dϕ(t)

dt
; x(t) =

ϕ(t)

2πνn
. (6)

”®à¬�«¨§¬ë (6) á«ã¦�â ¬®¤¥«ï¬¨ â®«ìª® á«ãç�©−ëå ä«ãªâã�æ¨© ç�áâ®âë
¨ ¢à¥¬¥−¨, −¥ ãç¨âë¢�îâ á¤¢¨£ ¨ ¤à¥©ä ç�áâ®âë �‘‚—.

ˆ§ íâ®© ¦¥ «®£¨ª¨ ¬®¦−® ®¯à¥¤¥«¨âì äã−ªæ¨î ¢à¥¬¥−¨ T (t) �‘‚— (¨áâ®ç-
−¨ª�) ç¥à¥§ ®¡®¡é¥−−ãî ä�§ã:

T (t) =
�(t)

2πνn
.

�ç¥¢¨¤−®, çâ® ¤«ï ¨¤¥�«ì−®£® ¨áâ®ç−¨ª� TÉÄÅÁÌ(t) = T (t) = t, £¤¥ t |
â¥ªãé¥¥ ¢à¥¬ï. �à¨ íâ®¬ äã−ªæ¨ï ¯®£à¥è−®áâ¨ ¢à¥¬¥−¨ TE(t) ¤«ï �‘‚—
(¨áâ®ç−¨ª�) ®¯à¥¤¥«ï¥âáï ª�ª

TE(t) = T (t)− TÏÐ(t),
£¤¥ TÏÐ(t)| ®¯®à−®¥ ¢à¥¬ï.
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’�ª¨¬ ®¡à�§®¬, áâ�¡¨«ì−®áâì �‘‚— (¨áâ®ç−¨ª®¢) ¬®¦¥â ¡ëâì ¯à¥¤áâ�¢«¥−�
−� ®á−®¢¥ ¬�â¥¬�â¨ç¥áª®£® ¨−áâàã¬¥−â�à¨ï á«ãç�©−ëå ¯à®æ¥áá®¢ ϕ(t), x(t), y(t)
¨«¨ ν(t) ¨ TE(t). Š«îç¥¢ãî à®«ì ¯à¨ íâ®¬ ¨£à�îâ ””. ˆ§ äã−¤�¬¥−â�«ì−®©
â¥®à¨¨ í«¥ªâà®¬�£−¨â−®£® ¯®«ï ¨§¢¥áâ−®, çâ® ®¯¨á�−¨¥ á«ãç�©−ëå ¯à®æ¥áá®¢
ϕ(t), x(t), y(t), ν(t) ¨ TE(t) ¢®§¬®¦−® ª�ª ¢® ¢à¥¬¥−−�®© ®¡«�áâ¨ (¢ëà�¦¥-
−¨ï (1){(4)), â�ª ¨ ¢ ®¡«�áâ¨ ç�áâ®â ”ãàì¥. �à¨ íâ®¬ ® áâ�¡¨«ì−®áâ¨ �‘‚—
(¨áâ®ç−¨ª®¢) ¢ ç�áâ®â−®© ®¡«�áâ¨ ¬®¦−® á¤¥«�âì ¢ë¢®¤ ¯® áâ¥¯¥−¨ à�áá¥ï−¨ï
¬®é−®áâ¨ ¢ ç�áâ®â−®© ®¡«�áâ¨ ®ª®«® ¨¤¥�«ì−®© −¥áãé¥© [4].

3 Классификация фазовых флуктуаций
и моделирование их источников

”�§®¢ë¥ ä«ãªâã�æ¨¨ ¤�«¥¥ ¯®−¨¬�îâáï ª�ª á«ãç�©−ë¥ ®âª«®−¥−¨ï ¢® ¢à¥¬¥-
−¨ äà®−â� ¨¬¯ã«ìá®¢ æ¨äà®¢®£® á¨£−�«� ®â ¥£® ¨¤¥�«ì−®£® ¯®«®¦¥−¨ï. Š«�áá¨-
ä¨ª�æ¨ï ”” ç�áâ® ®áãé¥áâ¢«ï¥âáï ¯® ¨å ¢à¥¬¥−¨ ¯à®ï¢«¥−¨ï. Šà�âª®¢à¥¬¥−−ë¥
””, ç�áâ®â� ª®â®àëå ¡®«ìè¥ ¨«¨ à�¢−� 10 ƒæ, ®¯à¥¤¥«ïîâáï ª�ª ä�§®¢ë¥ ¤à®-
¦�−¨ï (”„). „®«£®¢à¥¬¥−−ë¥ ””, ç�áâ®â� ª®â®àëå ¬¥−ìè¥ 10 ƒæ, −�§ë¢�îâáï
ä�§®¢ë¬¨ ¡«ã¦¤�−¨ï¬¨ (”�).

Š«�áá¨ä¨ª�æ¨î ”” æ¥«¥á®®¡à�§−® ¯à®¢¥áâ¨ ¨áå®¤ï ¨§ ¨å ä¨§¨ç¥áª¨å ¯à¨-
ç¨−, â. ¥. ¯® ¨áâ®ç−¨ª�¬ ””. „«ï íâ®£® ¨§ ¢á¥© áã¬¬ë ”” −¥®¡å®¤¨¬® ¢ë¤¥-
«¨âì á«ãç�©−ë¥ ¨ á¨áâ¥¬�â¨ç¥áª¨¥ ”” (à¨á. 1). ˆáâ®ç−¨ª�¬¨ á«ãç�©−ëå ””
(‘«””) á«ã¦�â: â¥¯«®¢®© èã¬, ¤à®¡®¢ë© èã¬, 1/f-èã¬ ¨ ¤àã£¨¥, §�¢¨áïé¨¥
®â ä¨§¨ç¥áª®© ¯à¨à®¤ë ¨áâ®ç−¨ª� �‘‚— ¨ âà�ªâ� ¥£® ¤®áâ�¢ª¨.

‚á«¥¤áâ¢¨¥ íâ®£® ‘«”” ¨¬¥îâ −¥à¥£ã«ïà−ë© å�à�ªâ¥à ¨, ª�ª á«¥¤áâ¢¨¥, −¥
ª®àà¥«¨à®¢�−ë −¨ á ª�ª¨¬¨ ¤àã£¨¬¨ á«ãç�©−ë¬¨ ¯à®æ¥áá�¬¨.

‘¨áâ¥¬�â¨ç¥áª¨¥ ”” (‘¨””) ¤«ï ª�¦¤®£® ª®−ªà¥â−®£® ¨áâ®ç−¨ª� �—‚‘
¨ âà�ªâ� ¥£® ¤®áâ�¢ª¨ ¨¬¥îâ ¯à¥¤áª�§ã¥¬ë¥ å�à�ªâ¥à¨áâ¨ª¨. Š â�ª¨¬ ¯à¨−ïâ®
®â−®á¨âì ¯¥à¨®¤¨ç¥áª¨¥ ä«ãªâã�æ¨¨ (�””), ä«ãªâã�æ¨¨, §�¢¨áïé¨¥ ®â ¯�-
à�¬¥âà®¢ ¤�−−ëå (””„), ¨ ä«ãªâã�æ¨¨ ¢á«¥¤áâ¢¨¥ ¨áª�¦¥−¨ï ª®íää¨æ¨¥−â�
§�¯®«−¥−¨ï (””‡).

÷¨á. 1 ‚�à¨�−â ª«�áá¨ä¨ª�æ¨¨ ””
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Œ®¤¥«¨à®¢�−¨¥ ¯¥à¥ç¨á«¥−−ëå ä�ªâ®à®¢ á«¥¤ã¥â ¯à®¢®¤¨âì ¨áå®¤ï ¨§ ¯à¨-
à®¤ë. ˆáá«¥¤®¢�−¨ï ¯®ª�§�«¨, çâ® ‘¨”” ®£à�−¨ç¥−ë ¯® �¬¯«¨âã¤¥ ¨ å�-
à�ªâ¥à¨§ãîâáï §−�ç¥−¨¥¬ ¯®«−®£® à�§¬�å�. ‘«ãç�©−ë¥ ”” −¥ ®£à�−¨ç¥−ë
¨ å�à�ªâ¥à¨§ãîâáï áà¥¤−¥ª¢�¤à�â¨ç−ë¬ ®âª«®−¥−¨¥¬ σ.

‚ ª�ç¥áâ¢¥ ¬�â¥¬�â¨ç¥áª®© ¬®¤¥«¨ ‘«”” æ¥«¥á®®¡à�§−® ¨á¯®«ì§®¢�âì á«ã-
ç�©−ë© ¯à®æ¥áá á äã−ªæ¨¥© ¯«®â−®áâ¨ ¢¥à®ïâ−®áâ¨ (”�‚), à�á¯à¥¤¥«¥−−®© ¯®
−®à¬�«ì−®¬ã §�ª®−ã:

fóÌææ(x) =
1

σ
√
2π
exp−(x−η)2/(2σ2),

£¤¥ η | −®¬¨−�«ì−ë© ¯¥à¨®¤ ¨áâ®ç−¨ª� �‘‚—; σ | áà¥¤−¥ª¢�¤à�â¨ç−®¥ ®âª«®-
−¥−¨¥ ‘«””.

„®¯ãé¥−¨¥ ® −®à¬�«ì−®¬ §�ª®−¥ ”�‚ ®¡ãá«®¢«¥−® á«¥¤ãîé¨¬¨ ¤®¢®¤�¬¨.
‚®-¯¥à¢ëå, â¥¯«®¢®© èã¬, ¢−®áïé¨© ®á−®¢−®© ¢ª«�¤ ¢ ‘«””, á�¬ ®¯¨áë¢�¥âáï
−®à¬�«ì−ë¬ §�ª®−®¬ à�á¯à¥¤¥«¥−¨ï. ‚®-¢â®àëå, ‘«”” ¢ª«îç�îâ ¢ á¥¡ï ä«ãª-
âã�æ¨¨ ¨§-§� ¡®«ìè®£® ç¨á«� à�§«¨ç−ëå ä¨§¨ç¥áª¨å íää¥ªâ®¢ (¢ £¥−¥à�â®à−®¬
®¡®àã¤®¢�−¨¨, ®¡®àã¤®¢�−¨¨ ¬ã«ìâ¨¯«¥ªá¨à®¢�−¨ï ¨ ª®¬¬ãâ�æ¨¨, «¨−¨¨ ¯¥à¥-
¤�ç¨; áãâ®ç−®¥ ¨ á¥§®−−®¥ ¨§¬¥−¥−¨¥ â¥¬¯¥à�âãàë ¨ â. ¤.). ‘ã¬¬� ¡®«ìè®£® ç¨á«�
−¥§�¢¨á¨¬ëå (¨«¨ á«�¡® §�¢¨á¨¬ëå) á«ãç�©−ëå ¢¥«¨ç¨− ¢ á¨«ã æ¥−âà�«ì−®©
¯à¥¤¥«ì−®© â¥®à¥¬ë ¢ à¥§ã«ìâ�â¥ ä®à¬¨àã¥â à�á¯à¥¤¥«¥−¨¥, ¯à¨¡«¨¦�îé¥¥áï
ª −®à¬�«ì−®¬ã §�ª®−ã.

��¨¡®«ìè¨© ¢ª«�¤ ¢ á¨áâ¥¬�â¨ç¥áª¨¥ ”” ¢−®áïâ ¯¥à¨®¤¨ç¥áª¨¥ ä«ãªâã�-
æ¨¨. �−¨ ¢®§−¨ª�îâ ¢á«¥¤áâ¢¨¥ ¢®§¤¥©áâ¢¨ï ¯¥à¨®¤¨ç¥áª¨å ¯®¬¥å, â�ª¨å ª�ª
¢«¨ï−¨¥ ¯�à�¬¥âà®¢ £¥â¥à®¤¨−� ¨«¨ ¨¬¯ã«ìá−®£® ¨áâ®ç−¨ª� ¯¨â�−¨ï, −¥¦¥«�-
â¥«ì−ëå ¯¥à¥ªà¥áâ−ëå ¨áª�¦¥−¨©, −¥¨¤¥�«ì−®áâ¨ áå¥¬ ä�§®¢®© �¢â®¯®¤áâà®©ª¨
ç�áâ®âë â¥«¥ª®¬¬ã−¨ª�æ¨®−−®£® ®¡®àã¤®¢�−¨ï ¨ ¯à.

ˆáá«¥¤®¢�−¨ï ¯®ª�§�«¨, çâ® äã−ªæ¨ï ¯«®â−®áâ¨ ¢¥à®ïâ−®áâ¥© �”” ¨¬¥¥â
�àªá¨−ãá−ãî ”�‚ ¢¨¤�

fðææ(x) =






1

π

√
1

A2 − x2
, |x| ≤ A ;

0 , |x| > A ,

£¤¥ A | �¬¯«¨âã¤� �””.
Œ®¤¥«¨ ”�‚ ¤«ï ””„, � â�ª¦¥ ”�‚ ¤«ï ””‡ ¨§-§� áå®¤áâ¢� áâ�-

â¨áâ¨ç¥áª®£® ¯®¢¥¤¥−¨ï æ¥«¥á®®¡à�§−® ¯à¥¤áâ�¢¨âì ¢ ä®à¬¥ ¤¢ãå ®â¤¥«ì−ëå
�¬¯«¨âã¤−ëå á®áâ�¢«ïîé¨å, ®¯¨áë¢�¥¬ëå ¤¢®©−®© ”�‚ „¨à�ª�:

fææä(x) =
1

2
(δ(x − θ) + δ(x + θ)) ;

fææú(x) =
1

2
(δ(x − λ) + δ(x+ λ)) ,

£¤¥ δ(x)| äã−ªæ¨ï „¨à�ª�; θ | �¬¯«¨âã¤� ””„; λ | �¬¯«¨âã¤� ””‡.
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�¥á¬®âàï −� â® çâ® äã−ªæ¨¨ ¯«®â−®áâ¨ ¢¥à®ïâ−®áâ¥© ””„ ¨ ””‡ ®â«¨ç�-
îâáï â®«ìª® �¬¯«¨âã¤�¬¨, ¯à¨à®¤� ¨å ¯à®¨áå®¦¤¥−¨ï à�§«¨ç−�. ‚®§−¨ª−®¢¥-
−¨¥ ””„ ¢ë§¢�−® ¬¥¦á¨¬¢®«ì−®© ¨−â¥àä¥à¥−æ¨¥©. ��¯à¨¬¥à, ¢ ®¯â¨ç¥áª¨å
âà�ªâ�å ¬¥¦á¨¬¢®«ì−�ï ¨−â¥àä¥à¥−æ¨ï ¢ë§¢�−� ¤¨á¯¥àá¨¥© (åà®¬�â¨ç¥áª®©, ¯®-
«ïà¨§�æ¨®−−®©, ¬®¤®¢®©) à�á¯à®áâà�−¥−¨ï ¨§«ãç¥−¨ï. �â® ï¢«¥−¨¥ ¢®§−¨ª�¥â
¢á«¥¤áâ¢¨¥ −�«¨ç¨ï ç�áâ®â−®© §�¢¨á¨¬®áâ¨ ¯®ª�§�â¥«ï ¯à¥«®¬«¥−¨ï ¨ à�§«¨ç¨ï
¢à¥¬¥−¨ à�á¯à®áâà�−¥−¨ï à�§−ëå ¬®¤ ¢ áà¥¤¥ à�á¯à®áâà�−¥−¨ï.

�®ï¢«¥−¨¥ ””‡ ¢ë§¢�−® ¨§¬¥−¥−¨ï¬¨ ¯®à®£� ª¢�−â®¢�−¨ï í«¥ªâà®®¯â¨ç¥-
áª®£® ¯à¥®¡à�§®¢�−¨ï ®â−®á¨â¥«ì−® ¥£® ®¯â¨¬�«ì−®£® ¯®«®¦¥−¨ï. “¢¥«¨ç¥−¨¥
¯®à®£� ¢¥¤¥â ª §�¤¥à¦ª¥ ¯¥à¥¤−¥£® äà®−â� −� −¥ª®â®àãî á«ãç�©−ãî ¢¥«¨ç¨-
−ã –τÐÆ, ¯à¨ íâ®¬ §�¤−¨© äà®−â, −�¯à®â¨¢, −�áâã¯¨â à�−ìè¥ −� ¢¥«¨ç¨−ã –τÚÆ.
‚ á¢®î ®ç¥à¥¤ì, à�§«¨ç−ë¥ ¢à¥¬¥−� −�à�áâ�−¨ï ¨ á¯�¤� äà®−â®¢ ¨¬¯ã«ìá� ¯à¨-
¢®¤ïâ ª â®¬ã, çâ® ¯®£à¥è−®áâì ª®íää¨æ¨¥−â� §�¯®«−¥−¨ï ¯¥à¥å®¤� ¢ëá®ª®£®
ãà®¢−ï ¤¢®¨ç−®£® á¨£−�«� ¢ −¨§ª¨© –τ×Î −¥ ¡ã¤¥â à�¢−� ¯®£à¥è−®áâ¨ ¯¥à¥å®-
¤� −¨§ª®£® ãà®¢−ï á¨£−�«� ¢ ¢ëá®ª¨© –τÎ× ¯à®¯®àæ¨®−�«ì−® à�§−¨æ¥ ¬¥¦¤ã
¢à¥¬¥−�¬¨ −�à�áâ�−¨ï ¨ á¯�¤�.

4 Моделирование суммарных фазовых флуктуаций

‘¯¥æ¨ä¨ª� ¯à®ï¢«¥−¨ï ªà�âª®¢à¥¬¥−−ëå ¨ ¤®«£®¢à¥¬¥−−ëå ”” ®¡ãá«®¢-
«¨¢�¥â à�§−ë¥ ¯®¤å®¤ë ª ¨å ¨§¬¥à¥−¨ï¬ ¨ ®æ¥−ª¥.

Œ£−®¢¥−−ë¥ §−�ç¥−¨ï ªà�âª®¢à¥¬¥−−ëå ”” ®¯à¥¤¥«ïîâáï ª�ª ¬�ªá¨¬�«ì-
−ë© à�§¬�å �¬¯«¨âã¤ë, ¨§¬¥à¥−−ë© −� 60-á¥ªã−¤−®¬ ¨−â¥à¢�«¥. �à¨ íâ®¬
í−¥à£¥â¨ç¥áª¨© á¯¥ªâà ªà�âª®¢à¥¬¥−−ëå ”” ¤®áâ�â®ç−® á«®¦¥−, � ¯®â®¬ã ¤«ï
¥£® ¨§¬¥à¥−¨ï ¨ −®à¬¨à®¢�−¨ï ¯à¨¬¥−ï¥âáï ¬¥â®¤ ¤¢ãå ¢§¢¥è¨¢�îé¨å ¯®«®á®-
¢ëå ä¨«ìâà®¢ (�”) á á®®â¢¥âáâ¢ãîé¨¬¨ ç�áâ®â−ë¬¨ å�à�ªâ¥à¨áâ¨ª�¬¨ H×Þ1,
H×Þ2 ¨ HÎÞ1, ã¤®¢«¥â¢®àïîé¨¬¨ âà¥¡®¢�−¨ï¬ à¥ª®¬¥−¤�æ¨© Œ‘�-’ G.8251
¨ O.172 [23].

„«ï ¨§¬¥à¥−¨ï ¤®«£®¢à¥¬¥−−ëå ”” ¨á¯®«ì§ã¥âáï ä¨«ìâà −¨§ª¨å ç�áâ®â
(”�—) á ¯®«®á®© 10 ƒæ, á å�à�ªâ¥à¨áâ¨ª®© ¯¥à¢®£® ¯®àï¤ª� HÎÞ, á®®â¢¥âáâ¢ã-
îé¥© âà¥¡®¢�−¨ï¬ à¥ª®¬¥−¤�æ¨© Œ‘�-’ G.812 ¨ G.813.

‘ ãç¥â®¬ ¯à¨−ïâëå ¬¥â®¤®¢ ¨§¬¥à¥−¨ï ””, � â�ª¦¥ ç�áâ®â−ëå å�à�ªâ¥à¨áâ¨ª
¯à¨¬¥−ï¥¬ëå ¨§¬¥à¨â¥«ì−ëå ä¨«ìâà®¢ ¬®¦−® ¯à¥¤áâ�¢¨âì á®®â¢¥âáâ¢ãîé¨¥
”�‚ áã¬¬�à−ëå ”” ®â ¯®ª�§�â¥«¥© áâ�¡¨«ì−®áâ¨ �‘‚— (à¨á. 2).

‚ ç�áâ−®áâ¨, ¤«ï ªà�âª®¢à¥¬¥−−ëå ”” á®®â¢¥âáâ¢ãîé¨¥ ”�‚ áã¬¬�à−ëå
”” ®â ¯®ª�§�â¥«ï ¯à¨¢¥¤¥−−®£® ¯�à�¬¥âà� ¤¦¨ââ¥à� (��„, UIpp), ¯à¥¤áâ�¢-
«¥−−®£® ¢ëà�¦¥−¨¥¬ (1), ¬®¦−® ä®à¬�«¨§®¢�âì ¢ ¢¨¤¥

f1ððä = ξððä(fææ(x)HÎÞ1,H×Þ1) ;

f2ððä = ξððä(fææ(x)HÎÞ1,H×Þ2) .

}
(7)

‡¤¥áì HÎÞ1 | ç�áâ®â−�ï å�à�ªâ¥à¨áâ¨ª� ”�— âà¥âì¥£® ¯®àï¤ª�; H×Þ1
¨ H×Þ2 | ç�áâ®â−ë¥ å�à�ªâ¥à¨áâ¨ª¨ ä¨«ìâà®¢ ¢ëá®ª¨å ç�áâ®â ¯¥à¢®£® ¯®àï¤ª�;
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÷¨á. 2 Œ¥â®¤ ¨§¬¥à¥−¨ï ªà�âª®¢à¥¬¥−−ëå ”” ¨ ¯®«ãç¥−¨ï ”�‚ ¯®ª�§�â¥«¥©
áâ�¡¨«ì−®áâ¨ �‘‚—

÷¨á. 3 Œ¥â®¤ ¨§¬¥à¥−¨ï ¤®«£®¢à¥¬¥−−ëå ”” ¨ ¯®«ãç¥−¨ï ”�‚ ¯®ª�§�â¥«¥© áâ�-
¡¨«ì−®áâ¨ �‘‚—

|Hmeas(j · 2πf)|2 = H×Þ1(×Þ2)HÎÞ1 | ç�áâ®â−�ï å�à�ªâ¥à¨áâ¨ª� ¯®«®á®¢®£®
ä¨«ìâà�.

”ã−ªæ¨ï ¯«®â−®áâ¨ ¢¥à®ïâ−®áâ¨ áã¬¬�à−ëå ¤®«£®¢à¥¬¥−−ëå ”” (à¨á. 3)
®â ¯®ª�§�â¥«¥© áâ�¡¨«ì−®áâ¨ �‘‚—, ¢ëà�¦¥−−ëå ç¥à¥§ ¬�ªá¨¬�«ì−ãî ®è¨¡-
ªã ¢à¥¬¥−−®£® ¨−â¥à¢�«� qÍ(íï÷é,MTIE) ¨ ¤¥¢¨�æ¨î ¢à¥¬¥−−�®£® ¨−â¥à¢�-
«� qÄ(ä÷é,TDEV), ¢ëà�¦¥−¨ï á®®â¢¥âáâ¢¥−−® (2) ¨ (3), ¬®¦−® ¯à¥¤áâ�¢¨âì
¢ ¢¨¤¥:

fíï÷é = ξíï÷é(fææ(x),HÎÞ) ;

fä÷é = ξä÷é(fææ(x),HÎÞ) .

}
(8)

�−�«®£¨ç−ë¬ ®¡à�§®¬ ¬®¦−® ¯à¥¤áâ�¢¨âì ”�‚ áã¬¬�à−ëå ”” ®â ¯®-
ª�§�â¥«ï áâ�¡¨«ì−®áâ¨ ç�áâ®âë �‘‚— | ®â−®á¨â¥«ì−®£® ®âª«®−¥−¨ï ç�áâ®-
âë qÞ(ïïþ,RFD):

fïïþ = ξïïþ(fææ(x)) , q
Þ =

–f

fÎÏÍ
=
fÄ − fÎÏÍ
fÎÏÍ

, (9)

£¤¥ fÄ | ¤¥©áâ¢¨â¥«ì−®¥, � fÎÏÍ | −®¬¨−�«ì−®¥ §−�ç¥−¨¥ ç�áâ®âë.

142 ‘ˆ‘’…Œ› ˆ ‘÷…„‘’‚� ˆ�”�÷Œ�’ˆŠˆ â®¬ 36 −®¬¥à 2 2026



��§®¢ë¥ í«¥¬¥−âë â¥®à¨¨ ¯®áâà®¥−¨ï ¥¤¨−®© á¨áâ¥¬ë —‚� ¨−äà�áâàãªâãàë

‘ ãç¥â®¬ ¢ëà�¦¥−¨© (1){(4) ä®à¬�«¨§¬ë (7){(9) ¯à¥¤áâ�¢«ïîâ á®¡®© ª®¬¯«¥ªá
¡�§®¢ëå í«¥¬¥−â®¢ â¥®à¨¨ ¯®áâà®¥−¨ï á¨áâ¥¬ë —‚� ¨ ¤�îâ ¯àï¬®¥ ®¯¨á�−¨¥
§�¢¨á¨¬®áâ¨ ¬¥¦¤ã ¬£−®¢¥−−ë¬¨ §−�ç¥−¨ï¬¨ �‘‚— ¨ ¯�à�¬¥âà�¬¨ ª�ç¥áâ¢�
—‚� ¢ ä�§®¢®¬ ¯à®áâà�−áâ¢¥. …á«¨ (á¬. à¨á. 1)

xææ(t) = xóÌææ(t) + xðææ(t) + xææä(t) + xææú(t) ,

â® ¨áª®¬ë¥ §�ª®−®¬¥à−®áâ¨ æ¥«¥á®®¡à�§−® −�©â¨ ¯ãâ¥¬ á¢¥àâª¨

fææ(t) = fóÌææ(t) ∗ fðææ(t) ∗ fææä(t) ∗ fææú(t) . (10)

‚ â�ª®¬ ¯à¥¤áâ�¢«¥−¨¨ äã−ªæ¨ï (10) áâ�−®¢¨âáï ¬®¤¥«ìî ”” ¨áâ®ç−¨ª®¢
�‘‚—. �−� å�à�ªâ¥à¨§ã¥â ª�ç¥áâ¢® �‘‚— â®«ìª® −� ¢ëå®¤¥ £¥−¥à�â®à�. ‚ à�¬-
ª�å ¯®áâ�¢«¥−−ëå æ¥«¥© ¨áá«¥¤®¢�−¨ï −¥®¡å®¤¨¬® −�å®¦¤¥−¨¥, ªà®¬¥ ¯à¥¤áâ�¢-
«¥−−ëå ¢ëè¥ ”�‚, ¢á¥å â¨¯®¢ ”” ‘‘ ¯®á«¥ ¯à®å®¦¤¥−¨ï âà�ªâ®¢ ¤®áâ�¢ª¨
(à�á¯à®áâà�−¥−¨ï) �‘‚—. ‘«¥¤®¢�â¥«ì−®, æ¥«¥á®®¡à�§−® §�¯¨á�âì:

�f1ððä = �ξððä(H(s), L, �fææ(x),HÎÞ1,H×Þ1) ;
�f2ððä = �ξððä(H(s), L, �fææ(x),HÎÞ1,H×Þ2) ;
�fíï÷é = �ξíï÷é(H(s), L, �fææ(x),HÎÞ) ;
�fä÷é = �ξä÷é(H(s), L, �fææ(x),HÎÞ) ;
�fïïþ = �ξïïþ(H(s), L, �fææ(x)) ,






(11)

£¤¥ H(s) | ¯¥à¥¤�â®ç−�ï äã−ªæ¨ï §�¬ª−ãâ®© ¯¥â«¨ ¢â®à®£® ¯®àï¤ª� (”��—);
L | ¯�à�¬¥âàë âà�ªâ� ¯¥à¥¤�ç¨ �‘‚—.

‚ ¢¨¤¥ ¢ëà�¦¥−¨© (11) ”�‚ ä«ãªâã�æ¨© �‘‚— áâ�−®¢¨âáï ä®à¬�«ì−ë¬
¯à¥¤áâ�¢«¥−¨¥¬ ¤¨áª®−â¨à®¢�−¨ï á¢®©áâ¢ �‘‚— ®â ¨áâ®ç−¨ª� ¤® ¯®âà¥¡¨â¥«ï,
ª�ç¥áâ¢� æ¥¯®çª¨ ”��—, ª�ç¥áâ¢� âà�ªâ®¢ ¤®áâ�¢ª¨. ‚ à¥§ã«ìâ�â¥ ¨¬¥¥â ¬¥á-
â® ª®«¨ç¥áâ¢¥−−®¥ ®¯¨á�−¨¥ ª�ç¥áâ¢� �‘‚— ¢ «î¡®© −�¯¥à¥¤ §�¤�−−®© â®çª¥
á¨áâ¥¬ë —‚�.

…áâ¥áâ¢¥−−®, äã−ªæ¨¨, ¯à¥¤áâ�¢«¥−−ë¥ ¢ ¢¨¤¥ (11), −¥ ¬®£ãâ ¡ëâì ¯®«ãç¥-
−ë áâà®£® ¬�â¥¬�â¨ç¥áª¨ ¨§ ¢ëà�¦¥−¨© (7){(9). ’¥¬ −¥ ¬¥−¥¥ ¢ëà�¦¥−¨ï (11)
¬®£ãâ ¡ëâì ¯®«ãç¥−ë −� ®á−®¢¥ äã−ªæ¨© �¢â®ª®àà¥«ïæ¨¨ ”” ¨ â¥®à¥¬ë •¨−-
ç¨−�{‚¨−¥à� [24], ª®â®àë¥ ¯®§¢®«ïîâ á¢ï§�âì á®®â¢¥âáâ¢ãîé¨¥ ä®à¬�«¨§¬ë
á í−¥à£¥â¨ç¥áª¨¬ á¯¥ªâà®¬ Sææ(ω) ä�§®¢ëå ä«ãªâã�æ¨©. ’�ª¦¥ ¬®¦−® ¨á¯®«ì-
§®¢�âì ®¯â¨¬¨§�æ¨®−−®-ä¨«ìâà�æ¨®−−ë¥ ¯®¤å®¤ë, ®¯¨á�−−ë¥ ¢ [25, 26]. Šà®¬¥
â®£®, ”” ¬®¦−® à�áá¬�âà¨¢�âì ¨ ª�ª äã−ªæ¨î, ¬®¤ã«¨àãîéãî ä�§ã ¨¬¯ã«ìá-
−®© ¯®á«¥¤®¢�â¥«ì−®áâ¨ á â�ªâ®¢®© ç�áâ®â®© fÔ. ‘«¥¤®¢�â¥«ì−®, ¨ äã−ªæ¨î,
¬®¤ã«¨àãîéãî ä�§ã, ¨ ”” ¬®¦−® ®¯à¥¤¥«ïâì ª�ª ¯®áà¥¤áâ¢®¬ ¬£−®¢¥−−ëå
§−�ç¥−¨© xi, â�ª ¨ ¯®áà¥¤áâ¢®¬ í−¥à£¥â¨ç¥áª®£® á¯¥ªâà� Sææ(ω) �‘‚—.
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5 Заключение

‚ à�¡®â¥ áä®à¬ã«¨à®¢�− −®¢ë© ¯®¤å®¤ ª à¥è¥−¨î �ªâã�«ì−®© ¨ ¢®áâà¥¡®-
¢�−−®© −� ¯à�ªâ¨ª¥ −�ãç−®-â¥å−¨ç¥áª®© §�¤�ç¨ ¬®¤¥«¨à®¢�−¨ï ª�ç¥áâ¢� ¤®áâ�¢-
ª¨ �‘‚— á ¨á¯®«ì§®¢�−¨¥¬ á¯¥ªâà�«ì−®© ª®àà¥«ïæ¨®−−®© â¥®à¨¨ á«ãç�©−ëå
¯à®æ¥áá®¢ ¨ ¢¥à®ïâ−®áâ−®© ¬¥àë. �à¥¤áâ�¢«¥−−ë¥ ¢ áâ�âì¥ í«¥¬¥−âë â¥®à¨¨
¯®§¢®«ïîâ ¯®-−®¢®¬ã áä®à¬ã«¨à®¢�âì ¨ à¥è�âì §�¤�çã á¨−â¥§� á¨áâ¥¬ë —‚�
−�æ¨®−�«ì−®© ¨−ä®à¬�æ¨®−−®© ¨−äà�áâàãªâãàë á ¨á¯®«ì§®¢�−¨¥¬ ä�§®¢®£®
¯à¥¤áâ�¢«¥−¨ï ¨ ¢¥à®ïâ−®áâ−®© ¬¥àë. �®«ãç¥−−ë¥ �−�«¨â¨ç¥áª¨¥ á®®â−®è¥-
−¨ï æ¥«¥á®®¡à�§−® ¨á¯®«ì§®¢�âì ¤«ï ª®«¨ç¥áâ¢¥−−®£® ®¯¨á�−¨ï §�¢¨á¨¬®áâ¥©
¯�à�¬¥âà®¢ áâ�¡¨«ì−®áâ¨ �‘‚— ®â å�à�ªâ¥à¨áâ¨ª ¨å ä�§®¢ëå ä«ãªâã�æ¨©.

„�«ì−¥©è¨¬ −�¯à�¢«¥−¨¥¬ ¨áá«¥¤®¢�−¨© ¯à¥¤áâ�¢«ï¥âáï ¯à®¢¥¤¥−¨¥ íªá¯¥-
à¨¬¥−â�«ì−®© à�¡®âë ¯® ¯à®¢¥àª¥ ¯®«ãç¥−−ëå §�ª®−®¬¥à−®áâ¥©, � â�ª¦¥ à¥è¥−¨¥
−�ãç−®-â¥å−¨ç¥áª¨å §�¤�ç ¯® ®¯à¥¤¥«¥−¨î ¤¨�¯�§®−®¢ ¯�à�¬¥âà®¢ ¨ â®¯®«®£¨¨
á¨áâ¥¬ë —‚�, ¯à¨ ª®â®àëå ¨−ä®à¬�æ¨®−−�ï ¨−äà�áâàãªâãà� ¨áç¥à¯ë¢�îé¥
á−�¡¦¥−� ª�ç¥áâ¢¥−−ë¬¨ �‘‚—.
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Abstract: The article presents an original approach to modeling the quality of
delivery of reference time and frequency signals using the spectral correlation
theory of random processes. This and similar problems arise in solving modern
design (synthesis, optimization) problems of time-frequency support systems for
information infrastructure facilities, including those using alternative sources
of reference signals. Implementation of this approach will form the foundation
for developing new core elements of a theory for constructing a Unified Time-
Frequency Support System for the National Information Infrastructure. The core
of such a theory is proposed to be an analytical description of the dependence
of time and frequency signal quality on the causes and characteristics of their
fluctuations. The importance of these patterns stems from the fact that the
potential range of their distribution depends on the discount rate of time
and frequency signal quality. This, in turn, determines the key topological
characteristics and cost of the time-frequency support system for the information
infrastructure.

Keywords: time-frequency support; national information infrastructure; syn-
chronization quality

DOI: 10.14357/08696527260208 EDN: BMCVDO

Acknowledgments

Mironov Yu. B. and Shabanov B. M. carried out the work at the National Research
Center \Kurchatov Institute" within the framework of the government assignment.

References

1. Ob utverzhdenii Strategii razvitiya otrasli svyazi RF na period do 2035 goda:
Rasporyazhenie Pravitel'stva RF ot 24.11.2023 ü 3339-r [On approval of the
Strategy for the development of the communications industry of the Russian Fed-
eration for the period up to 2035 (approved by the Order of the Government
of the Russian Federation dated 24.11.2023 No. 3339-r))]. Available at: http://
publication.pravo.gov.ru/document/0001202312040015 (accessed May 13, 2026).

146 Sistemy i Sredstva Informatiki | Systems and Means of Informatics 2026 vol 36 no 2



Basic elements of the theory of a unified system of frequency{time support

2. Koltunov, M. N., and M. L. Schwartz. 2018. Aktual'nye voprosy primeneniya oboru-
dovaniya chastotno-vremennogo obespecheniya na ESE Rossii [Current issues of using
frequency-time support equipment on the unified telecommunications network of
Russia]. Sistemy sinkhronizatsii, formirovaniya i obrabotki signalov [Signal Synchro-
nization, Generation, and Processing Systems] 9(2):113{120. EDN: YOONWP.

3. Shimkiv, D. O., and O. V. Maslova. 2023. Chastotno-vremennoe obespechenie
potrebiteley [Frequency{time provision of consumers]. Izvestiya TulGU. Tekhnicheskie
nauki [Izvestiya Tula State University] 3:436{440. doi: 10.24412/2071-6168-2023-3-
436-440. EDN: OCOYFO.

4. Slepov, N. N. 1999. Sinkhronnye tsifrovye seti SDH [Synchronous digital networks
SDH]. Moscow: Eko-Trendz. 150 p.

5. Bregni, S. 2002. Synchronization of digital telecommunications networks. John Wiley
& Sons. 430 p.

6. ITU-T G.707. Network node interface for synchronous digital hierarchy (SDH).

7. Kuzmin, R. E. 2018. Fazovaya avtopodstroyka priemnykh kanalov sistem sputnikovoy
svyazi [Phase locked loop of satellite communication systems receiving channels]. Trudy
MAI [MAI Proceedings] 99:18. 17 p. EDN: UPSSKI.

8. Lokhmotko, V. V. 1998. Modeli i metody optimizatsii struktury telekommunikatsion-
nykh setey [Models and methods for optimizing the structure of telecommunication
networks]. St. Petersburg: SPbGUT. D.Sc. Diss. 290 p. EDN: QCZSSZ.

9. Saitov, I. A. 2008. Osnovy teorii postroeniya zashchishchennykh mul'tiprotokol'nykh
opticheskikh transportnykh setey telekommunikatsionnykh sistem [Fundamentals of the
theory of constructing secure multiprotocol optical transport networks of telecommuni-
cation systems]. Orel: Academy of the Federal Security Service of Russia. 220 p. EDN:
QMTNWR.

10. Davydov, S. G., K. R. Kazaryan, and M. V. Saykina. 2023. Internet v Rossii v 2022{
2023 godakh. Sostoyanie, tendentsii i perspektivy razvitiya [The internet in Rus-
sia in 2022-2023. Status, trends, and development prospects]. Moscow: Mintsifry.
207 p. Available at: https://digital.gov.ru/uploaded/¦les/internet-v-rossii-v-2022-
2023-godah.pdf (accessed May 13, 2026).

11. Ibragimov, I. 2020. Sinkhronizatsiya v bol'shikh i neodnorodnykh setyakh SyncE
[Synchronization in large and heterogeneous networks SyncE]. Elektronnye kompo-
nenty [Electronic Components] 12:30{33. Available at: https://elcomdesign.ru/wp-
content/uploads/2021/01/30.pdf (accessed May 13, 2026).

12. ITU-T G.709. Interfaces for optical transport network.

13. Balayev, R. I. 2021. Sovremennye trebovaniya k obespecheniyu setey svyazi novogo
pokoleniya etalonnymi signalami vremeni i chastoty [Up-to-date requirements for
providing new generation communication networks with reference signals of time
and frequency]. Al'manakh sovremennoy metrologii [Al'manac of Modern Metrology]
4(28):109{114. EDN: WPUAKI.

14. Lokhovin, V. A., M. L. Schwartz, and A. V. Ryzhkov. 2024. Perspektivnye
napravleniya razvitiya sistem svyazi i sinkhronizatsii slozhnykh infrastrukturnykh
ob"ektov [Development trends regarding communication and synchronization systems of
comxlex infrustructure facilities]. T-Comm: Telekommunikatsii i transport [T-COMM]
18(11):30{37. doi: 10.36724/2072-8735-2024-18-11-30-37. EDN: UZQBNC.

Sistemy i Sredstva Informatiki | Systems and Means of Informatics 2026 vol 36 no 2 147



I. A. Saitov, N. I. Fokin, Yu. B. Mironov, and B. M. Shabanov

15. OPNT technical report + test plan v1.6. Available at: https://joint-research-
centre.ec.europa.eu/system/¦les/2023-03/AD 1 OPNT v3.pdf (accessed May 13,
2026).

16. SpaceWERX AltPNT. Available at: https://afwerxchallenge.com/spacewerx26/ altp-
nt (accessed May 13, 2026).

17. DARPA to launch programme for creating optical atomic clocks. 2022. Airforce
Technology. Available at: https://www.airforce-technology.com/news/darpa-optical-
clocks (accessed May 13, 2026).

18. RFC 5905. 2010. Network time protocol version 4: Protocol and algorithms
specification. 110 p. doi: 10.17487/RFC5905. Available at: https://www.rfc-
editor.org/rfc/pdfrfc/rfc5905.txt.pdf (accessed May 13, 2026).

19. IEEE Std 1588-2019. 2020. IEEE standard for a precision clock syn-
chronization protocol for networked measurements and control systems. doi:
10.1109/IEEESTD.2020.9120376.

20. Novozhylov, E. O. 2014. Metody povysheniya tochnosti sinkhronizatsii chastoty i vre-
meni v volokonno-opticheskikh sistemakh peredachi [Methods to improve the accuracy
of frequency synchronization and time in fiber-optic transmission systems]. T-Comm:
Telekommunikatsii i transport [T-Comm] 8(2):38{40. EDN: SARIAL.

21. Ryzhkov, A. V., M. L. Schwartz, V. M. Aladin, and A. V. Isupov. 2022. Opyt
vnedreniya sistem chastotno-vremennogo obespecheniya setey svyazi [Experience of
introducing time{frequency supply systems for communication networks]. T-Comm:
Telekommunikatsii i transport [T-Comm] 16(7):21{28. doi: 10.36724/2072-8735-
2022-16-7-21-28. EDN: NDBCDM.

22. GOST R 71150-2023. 2024. Metodika provedeniya audita sistem sinkhronizatsii
setey svyazi: setey svyazi s kommutatsiey kanalov, setey svyazi s kommutatsiey pake-
tov [Methodology for auditing synchronization systems of communication networks:
Circuit-switched communication networks, packet-switched communication networks].
Moscow: Russian Standardization Institute. 40 p.

23. ITU-T O.172-2005. Jitter and wander measuring equipment for digital systems which
are based on the synchronous digital hierarchy (SDH).

24. Tikhonov, V. N. 1982. Statisticheskaya radiotekhnika [Statistical radio engineering].
2nd ed. Moscow: Radio i svyaz'. 624 p.

25. Shakhtarin, B. I. 2008. Fil'try Vinera i Kalmana [Wiener and Kalman filters].
Moscow: Gelios ARV. 408 p.

26. Sinitsyn, I. N., ed. 2011. Akademik Pugachev Vladimir Semenovich: k stoletiyu so
dnya rozhdeniya [Academician Pugachev Vladimir Semenovich: To the centenary of his
birth]. Moscow: TORUS PRESS. 376 p. EDN: OVYRLT.

Received February 5, 2026
Accepted April 15, 2026

Contributors

Saitov Igor A. (b. 1967) | Doctor of Science in technology, professor, MIREA |
Russian Technological University, 78 Vernadskogo Ave., Moscow 119454, Russian
Federation; saitov i@mirea.ru

148 Sistemy i Sredstva Informatiki | Systems and Means of Informatics 2026 vol 36 no 2



Basic elements of the theory of a unified system of frequency{time support

Fokin Nikolai I. (b. 1985) | Candidate of Science (PhD) in technology, Academy
of Federal Guard Service of Russia, 35 Priborostroitelnaya Str., Orel 302015,
Russian Federation; ni fokin@mail.ru

Mironov Yuri B. (b. 1985) | Candidate of Science (PhD) in technology, leading
engineer, National Research Center \Kurchatov Institute," 1 Acad. Kurchatov Sq.,
Moscow 123182, Russian Federation; ymironov@jscc.ru

Shabanov Boris M. (b. 1954) | Doctor of Science in technology, Corresponding
Member of the Russian Academy of Sciences, deputy director, National Research
Center \Kurchatov Institute," 1 Acad. Kurchatov Sq., Moscow 123182, Russian
Federation; jscc@jscc.ru

Sistemy i Sredstva Informatiki | Systems and Means of Informatics 2026 vol 36 no 2 149



� � � ‚ ’ � ÷ � •

�¯¯®«®−®¢ ƒ¥®à£¨© ‘¥à£¥¥¢¨ç (à. 2002) | ¨−¦¥−¥à 3-© ª�â¥£®à¨¨ ”¥¤¥à�«ì−®£®
¨áá«¥¤®¢�â¥«ìáª®£® æ¥−âà� úˆ−ä®à¬�â¨ª� ¨ ã¯à�¢«¥−¨¥û ÷®áá¨©áª®© �ª�¤¥¬¨¨
−�ãª
ƒ®«®¢¨− �«¥ªá�−¤à ‘â�−¨á«�¢®¢¨ç (à. 1982) | ¬«�¤è¨© −�ãç−ë© á®âàã¤−¨ª
«�¡®à�â®à¨¨ áâ®å�áâ¨ç¥áª®£® ¬®¤¥«¨à®¢�−¨ï ¨−ä®à¬�æ¨®−−®-¢ëç¨á«¨â¥«ì−ëå
¨ ª®¬¬ã−¨ª�æ¨®−−ëå á¨áâ¥¬ ˆ−áâ¨âãâ� ¯à¨ª«�¤−ëå ¬�â¥¬�â¨ç¥áª¨å ¨áá«¥¤®-
¢�−¨© | ®¡®á®¡«¥−−®£® ¯®¤à�§¤¥«¥−¨ï ”ƒ�“� ”ˆ– úŠ�à¥«ìáª¨© −�ãç−ë©
æ¥−âà ÷®áá¨©áª®© �ª�¤¥¬¨¨ −�ãªû; ¯à¥¯®¤�¢�â¥«ì ª�ä¥¤àë �Œ¨Š �¥âà®§�¢®¤-
áª®£® £®áã¤�àáâ¢¥−−®£® ã−¨¢¥àá¨â¥â�
„ìïç¥−ª® „¥−¨á āàì¥¢¨ç (à. 1987) | ¨−¦¥−¥à-¨áá«¥¤®¢�â¥«ì ”¥¤¥à�«ì−®£®
¨áá«¥¤®¢�â¥«ìáª®£® æ¥−âà� úˆ−ä®à¬�â¨ª� ¨ ã¯à�¢«¥−¨¥û ÷®áá¨©áª®© �ª�¤¥¬¨¨
−�ãª
„ìïç¥−ª® āà¨© ƒ¥®à£¨¥¢¨ç (à. 1958) | ª�−¤¨¤�â â¥å−¨ç¥áª¨å −�ãª, áâ�àè¨©
−�ãç−ë© á®âàã¤−¨ª ”¥¤¥à�«ì−®£® ¨áá«¥¤®¢�â¥«ìáª®£® æ¥−âà� úˆ−ä®à¬�â¨ª�
¨ ã¯à�¢«¥−¨¥û ÷®áá¨©áª®© �ª�¤¥¬¨¨ −�ãª
ˆ¢�−®¢ Œ¨å�¨« �«®¨§®¢¨ç (à. 1998) | �á¯¨à�−â ª�ä¥¤àë ¬�â¥¬�â¨ç¥áª®©
áâ�â¨áâ¨ª¨ ä�ªã«ìâ¥â� ¢ëç¨á«¨â¥«ì−®© ¬�â¥¬�â¨ª¨ ¨ ª¨¡¥à−¥â¨ª¨ Œ®áª®¢áª®£®
£®áã¤�àáâ¢¥−−®£® ã−¨¢¥àá¨â¥â� ¨¬¥−¨ Œ. ‚. ‹®¬®−®á®¢�
Š®−�è¥−ª®¢� ’�âìï−� „¬¨âà¨¥¢−� (à. 1964) | ª�−¤¨¤�â ä¨§¨ª®-¬�â¥¬�â¨ç¥-
áª¨å −�ãª, −�ãç−ë© á®âàã¤−¨ª ”¥¤¥à�«ì−®£® ¨áá«¥¤®¢�â¥«ìáª®£® æ¥−âà� úˆ−-
ä®à¬�â¨ª� ¨ ã¯à�¢«¥−¨¥û ÷®áá¨©áª®© �ª�¤¥¬¨¨ −�ãª
Š®à¥¯�−®¢ �¤ã�à¤ ÷ã¤®«ìä®¢¨ç (à. 1966) | ª�−¤¨¤�â â¥å−¨ç¥áª¨å −�ãª,
¢¥¤ãé¨© −�ãç−ë© á®âàã¤−¨ª ”¥¤¥à�«ì−®£® ¨áá«¥¤®¢�â¥«ìáª®£® æ¥−âà� úˆ−ä®à-
¬�â¨ª� ¨ ã¯à�¢«¥−¨¥û ÷®áá¨©áª®© �ª�¤¥¬¨¨ −�ãª
Š®à®«¥¢ ‚¨ªâ®à āàì¥¢¨ç (à. 1954) | ¤®ªâ®à ä¨§¨ª®-¬�â¥¬�â¨ç¥áª¨å −�-
ãª, ¯à®ä¥áá®à, §�¢¥¤ãîé¨© ª�ä¥¤à®© ¬�â¥¬�â¨ç¥áª®© áâ�â¨áâ¨ª¨ ä�ªã«ìâ¥â�
¢ëç¨á«¨â¥«ì−®© ¬�â¥¬�â¨ª¨ ¨ ª¨¡¥à−¥â¨ª¨ Œ®áª®¢áª®£® £®áã¤�àáâ¢¥−−®£® ã−¨-
¢¥àá¨â¥â� ¨¬¥−¨ Œ. ‚. ‹®¬®−®á®¢�; ¢¥¤ãé¨© −�ãç−ë© á®âàã¤−¨ª ”¥¤¥à�«ì−®£®
¨áá«¥¤®¢�â¥«ìáª®£® æ¥−âà� úˆ−ä®à¬�â¨ª� ¨ ã¯à�¢«¥−¨¥û ÷®áá¨©áª®© �ª�¤¥¬¨¨
−�ãª
Šà¨¢¥−ª® Œ¨å�¨« �¥âà®¢¨ç (à. 1946) | ¤®ªâ®à â¥å−¨ç¥áª¨å −�ãª, ¯à®ä¥áá®à,
¢¥¤ãé¨© −�ãç−ë© á®âàã¤−¨ª ”¥¤¥à�«ì−®£® ¨áá«¥¤®¢�â¥«ìáª®£® æ¥−âà� úˆ−ä®à-
¬�â¨ª� ¨ ã¯à�¢«¥−¨¥û ÷®áá¨©áª®© �ª�¤¥¬¨¨ −�ãª
Œ¨à®−®¢ āà¨© �®à¨á®¢¨ç (à. 1985) | ª�−¤¨¤�â â¥å−¨ç¥áª¨å −�ãª, ¢¥¤ãé¨©
¨−¦¥−¥à ��æ¨®−�«ì−®£® ¨áá«¥¤®¢�â¥«ìáª®£® æ¥−âà� úŠãàç�â®¢áª¨© ¨−áâ¨âãâû

150 ‘ˆ‘’…Œ› ˆ ‘÷…„‘’‚� ˆ�”�÷Œ�’ˆŠˆ â®¬ 36 −®¬¥à 2 2026



�¡ �¢â®à�å

Œ®à®§®¢ …¢á¥© ‚¨ªâ®à®¢¨ç (à. 1947) | ¤®ªâ®à ä¨§¨ª®-¬�â¥¬�â¨ç¥áª¨å −�ãª,
¯à®ä¥áá®à, £«�¢−ë© −�ãç−ë© á®âàã¤−¨ª «�¡®à�â®à¨¨ áâ®å�áâ¨ç¥áª®£® ¬®¤¥«¨-
à®¢�−¨ï ¨−ä®à¬�æ¨®−−®-¢ëç¨á«¨â¥«ì−ëå ¨ ª®¬¬ã−¨ª�æ¨®−−ëå á¨áâ¥¬ ˆ−áâ¨-
âãâ� ¯à¨ª«�¤−ëå ¬�â¥¬�â¨ç¥áª¨å ¨áá«¥¤®¢�−¨© | ®¡®á®¡«¥−−®£® ¯®¤à�§¤¥«¥−¨ï
”ƒ�“� ”ˆ– úŠ�à¥«ìáª¨© −�ãç−ë© æ¥−âà ÷®áá¨©áª®© �ª�¤¥¬¨¨ −�ãªû; ¯à®-
ä¥áá®à ª�ä¥¤àë �Œ¨Š �¥âà®§�¢®¤áª®£® £®áã¤�àáâ¢¥−−®£® ã−¨¢¥àá¨â¥â�
�à«®¢ ƒ¥®à£¨© �«¥ªá�−¤à®¢¨ç (à. 1994) | −�ãç−ë© á®âàã¤−¨ª ”¥¤¥à�«ì−®£®
¨áá«¥¤®¢�â¥«ìáª®£® æ¥−âà� úˆ−ä®à¬�â¨ª� ¨ ã¯à�¢«¥−¨¥û ÷®áá¨©áª®© �ª�¤¥¬¨¨
−�ãª
�á¨¯®¢� �−�áâ�á¨ï �−¤à¥¥¢−� (à. 1997) | ¬«�¤è¨© −�ãç−ë© á®âàã¤−¨ª ”¥¤¥-
à�«ì−®£® ¨áá«¥¤®¢�â¥«ìáª®£® æ¥−âà� úˆ−ä®à¬�â¨ª� ¨ ã¯à�¢«¥−¨¥û ÷®áá¨©áª®©
�ª�¤¥¬¨¨ −�ãª
÷¥ãâ®¢ ˆ«ìï ‘¥à£¥¥¢¨ç (à. 1998) | áâ�àè¨© ¯à¥¯®¤�¢�â¥«ì ª�ä¥¤àë ¬�â¥¬�-
â¨ª¨ ¨ ¨−ä®à¬�â¨ª¨ —¥à¥¯®¢¥æª®£® £®áã¤�àáâ¢¥−−®£® ã−¨¢¥àá¨â¥â�
÷ã¬ï−æ¥¢ �«¥ªá�−¤à ‘¥à£¥¥¢¨ç (à. 1986) | ¤®ªâ®à ä¨§¨ª®-¬�â¥¬�â¨ç¥áª¨å
−�ãª, ¢¥¤ãé¨© −�ãç−ë© á®âàã¤−¨ª «�¡®à�â®à¨¨ áâ®å�áâ¨ç¥áª®£® ¬®¤¥«¨à®¢�-
−¨ï ¨−ä®à¬�æ¨®−−®-¢ëç¨á«¨â¥«ì−ëå ¨ ª®¬¬ã−¨ª�æ¨®−−ëå á¨áâ¥¬ ˆ−áâ¨âã-
â� ¯à¨ª«�¤−ëå ¬�â¥¬�â¨ç¥áª¨å ¨áá«¥¤®¢�−¨© | ®¡®á®¡«¥−−®£® ¯®¤à�§¤¥«¥−¨ï
”ƒ�“� ”ˆ– úŠ�à¥«ìáª¨© −�ãç−ë© æ¥−âà ÷®áá¨©áª®© �ª�¤¥¬¨¨ −�ãªû; ¯à®-
ä¥áá®à ª�ä¥¤àë �Œ¨Š �¥âà®§�¢®¤áª®£® £®áã¤�àáâ¢¥−−®£® ã−¨¢¥àá¨â¥â�
‘�¨â®¢ ˆ£®àì �ªà�¬®¢¨ç (à. 1967) | ¤®ªâ®à â¥å−¨ç¥áª¨å −�ãª, ¯à®ä¥áá®à,
¯à®ä¥áá®à Œˆ÷�� | ÷®áá¨©áª®£® â¥å−®«®£¨ç¥áª®£® ã−¨¢¥àá¨â¥â�
‘¨−¨æë− ‚«�¤¨¬¨à ˆ£®à¥¢¨ç (à. 1968) | ¤®ªâ®à ä¨§¨ª®-¬�â¥¬�â¨ç¥áª¨å
−�ãª, £«�¢−ë© −�ãç−ë© á®âàã¤−¨ª ”¥¤¥à�«ì−®£® ¨áá«¥¤®¢�â¥«ìáª®£® æ¥−âà�
úˆ−ä®à¬�â¨ª� ¨ ã¯à�¢«¥−¨¥û ÷®áá¨©áª®© �ª�¤¥¬¨¨ −�ãª
‘¨−¨æë− ˆ£®àì �¨ª®«�¥¢¨ç (à. 1940) | ¤®ªâ®à â¥å−¨ç¥áª¨å −�ãª, ¯à®ä¥áá®à,
§�á«ã¦¥−−ë© ¤¥ïâ¥«ì −�ãª¨ ÷”, £«�¢−ë© −�ãç−ë© á®âàã¤−¨ª ”¥¤¥à�«ì−®£®
¨áá«¥¤®¢�â¥«ìáª®£® æ¥−âà� úˆ−ä®à¬�â¨ª� ¨ ã¯à�¢«¥−¨¥û ÷®áá¨©áª®© �ª�¤¥¬¨¨
−�ãª
‘â¥¯ç¥−ª®¢ āà¨© �ä�−�áì¥¢¨ç (à. 1951) | ª�−¤¨¤�â â¥å−¨ç¥áª¨å −�ãª, ¢¥¤ã-
é¨© −�ãç−ë© á®âàã¤−¨ª ”¥¤¥à�«ì−®£® ¨áá«¥¤®¢�â¥«ìáª®£® æ¥−âà� úˆ−ä®à¬�-
â¨ª� ¨ ã¯à�¢«¥−¨¥û ÷®áá¨©áª®© �ª�¤¥¬¨¨ −�ãª
”®ª¨− �¨ª®«�© ˆ¢�−®¢¨ç (à. 1985) | ª�−¤¨¤�â â¥å−¨ç¥áª¨å −�ãª, á®âàã¤−¨ª
�ª�¤¥¬¨¨ ”¥¤¥à�«ì−®© á«ã¦¡ë ®åà�−ë ÷®áá¨©áª®© ”¥¤¥à�æ¨¨
•¨«ìª® „¬¨âà¨© ‚«�¤¨¬¨à®¢¨ç (à. 1987) | ª�−¤¨¤�â â¥å−¨ç¥áª¨å −�ãª, áâ�à-
è¨© −�ãç−ë© á®âàã¤−¨ª ”¥¤¥à�«ì−®£® ¨áá«¥¤®¢�â¥«ìáª®£® æ¥−âà� úˆ−ä®à¬�-
â¨ª� ¨ ã¯à�¢«¥−¨¥û ÷®áá¨©áª®© �ª�¤¥¬¨¨ −�ãª
˜�¡�−®¢ �®à¨á Œ¨å�©«®¢¨ç (à. 1954) | ¤®ªâ®à â¥å−¨ç¥áª¨å −�ãª, ç«¥−-
ª®àà¥á¯®−¤¥−â ÷��, §�¬¥áâ¨â¥«ì ¤¨à¥ªâ®à� ��æ¨®−�«ì−®£® ¨áá«¥¤®¢�â¥«ìáª®£®
æ¥−âà� úŠãàç�â®¢áª¨© ¨−áâ¨âãâû
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�à�¢¨«� ¯®¤£®â®¢ª¨ àãª®¯¨á¥© áâ�â¥© ¤«ï ¯ã¡«¨ª�æ¨¨
¢ ¦ãà−�«¥ ú‘¨áâ¥¬ë ¨ áà¥¤áâ¢� ¨−ä®à¬�â¨ª¨û

†ãà−�« ú‘¨áâ¥¬ë ¨ áà¥¤áâ¢� ¨−ä®à¬�â¨ª¨û ¯ã¡«¨ªã¥â â¥®à¥â¨ç¥áª¨¥, ®¡§®à−ë¥
¨ ¤¨áªãáá¨®−−ë¥ áâ�âì¨, ¯®á¢ïé¥−−ë¥ −�ãç−ë¬ ¨áá«¥¤®¢�−¨ï¬ ¨ à�§à�¡®âª�¬ ¢ ®¡«�áâ¨
¨−ä®à¬�æ¨®−−ëå â¥å−®«®£¨©.

†ãà−�« ¨§¤�¥âáï −� àãááª®¬ ï§ëª¥. �® á¯¥æ¨�«ì−®¬ã à¥è¥−¨î à¥¤ª®««¥£¨¨
®â¤¥«ì−ë¥ áâ�âì¨ ¬®£ãâ ¯¥ç�â�âìáï −� �−£«¨©áª®¬ ï§ëª¥.

’¥¬�â¨ª� ¦ãà−�«� ®å¢�âë¢�¥â á«¥¤ãîé¨¥ −�¯à�¢«¥−¨ï:

{ ¨−ä®à¬�æ¨®−−®-â¥«¥ª®¬¬ã−¨ª�æ¨®−−ë¥ á¨áâ¥¬ë ¨ áà¥¤áâ¢� ¨å ¯®áâà®¥−¨ï;
{ �àå¨â¥ªâãà� ¨ ¯à®£à�¬¬−®¥ ®¡¥á¯¥ç¥−¨¥ ¢ëç¨á«¨â¥«ì−ëå ¬�è¨−, ª®¬¯«¥ªá®¢ ¨ á¥-

â¥©;
{ ¬¥â®¤ë ¨ áà¥¤áâ¢� §�é¨âë ¨−ä®à¬�æ¨¨.

1. ‚ ¦ãà−�«¥ ¯¥ç�â�îâáï áâ�âì¨, á®¤¥à¦�é¨¥ à¥§ã«ìâ�âë, à�−¥¥ −¥ ®¯ã¡«¨ª®¢�−−ë¥
¨ −¥ ¯à¥¤−�§−�ç¥−−ë¥ ª ®¤−®¢à¥¬¥−−®© ¯ã¡«¨ª�æ¨¨ ¢ ¤àã£¨å ¨§¤�−¨ïå.

�ã¡«¨ª�æ¨ï ¯à¥¤®áâ�¢«¥−−®© �¢â®à®¬(�¬¨) àãª®¯¨á¨ −¥ ¤®«¦−� −�àãè�âì ¯®«®¦¥-
−¨© £«�¢ 69, 70 à�§¤¥«� VII ç�áâ¨ IV ƒà�¦¤�−áª®£® ª®¤¥ªá�, ª®â®àë¥ ®¯à¥¤¥«ïîâ
¯à�¢� −� à¥§ã«ìâ�âë ¨−â¥««¥ªâã�«ì−®© ¤¥ïâ¥«ì−®áâ¨ ¨ áà¥¤áâ¢� ¨−¤¨¢¨¤ã�«¨§�æ¨¨,
¢ â®¬ ç¨á«¥ �¢â®àáª¨¥ ¯à�¢�, ¢ ÷”.

�â¢¥âáâ¢¥−−®áâì §� −�àãè¥−¨¥ �¢â®àáª¨å ¯à�¢, ¢ á«ãç�¥ ¯à¥¤êï¢«¥−¨ï ¯à¥â¥−§¨©
ª à¥¤�ªæ¨¨ ¦ãà−�«�, −¥áãâ �¢â®àë áâ�â¥©.

��¯à�¢«ïï àãª®¯¨áì ¢ à¥¤�ªæ¨î, �¢â®àë á®åà�−ïîâ á¢®¨ ¯à�¢� −� ¤�−−ãî àãª®-
¯¨áì ¨ ¯à¨ íâ®¬ ¯¥à¥¤�îâ ãçà¥¤¨â¥«ï¬ ¨ à¥¤ª®««¥£¨¨ ¦ãà−�«� −¥¨áª«îç¨â¥«ì−ë¥
¯à�¢� −� ¨§¤�−¨¥ áâ�âì¨ −� àãááª®¬ ï§ëª¥ (¨«¨ −� ï§ëª¥ áâ�âì¨, ¥á«¨ ®− ®â«¨ç¥−
®â àãááª®£®) ¨ −� ¯¥à¥¢®¤ ¥¥ −� �−£«¨©áª¨© ï§ëª, � â�ª¦¥ −� ¥¥ à�á¯à®áâà�-
−¥−¨¥ ¢ ÷®áá¨¨ ¨ §� àã¡¥¦®¬. Š�¦¤ë© �¢â®à ¤®«¦¥− ¯à¥¤áâ�¢¨âì ¢ à¥¤�ªæ¨î
¯®¤¯¨á�−−ë© á ¥£® áâ®à®−ë ú‹¨æ¥−§¨®−−ë© ¤®£®¢®à ® ¯¥à¥¤�ç¥ −¥¨áª«îç¨â¥«ì-
−ëå ¯à�¢ −� ¨á¯®«ì§®¢�−¨¥ ¯à®¨§¢¥¤¥−¨ïû, â¥ªáâ ª®â®à®£® à�§¬¥é¥− ¯® �¤à¥áã
http://www.ipiran.ru/publications/licence.doc. �â®â ¤®£®¢®à ¬®¦¥â ¡ëâì ¯à¥¤áâ�¢-
«¥− ¢ ¡ã¬�¦−®¬ (¢ 2-å íª§.) ¨«¨ ¢ í«¥ªâà®−−®¬ ¢¨¤¥ (®âáª�−¨à®¢�−−�ï ª®¯¨ï
§�¯®«−¥−−®£® ¨ ¯®¤¯¨á�−−®£® ¤®ªã¬¥−â�).

…á«¨ ¯à¨ ¯®¤£®â®¢ª¥ áâ�âì¨ �¢â®àë ¨á¯®«ì§®¢�«¨ ¨−áâàã¬¥−âë −� ®á−®¢¥ ¨áªãá-
áâ¢¥−−®£® ¨−â¥««¥ªâ�, ®−¨ ®¡ï§�−ë ¢ª«îç¨âì íâã ¨−ä®à¬�æ¨î ¢ â¥ªáâ áâ�âì¨.

÷¥¤ª®««¥£¨ï ¢¯à�¢¥ §�¯à®á¨âì ã �¢â®à®¢ íªá¯¥àâ−®¥ §�ª«îç¥−¨¥ ® ¢®§¬®¦−®áâ¨
¯ã¡«¨ª�æ¨¨ ¯à¥¤áâ�¢«¥−−®© áâ�âì¨ ¢ ®âªàëâ®© ¯¥ç�â¨.

2. Š áâ�âì¥ ¯à¨«�£�îâáï ¤�−−ë¥ �¢â®à� (�¢â®à®¢) (á¬. ¯. 8). �à¨ −�«¨ç¨¨ −¥áª®«ìª¨å
�¢â®à®¢ ãª�§ë¢�¥âáï ä�¬¨«¨ï �¢â®à�, ®â¢¥âáâ¢¥−−®£® §� ¯¥à¥¯¨áªã á à¥¤�ªæ¨¥©.

3. ÷¥¤�ªæ¨ï ¦ãà−�«� ®áãé¥áâ¢«ï¥â íªá¯¥àâ¨§ã ¯à¨á«�−−ëå áâ�â¥© ¢ á®®â¢¥âáâ¢¨¨
á ¯à¨−ïâ®© ¢ ¦ãà−�«¥ ¯à®æ¥¤ãà®© à¥æ¥−§¨à®¢�−¨ï.

‚®§¢à�é¥−¨¥ àãª®¯¨á¨ −� ¤®à�¡®âªã −¥ ®§−�ç�¥â ¥¥ ¯à¨−ïâ¨ï ª ¯¥ç�â¨.

„®à�¡®â�−−ë© ¢�à¨�−â á ®â¢¥â®¬ −� §�¬¥ç�−¨ï à¥æ¥−§¥−â� −¥®¡å®¤¨¬® ¯à¨á«�âì
¢ à¥¤�ªæ¨î.

4. ÷¥è¥−¨¥ à¥¤ª®««¥£¨¨ ® ¯ã¡«¨ª�æ¨¨ áâ�âì¨ ¨«¨ ¥¥ ®âª«®−¥−¨¨ á®®¡é�¥âáï �¢â®à�¬.

÷¥¤ª®««¥£¨ï ¬®¦¥â â�ª¦¥ −�¯à�¢¨âì �¢â®à�¬ â¥ªáâ à¥æ¥−§¨¨ −� ¨å áâ�âìî. „¨áªãá-
á¨ï ¯® ¯®¢®¤ã ®âª«®−¥−−ëå áâ�â¥© −¥ ¢¥¤¥âáï.

152 ‘ˆ‘’…Œ› ˆ ‘÷…„‘’‚� ˆ�”�÷Œ�’ˆŠˆ â®¬ 36 −®¬¥à 2 2026



�à�¢¨«� ¯®¤£®â®¢ª¨ àãª®¯¨á¥© áâ�â¥©

5. ÷¥¤�ªâãà� áâ�â¥© ¢ëáë«�¥âáï �¢â®à�¬ ¤«ï ¯à®á¬®âà�. ‡�¬¥ç�−¨ï ª à¥¤�ªâãà¥ ¤®«¦-
−ë ¡ëâì ¯à¨á«�−ë �¢â®à�¬¨ ¢ ªà�âç�©è¨¥ áà®ª¨.

6. ÷ãª®¯¨áì ¯à¥¤®áâ�¢«ï¥âáï ¢ í«¥ªâà®−−®¬ ¢¨¤¥ ¢ ä®à¬�â�å MS WORD (.doc ¨«¨
.docx) ¨«¨ LATEX (.tex), ¤®¯®«−¨â¥«ì−® | ¢ ä®à¬�â¥ .pdf, −� ¤¨áª¥â¥, «�§¥à−®¬
¤¨áª¥ ¨«¨ í«¥ªâà®−−®© ¯®çâ®©. �à¥¤®áâ�¢«¥−¨¥ ¡ã¬�¦−®© àãª®¯¨á¨ −¥®¡ï§�â¥«ì−®.

7. �à¨ ¯®¤£®â®¢ª¥ àãª®¯¨á¨ ¢ MS Word à¥ª®¬¥−¤ã¥âáï ¨á¯®«ì§®¢�âì á«¥¤ãîé¨¥
−�áâà®©ª¨.

��à�¬¥âàë áâà�−¨æë: ä®à¬�â | �4; ®à¨¥−â�æ¨ï | ª−¨¦−�ï; ¯®«ï (á¬): ¢−ãâà¨ |
2,5, á−�àã¦¨ | 1,5, á¢¥àåã ¨ á−¨§ã | 2, ®â ªà�ï ¤® −¨¦−¥£® ª®«®−â¨âã«� | 1,3.

�á−®¢−®© â¥ªáâ: áâ¨«ì | ú�¡ëç−ë©û, èà¨äâ | Times New Roman, à�§¬¥à |
14 ¯ã−ªâ®¢, �¡§�æ−ë© ®âáâã¯ | 0,5 á¬, 1,5 ¨−â¥à¢�«�, ¢ëà�¢−¨¢�−¨¥ | ¯® è¨à¨−¥.

÷¥ª®¬¥−¤ã¥¬ë© ®¡ê¥¬ àãª®¯¨á¨ | −¥ á¢ëè¥ 10 áâà�−¨æ ãª�§�−−®£® ä®à¬�â�.
�à¨ ¯à¥¢ëè¥−¨¨ ãª�§�−−®£® ®¡ê¥¬� à¥¤ª®««¥£¨ï ¢¯à�¢¥ ¯®âà¥¡®¢�âì ®â �¢â®à�
á®ªà�é¥−¨ï ®¡ê¥¬� àãª®¯¨á¨.

‘®ªà�é¥−¨ï á«®¢, ¯®¬¨¬® áâ�−¤�àâ−ëå, −¥ ¤®¯ãáª�îâáï. „®¯ãáª�¥âáï ¬¨−¨¬�«ì−®¥
ª®«¨ç¥áâ¢® �¡¡à¥¢¨�âãà.

‚á¥ áâà�−¨æë àãª®¯¨á¨ −ã¬¥àãîâáï.

˜�¡«®−ë ®ä®à¬«¥−¨ï ¯à¥¤áâ�¢«¥−ë ¢ ¨−â¥à−¥â¥:

http://www.ipiran.ru/journal/template iiep ssi 2024.zip

8. ‘â�âìï ¤®«¦−� á®¤¥à¦�âì á«¥¤ãîéãî ¨−ä®à¬�æ¨î −� àãááª®¬ ¨ �−£«¨©áª®¬
ï§ëª�å:

{ −�§¢�−¨¥ áâ�âì¨;
{ ”.ˆ.�. �¢â®à®¢, −� �−£«¨©áª®¬ ¬®¦−® â®«ìª® ¨¬ï ¨ ä�¬¨«¨î;
{ ¬¥áâ® à�¡®âë, á ãª�§�−¨¥¬ £®à®¤� ¨ áâà�−ë ¨ í«¥ªâà®−−®£® �¤à¥á� ª�¦¤®£®

�¢â®à�;
{ á¢¥¤¥−¨ï ®¡ �¢â®à�å, ¢ á®®â¢¥âáâ¢¨¨ á ä®à¬�â®¬, ®¡à�§æë ª®â®à®£® ¯à¥¤áâ�¢«¥−ë

−� áâà�−¨æ�å:
http://www.ipiran.ru/journal/collected/2019 29 03 rus/authors.asp ¨
http://www.ipiran.ru/journal/collected/2019 29 03 eng/authors.asp;

{ �−−®â�æ¨ï (−¥ ¬¥−¥¥ 100 á«®¢ −� ª�¦¤®¬ ¨§ ï§ëª®¢). �−−®â�æ¨ï | íâ® ªà�âª®¥
à¥§î¬¥ à�¡®âë, ª®â®à®¥ ¬®¦¥â ¯ã¡«¨ª®¢�âìáï ®â¤¥«ì−®. �−� ï¢«ï¥âáï ®á−®¢-
−ë¬ ¨áâ®ç−¨ª®¬ ¨−ä®à¬�æ¨¨ ¢ ¨−ä®à¬�æ¨®−−ëå á¨áâ¥¬�å ¨ ¡�§�å ¤�−−ëå.
�−£«¨©áª�ï �−−®â�æ¨ï ¤®«¦−� ¡ëâì ®à¨£¨−�«ì−®©, ¬®¦¥â −¥ ¡ëâì ¤®á«®¢−ë¬
¯¥à¥¢®¤®¬ àãááª®£® â¥ªáâ� ¨ ¤®«¦−� ¡ëâì −�¯¨á�−� å®à®è¨¬ �−£«¨©áª¨¬ ï§ë-
ª®¬. ‚ �−−®â�æ¨¨ −¥ ¤®«¦−® ¡ëâì ááë«®ª −� «¨â¥à�âãàã ¨, ¯® ¢®§¬®¦−®áâ¨,
ä®à¬ã«;

{ ª«îç¥¢ë¥ á«®¢� | ¦¥«�â¥«ì−® ¨§ ¯à¨−ïâëå ¢ ¬¨à®¢®© −�ãç−®-â¥å−¨ç¥áª®©
«¨â¥à�âãà¥ â¥¬�â¨ç¥áª¨å â¥§�ãàãá®¢. �à¥¤«®¦¥−¨ï −¥ ¬®£ãâ ¡ëâì ª«îç¥¢ë¬¨
á«®¢�¬¨.

{ ¨áâ®ç−¨ª¨ ä¨−�−á¨à®¢�−¨ï à�¡®âë (ááë«ª¬ −� £à�−âë, ¯à®¥ªâë, ¯®¤¤¥à¦¨¢�-
îé¨¥ ®à£�−¨§�æ¨¨ ¨ â. ¯.

9. ’à¥¡®¢�−¨ï ª á¯¨áª�¬ «¨â¥à�âãàë.
‘áë«ª¨ −� «¨â¥à�âãàã ¢ â¥ªáâ¥ áâ�âì¨ −ã¬¥àãîâáï (¢ ª¢�¤à�â−ëå áª®¡ª�å) ¨ à�á¯®-
«�£�îâáï ¢ ª�¦¤®¬ ¨§ á¯¨áª®¢ «¨â¥à�âãàë ¢ ¯®àï¤ª¥ ¯¥à¢ëå ã¯®¬¨−�−¨©.
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‘¯¨áª¨ «¨â¥à�âãàë ¯à¥¤áâ�¢«ïîâáï ¢ ¤¢ãå ¢�à¨�−â�å:

(1) ‘¯¨á®ª «¨â¥à�âãàë ª àãááª®ï§ëç−®© ç�áâ¨. ÷ãááª¨¥ ¨ �−£«¨©áª¨¥ à�¡®âë |
−� ï§ëª¥ ¨ ¢ �«ä�¢¨â¥ ®à¨£¨−�«�.

(2) References. ÷ãááª¨¥ à�¡®âë ¨ à�¡®âë −� ¤àã£¨å ï§ëª�å | ¢ «�â¨−áª®© âà�−á-
«¨â¥à�æ¨¨ á ¯¥à¥¢®¤®¬ −� �−£«¨©áª¨© ï§ëª; �−£«¨©áª¨¥ à�¡®âë ¨ à�¡®âë −�
¤àã£¨å ï§ëª�å | −� ï§ëª¥ ®à¨£¨−�«�.

�¥®¡å®¤¨¬® ¤«ï á®áâ�¢«¥−¨ï á¯¨áª� \References" ¯®«ì§®¢�âìáï à�§¬¥é¥−−®© −�
á�©â¥ http://www.translit.net/ru/bgn/ ¡¥á¯«�â−®© ¯à®£à�¬¬®© âà�−á«¨â¥à�æ¨¨ àãá-
áª®£® â¥ªáâ� ¢ «�â¨−¨æã.

‘¯¨á®ª «¨â¥à�âãàë \References" ¯à¨¢®¤¨âáï ¯®«−®áâìî ®â¤¥«ì−ë¬ ¡«®ª®¬, ¯®¢â®-
àïï ¢á¥ ¯®§¨æ¨¨ ¨§ á¯¨áª� «¨â¥à�âãàë ª àãááª®ï§ëç−®© ç�áâ¨, −¥§�¢¨á¨¬® ®â â®£®,
¨¬¥îâáï ¨«¨ −¥â ¢ −¥¬ ¨−®áâà�−−ë¥ ¨áâ®ç−¨ª¨. …á«¨ ¢ á¯¨áª¥ «¨â¥à�âãàë ª àãááª®-
ï§ëç−®© ç�áâ¨ ¥áâì ááë«ª¨ −� ¨−®áâà�−−ë¥ ¯ã¡«¨ª�æ¨¨, −�¡à�−−ë¥ «�â¨−¨æ¥©, ®−¨
¯®«−®áâìî ¯®¢â®àïîâáï ¢ á¯¨áª¥ \References".

�à¨¬¥àë ááë«®ª −� à�§«¨ç−ë¥ ¢¨¤ë ¯ã¡«¨ª�æ¨© ¢ á¯¨áª¥ \References":

�¯¨á�−¨¥ áâ�âì¨ ¨§ ¦ãà−�«�:

Zhang, Z., and D. Zhu. 2008. Experimental research on the localized electro-
chemical micromachining. Russ. J. Electrochem. 44(8):926{930. doi:10.1134/
S1023193508080077.

�¯¨á�−¨¥ áâ�âì¨ ¨§ í«¥ªâà®−−®£® ¦ãà−�«�:

Swaminathan, V., E. Lepkoswka-White, and B. P. Rao. 1999. Browsers or
buyers in cyberspace? An investigation of electronic factors influencing electronic
exchange. JCMC 5(2). Available at: http://www.ascusc.org/jcmc/vol5/issue2/
(accessed April 28, 2011).

�¯¨á�−¨¥ ¬�â¥à¨�«®¢ ª®−ä¥à¥−æ¨©:

Usmanov, T. S., A. A. Gusmanov, I. Z. Mullagalin, R. Ju. Muhametshina,
A. N. Chervyakova, and A. V. Sveshnikov. 2007. Osobennosti proektirovaniya
razrabotki mestorozhdeniy s primeneniem gidrorazryva plasta [Features of the design of
field development with the use of hydraulic fracturing]. Trudy 6-go Mezhdunarodnogo
Simpoziuma \Novye resursosberegayushchie tekhnologii nedropol'zovaniya i povyshe-
niya neftegazootdachi" [6th Symposium (International) \New Energy Saving Subsoil
Technologies and the Increasing of the Oil and Gas Impact" Proceedings]. Moscow.
267{272.

�¯¨á�−¨¥ ª−¨£¨ (¬®−®£à�ä¨¨, á¡®à−¨ª¨):

Lindorf, L. S., and L. G. Mamikoniants, eds. 1972. Ekspluatatsiya turbogenera-
torov s neposredstvennym okhlazhdeniem [Operation of turbine generators with direct
cooling]. Moscow: Energy Publs. 352 p.

�¯¨á�−¨¥ ¯¥à¥¢®¤−®© ª−¨£¨ (¢ á¯¨áª¥ «¨â¥à�âãàë ª àãááª®ï§ëç−®© ç�áâ¨ −¥®¡å®-
¤¨¬® ãª�§�âì: / �¥à. á �−£«. | ¯®á«¥ −�§¢�−¨ï ª−¨£¨, � ¢ ª®−æ¥ ááë«ª¨ ãª�§�âì
®à¨£¨−�« ª−¨£¨ ¢ ªàã£«ëå áª®¡ª�å):

1. ‚ àãááª®ï§ëç−®© ç�áâ¨:
’¨¬®è¥−ª® ‘. �., Ÿ−£ „. •., “¨¢¥à “. Š®«¥¡�−¨ï ¢ ¨−¦¥−¥à−®¬ ¤¥«¥ / �¥à.
á �−£«. | Œ.: Œ�è¨−®áâà®¥−¨¥, 1985. 472 á. (Timoshenko S. P., Young D. H.,
Weaver W. Vibration problems in engineering. | 4th ed. | New York, NY,
USA: Wiley, 1974. 521 p.)
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2. ‚ �−£«®ï§ëç−®© ç�áâ¨:
Timoshenko, S. P., D. H. Young, and W. Weaver. 1974. Vibration problems in
engineering. 4th ed. New York, NY: Wiley. 521 p.

�¯¨á�−¨¥ −¥®¯ã¡«¨ª®¢�−−®£® ¤®ªã¬¥−â�:

Latypov, A. R., M. M. Khasanov, and V. A. Baikov. 2004. Geology and pro-
duction (NGT GiD). Certificate on official registration of the computer program
No. 2004611198. (In Russian, unpubl.)

�¯¨á�−¨¥ ¨−â¥à−¥â-à¥áãàá�:

Pravila tsitirovaniya istochnikov [Rules for the citing of sources]. Available at:
http://www.scribd.com/doc/1034528/ (accessed February 7, 2011).

�¯¨á�−¨¥ ¤¨áá¥àâ�æ¨¨ ¨«¨ �¢â®à¥ä¥à�â� ¤¨áá¥àâ�æ¨¨:

Semenov, V. I. 2003. Matematicheskoe modelirovanie plazmy v sisteme kompaktnyy
tor [Mathematical modeling of the plasma in the compact torus]. Moscow. D.Sc. Diss.
272 p.

Kozhunova, O. S. 2009. Tekhnologiya razrabotki semanticheskogo slovarya informat-
sionnogo monitoringa [Technology of development of semantic dictionary of information
monitoring system]. PhD Thesis. Moscow: IPI RAN. 23 p.

�¯¨á�−¨¥ ƒ�‘’�:

GOST 8.586.5-2005. 2007. Metodika vypolneniya izmereniy. Izmerenie raskhoda
i kolichestva zhidkostey i gazov s pomoshch'yu standartnykh suzhayushchikh ustroystv
[Method of measurement. Measurement of flow rate and volume of liquids and gases by
means of orifice devices]. Moscow: Standardinform Publs. 10 p.

�¯¨á�−¨¥ ¯�â¥−â�:

Bolshakov, M. V., A. V. Kulakov, A. N. Lavrenov, and M. V. Palkin. 2006. Sposob
orientirovaniya po krenu letatel'nogo apparata s opticheskoy golovkoy samonavedeniya
[The way to orient on the roll of aircraft with optical homing head]. Patent RF
No. 2280590.

10. �à¨á«�−−ë¥ ¢ à¥¤�ªæ¨î ¬�â¥à¨�«ë �¢â®à�¬ −¥ ¢®§¢à�é�îâáï.
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